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What is CFT?

(as presented here : motivated by string theory)

Formulation 1:

CFT is a monoidal functor 

Friedan, Shenker; Vafa ‘87

C : G−→ H ilb

Segal ‘89

G ! ááá!Obj	 	 :

Morph	 :

out

in

conf. structure 
& orientation

:



Formulation 2: CFT as natural transformation

Category of conformal world sheets WShc

Obj	 	 :

Morph	 :	 1) Isomorphism of surfaces

 
 
 
 2) “sewing” of surfaces

out

in

conf. structure 
& orientation

sew



Category of multilinear maps
	 (for     a    -vector space, inner product, graded,...)

M lin (H )
H C

. . . Formulation 2

Obj	 	 :	 (n,m,U)

Morph	 :	 1) compose with lin. maps on     and
	 	 	 	 2) partial evaluation

U ! { H " ááá" H︸ ︷︷ ︸
n ti mes

" H∨ " ááá" H∨
︸ ︷︷ ︸

m ti mes

# C multilin.}

Tensor
 :
 (m,n,U) <€ (r,s,V) = (m+r, n+s, W) 

W = spanC{f · g | f ! U, g ! V }

H ∨H



Two strict monoidal functors WShc −→ M lin (H )

. . . Formulation 2

Triv:                                    ,Tri v(X ) = (0, 0, C) Tri v(X f−→Y ) = i dC

F: F (X ) =
!

#in , #out , (all )
"

F (X iso! " Y ) = id F (X sew! " Y ) = partial eval.

CFT = monoidal natural transformation
Cor : Triv −→ F



e.g.

given X : 

. . . Formulation 2

CorX : Triv (X) −→ F (X)

C { H #in ! (H ! )#out " C}
= =

X
sew−→Yconditions from              ,                 . . .  X

iso−→Y



End of Part 1

•
 (chiral) symmetry of CFT

 !  conformal vertex algebra

•
 Here : demand      to be rational

•
 implies                     modular tensor categoryC = Rep V
Huang ‘04

V

V



Properties of a modular tensor category

•
 abelian,    -linear, semi-simple
•
 monoidal, braided (in fact: ribbon)
•
 finite
•
 braiding non-degenerate

C

Turaev ‘94



Part 2 : Sewing constraints and Frobenius algebras

•
 open/closed topological world sheets

•
 two monoidal functors 

•
 define “solution to the sewing constraints” as 
	 natural transformation

WSh

WSh −→ Vect



Open/closed topological world sheets

WShCategory            of open/closed top. world sheets

Obj	 	 :

Morph	 :	 1) Isomorphism of world sheets

 
 
 
 2) “sewing” of world sheets

out-going closed 
state boundary

orientation

in-going open 
state boundary

physical 
boundary



. . . open/closed topological world sheets

physical bnd.
= fixed points of

open state bnd.

closed state bnd.!

!

Represent world
sheet as

•
 double

•
 orient. rev.
	 involution

X̃

ι : !X → !X

X̃

!



2 dim. modular functor (topological)
Segal ‘89

Moore, Seiberg ‘89
Turaev ‘94

Bakalov, Kirillov ‘98Given a modular tensor category    ,
get a    -extended modular functor

oriented surf. with param. 
bnd. labelled by objects ofMF :

{ }
! " Vect

e.g.
V1

V2

V3

V6

V5

V4

!"# HomC(V1 $ · · · $ V6, 1)

C
C

C



The decorated double

Choose


 
 
 
 
 
 
 
 
 “space of open states”


 
 
 
 
 
 
 
 
 “space of closed states”

Auxiliary data

                                       s.t.         is a subobject

then e.g.

Hop ∈ Obj C
Hcl ∈ Obj C! C

Bl ×Br ∈ Obj C! C H cl

X = X̂ =
Bl

Hop

Br

Bl

Br

Hop



triv:                          ,triv(X) = C triv (X
f−→Y ) = idC

bl:                                   ,

b! (X
f−→Y ) = MF (f̂ )b!(X ) = MF (X̂ )

b! ≡ b! H op ,B l×B r

Solution to the sewing constraints

Def:  A solution to the sewing constraints is a tupel
                                       where         is a monoidal
natural transformation from         to      .  
(Hop, Hcl , Bl ! Br , cor) cor

triv b!

Two monoidal functors                          :WSh −→ Vect



. . . solution to the sewing constraints

Thm: Let    be a modular tensor category such that
                             for all objects    .  Then

(i)	From simple symmetric Frobenius algebra in    one
	 can construct a solution to the sewing constraints.

(ii)	Every solution with the properties
	 1)        contains         with multiplicity one
	 2) a disc with two in-going open state bnd. gives a
	 	 non-deg. element in                                 
	 3)	a sphere with two in-going closed state bnd. gives
	 	 a non-deg. element in 
	 is equivalent to a solution found in (i).

C
dim(U) > 0 U

C

H cl 1×1

Hom(Hop⊗Hop,1)

Hom(Hcl⊗Hcl , 1×1)

Fjelstad, Fuchs,
    Schweigert, I.R. ‘06



Comments

1)	How does the Frobenius algebra arise?

in in

out

m̃ ! Hom(Hop" Hop" H !
op, 1)cor

2)	Compare to 2-dim open/closed topological field 
	 theory (                ).


 
 “knowledgeable Frobenius algebras”

	 Property 1) of theorem implies 

C = Vect

Hcl = C

Lauda, Pfeiffer ‘05



Outlook

•
 Allows to translate questions about (rational) CFT
	 into questions about Frobenius algebras in modular
	 tensor categories.

•
 Can also discuss:
	 - more than one boundary condition
	 - non-oriented world sheets




