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SCAN 2016

Preface

SCAN 2016 will continue the long tradition of promoting the area of
rigorous computing, a field that has reached a great level of maturity.
This conference will cover the research areas of

• reliable computer arithmetic
• enclosure methods
• self validating algorithms

and will bring many new ideas for future applications and research.
The booklet you have before you contains the abstracts of the invited
and contributed talks.

The conference starts with awarding the R. E. Moore Prize for Ap-
plications of Interval Analysis to Arnold Neumaier, Balázs Bánhelyi,
Tibor Krisztin, and Tibor Csendes for their paper Global attractivity
of the zero solution for Wright’s equation. Each morning and after-
noon begins with a plenary talk, and I am very proud that the fol-
lowing distinguished experts have accepted to present their research:

• Maciej Capinski (Poland)
• Martine Ceberio (USA)
• Mioara Joldes (France)
• Hiroshi Kokubu (Japan)
• Jean-Philippe Lessard (Canada)
• Weldon Lodwick (USA)
• Kaori Nagatou (Germany)
• Mark Stadtherr (USA)
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Organizing SCAN 2016 in Uppsala

Planning and organizing this conference has been a great honour
and pleasure for me. With the help of the international scientific
committee many practical issues have been greatly simplified – a
huge thanks to all of you!

Locally, I have enjoyed the fine assistance of Inga-Lena Assarsson,
Anna Belova, and Susanne Gauffin – I thank you all for supporting
me in all aspects. I also thank Akademikonferens for taking care of
many of the practical matters. Special thanks to Anders Källström

, for typesetting this book of Abstracts.
With regards to financing, the Swedish Research Council, as well

as Uppsala University have been very generous. Without their con-
tributions, it would have been very difficult to organise an event of
this magnitude.

But most importantly it is all of you who have graciously agreed
to participate, and to disseminate your knowledge to us that have
made the greatest contribution to SCAN2016. And for this I thank
you, and wish you all a very reliable SCAN2016!

Uppsala, September 14 Warwick Tucker
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Schedule – SCAN 2016
As of September 19, 2016.

Sunday, September 25, 2016

18:00 – 20:00 Get-together and registration (Norrlands Nation)

Monday, September 26, 2016

08:00 – 09:00 Registration (Norrlands Nation)

09:00 – 09:30 Opening

09:30 – 10:30 R. E. Moore Prize Awarding Ceremony (Gamla salen; Chair:
Baker Kearfott)

Tibor Csendes, University of Szeged

On the Wright conjecture on a delay differential equation

10:30 – 11:00 Coffee break

11:00 – 12:00 Plenary talk (Gamla salen)

Hiroshi Kokubu, Kyoto University

Computer-assisted methods for detecting global structure of dynamics

12:00 – 13:20 Lunch (Norrlands Nation)

13:20 – 14:20 Plenary talk (Gamla salen)

Mioara Joldes, LAAS-CNRS

Validated numerics for robust space mission design or Beyond Gravity
(2013)

14:20 – 15:10 Parallel Sessions

Session A1: Fuzzy computations (Inre läs, Chair: Vladik Kreinovich)

14:20 – 14:45 Weldon A. Lodwick (University of Colorado Denver),
Interval Methods in the Calculation of Solutions to Fuzzy Interval Lin-
ear Systems

14:45 – 15:10 K.K. Semenov (Peter the Great St. Petersburg Poly-
technic University), Interval computations in the metrology

Session A2: ODEs (Gamla salen, Chair: Michael Plum)

SCAN 2016

7



14:20 – 14:45 Masahide Kashiwagi (Waseda University), A study on
verified ODE solver from the standpoint of stiffness

14:45 – 15:10 Akitoshi Takayasu (University of Tsukuba), Verified
numerical computations for blow-up solutions of ODEs

15:10 – 15:40 Coffee break

15:40 – 17:45 Parallel Sessions

Session B1: Linear algebra (Inre läs, Chair: Denis Gaidashev)

15:40 – 16:05 Roman Iakymchuk (KTH Royal Institute of Technol-
ogy), Towards Fast, Accurate and Reproducible LU Factorization

16:05 – 16:30 Katsuhisa Ozaki (Shibaura Institute of Technology),
Linear Systems with the Exact Solution for Numerical Tests

16:30 – 16:55 Yuka Yanagisawa (Waseda University), Verification
method for system of linear equations by QR factorization

16:55 – 17:20 Yuka Kobayashi (Tokyo Woman’s Christian University),
An Accurate and Efficient Solution of Ill-conditioned Linear Systems
by Preconditioning Methods

17:20 – 17:45 Xuefeng Liu (Niigata University), A framework for high-
precision verified eigenvalue bounds by using finite element methods

Session B2: Control (Gamla salen, Chair: Vladik Kreinovich)

15:40 – 16:05 Luc Jaulin (ENSTA Bretagne), Secure a zone with
robots

16:05 – 16:30 Simon Rohou (ENSTA Bretagne), Tube Programming
Applied to State Estimation

16:30 – 16:55 Andreas Rauh (University of Rostock), An Interval-
Based Algorithm for Feature Extraction from Speech Signals

16:55 – 17:20 Andreas Rauh (University of Rostock), Interval-Based
Identification of Friction and Hysteresis Models

17:20 – 17:45 Andreas Rauh (University of Rostock), Toward the
Optimal Parameterization of Interval-Based Variable-Structure State
Estimation Procedures

SCAN 2016
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Tuesday, September 27, 2016

09:00 – 10:00 Plenary talk (Gamla salen)

Mark A. Stadtherr, University of Notre Dame

Rigorous Method for Robust Optimization and Design of Nonlinear Dy-
namic Systems

10:00 – 10:30 Coffee break

10:30 – 12:10 Parallel Sessions

Session C1: Optimization (Inre läs, Chair: Vladik Kreinovich)

10:30 – 10:55 Arnold Neumaier (University of Vienna), Generalized
intervals in global optimization

10:55 – 11:20 Ryo Kobayashi (Waseda University), A method of ver-
ified computation for convex programming

11:20 – 11:45 Jürgen Garloff (University of Konstanz, HTWG Kon-
stanz), Fast determination of the tensorial and simplicial Bernstein
enclosure

11:45 – 12:10 Ralph Baker Kearfott (University of Louisiana at Lafayette),
Simplicial Branch and Bound in Interval Global Optimization

Session C2: Arithmetic (Gamla salen, Chair: Denis Gaidashev)

10:30 – 10:55 Nathalie Revol (ENS de Lyon), HPC and interval com-
putations

10:55 – 11:20 Yusuke Morikura (Waseda University), Fast enclosure
for matrix multiplication on a GPU

11:20 – 11:45 Siegfried M. Rump (Hamburg University of Technol-
ogy), The origin of interval arithmetic

11:45 – 12:10 Siegfried M. Rump (Hamburg University of Technol-
ogy), Sharp error bounds for the Gamma function over the whole floating-
point range

12:10 – 13:30 Lunch (Norrlands Nation)

13:30 – 14:30 Plenary talk (Gamla salen)

Kaori Nagatou, Karlsruhe Institute of Technology

SCAN 2016
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Orbital stability investigation for travelling waves in a nonlinearly sup-
ported beam

14:30 – 17:50 Viking excursion (Gamla Uppsala)

Wednesday, September 28, 2016

09:00 – 10:00 Plenary talk (Gamla salen)

Maciej Capiński, AGH University of Science and Technology

Geometric methods and computer assisted proofs for invariant mani-
folds in dynamical systems

10:00 – 10:30 Coffee break

10:30 – 12:10 Parallel Sessions

Session D1: Software (Inre läs, Chair: Nathalie Revol)

10:30 – 10:55 Matthias Hüsken (University of Wuppertal), IeeeCC754++
– an advanced tool to check IEEE 754-2008 conformity

10:55 – 11:20 François Févotte (EDF R&D), VERROU: CESTAC
without recompilation

11:20 – 11:45 Romain Picot (Sorbonne Universités, EDF R&D), PROMISE:
floating-point precision tuning with stochastic arithmetic

11:45 – 12:10 David P. Sanders (Universidad Nacional Autónoma de
México (UNAM)), The Julia package ValidatedNumerics.jl and its
application to the rigorous characterization of open billiard models

Session D2: General (Gamla salen, Chair: Luc Jaulin)

10:30 – 10:55 Peter Franek (IST Austria), Zero Verification in Sys-
tems of Equations: Interval-based Implementation of a Topological Test

10:55 – 11:20 David Romero i Sànchez (Universitat Autònoma de
Barcelona), Numerical computation of invariant objects with wavelets

11:20 – 11:45 Denis Gaidashev (Uppsala University), Golden-mean
universality for Siegel disks

11:45 – 12:10 Pedro Barragan (University of Texas at El Paso), Why
superellipsoids: an explanation

SCAN 2016
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12:10 – 13:30 Lunch (Norrlands Nation)

13:30 – 14:30 Plenary talk (Gamla salen)

Martine Ceberio, University of Texas at El Paso

Using Interval Methods to handle Large Numerical Simulations

14:30 – 15:20 Parallel Sessions

Session E1: PDEs (Inre läs, Chair: Michael Plum)

14:30 – 14:55 Jonathan Wunderlich (Karlsruhe Institute of Technol-
ogy), Computer-assisted existence proofs for one-dimensional Schrödinger-
Poisson systems

14:55 – 15:20 Hussein Awala (Temple University), Validated Numer-
ics Methods for the Mixed Boundary Value Problem for the System of
Elastostatics

Session E2: General (Gamla salen, Chair: Denis Gaidashev)

14:30 – 14:55 Ivo List (University of Ljubljana), Efficient Dedekind
reals in Haskell

14:55 – 15:20 Anastasia Volkova (Sorbonne Universités, UPMC),
Computing the Worst-Case Peak Gain of Digital Filter in Interval
Arithmetic

15:20 – 15:50 Coffee break

15:50 – 17:55 Parallel Sessions

Session F1: ODEs (Inre läs, Chair: Michael Plum)

15:50 – 16:15 Nobito Yamamoto (The University of Electro-Communications),
Numerical verification of existence of homoclinic orbits in dynamical
systems

16:15 – 16:40 Kaname Matsue (The Institute of Statistical Mathe-
matics), Rigorous numerics of global trajectories for fast-slow systems
with an explicit range of multi-scale parameter

16:40 – 17:05 Alexandre Chapoutot (ENSTA ParisTech, Université
Paris-Saclay), Runge-Kutta Theory and Constraint Programming

17:05 – 17:30 Irmina Walawska (Jagiellonian University), An implicit
algorithm for validated enclosures of the solutions to variational equa-
tions for ODEs

SCAN 2016

11



17:30 – 17:55 Florent Bréhard (LAAS-CNRS), A New Efficient Al-
gorithm for Computing Validated Chebyshev Approximations Solutions
of Linear Differential Equations

Session F2: PDEs (Gamla salen, Chair: Vladik Kreinovich)

15:50 – 16:15 Takuma Kimura (Saga University), Optimal order con-
structive a priori error estimates for a full discrete approximation of
the heat equation

16:15 – 16:40 Kouta Sekine (Waseda university), A norm estimation
for an inverse of linear operator using a minimal eigenvalue

16:40 – 17:05 Akitoshi Takayasu (University of Tsukuba), On ver-
ification methods for parabolic partial differential equations using the
evolution operator

17:05 – 17:30 Kazuaki Tanaka (Waseda University), On verified nu-
merical computation for positive solutions to elliptic boundary value
problems

17:30 – 17:55 Yoshitaka Watanabe (Kyushu University), Validated
constructive error estimatations for bi-harmonic problems

19:00 – late Conference Banquet

Thursday, September 29, 2016

09:00 – 10:00 Plenary talk (Gamla salen)

Weldon A. Lodwick, University of Colorado Denver

The Molecular Distance Geometry Problem Under Interval Uncertainty

10:00 – 10:30 Coffee break

10:30 – 12:10 Parallel Sessions

Session G1: Multiprecision (Inre läs, Chair: Denis Gaidashev)

10:30 – 10:55 Valentina Popescu (LIP, ENS-Lyon), Rigourous error
bounds for double-double operations

10:55 – 11:20 Nozomu Matsuda (The University of Electro-Communications),
LILIB – Long Interval Library

SCAN 2016
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11:20 – 11:45 Hao Jiang (National University of Defense Technology),
The Implementation of multi-precision package in multiple-component
format in MATLAB

11:45 – 12:10 Clothilde Jeangoudoux (Sorbonne Universités, UPMC),
A Decimal Multiple-Precision Interval Arithmetic Library

Session G2: General (Gamla salen, Chair: Vladik Kreinovich)

10:30 – 10:55 Evgenija D. Popova (Bulgarian Academy of Sciences),
Enclosing the Solution Set to Interval Parametric Matrix Equation
A(p)X = B(p)

10:55 – 11:20 Aymeric Grodet (Ehime University), Adaptive mesh
refinement technique for the classical Plateau problem

11:20 – 11:45 Takuya Tsuchiya (Ehime University), Error Analysis
of Lagrange Interpolation on Tetrahedrons

11:45 – 12:10 Ronald van Nooijen (Delft University of Technology),
The properties of negation and zero in ringoids as defined by Kulisch

12:10 – 13:30 Lunch (Norrlands Nation)

13:30 – 14:30 Plenary talk (Gamla salen)

Jean-Philippe Lessard, Université Laval

Rigorously verified computing for infinite dimensional nonlinear dy-
namics: a functional analytic approach

14:30 – 15:20 Parallel Sessions

Session H1: Control (Inre läs, Chair: Andreas Rauh)

14:30 – 14:55 Shinya Miyajima (Iwate University), Fast validated
computation for solutions of algebraic Riccati equations arising in trans-
port theory

14:55 – 15:20 Shinya Miyajima (Iwate University), Fast validated
computation for solutions of discrete-time algebraic Riccati equations

Session H2: (Gamla salen, Chair: Luc Jaulin)

14:30 – 14:55 Radoslav Paulen (Technische Universität Dortmund),
Model-based design of optimal experiments for guaranteed parameter
estimation of nonlinear dynamic systems

SCAN 2016
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14:55 – 15:20 Balázs Bánhelyi (University of Szeged), Interval based
checking algorithm fit to the parallel architecture of GPUs with an ap-
plication to circle covering problems

15:20 – 15:50 Coffee break

15:50 – 17:05 Parallel Sessions

Session I1: General (Inre läs, Chair: Denis Gaidashev)

15:50 – 16:15 Milan Hlad́ık (Charles University), When dependencies
do not matter?

16:15 – 16:40 Antoine Plet (LIP, ENS Lyon) Sharp error bounds for
complex floating-point inversion

16:40 – 17:05 Vladik Kreinovich (University of Texas at El Paso),
Decision Making Under Interval Uncertainty as a Natural Example of
a Quandle

Session I2: Constraints (Gamla salen, Chair: Luc Jaulin)

15:50 – 16:15 Bart lomiej Kubica (Warsaw University of Life Sciences),
A template-based C++ library for automatic differentiation and hull
consistency enforcing

16:15 – 16:40 Benoit Desrochers (ENSTA Bretagne), Relaxed inter-
section of thick sets

16:40 – 17:05 Stefan Ratschan (Czech Academy of Sciences), Safety
Verification By Interval Based Quantified Constraint Solving

End of SCAN 2016
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On the Wright conjecture on a delay
differential equation

Balázs Bánhelyi, Tibor Csendes, Tibor Krisztin, and Arnold
Neumaier

University of Szeged
P.O. Box 652, Szeged, Hungary

csendes@inf.szte.hu

Keywords: delay differential equation, Wright’s equation, verified
computational techniques

In 1955 E.M. Wright proved that all solutions of the delay differ-
ential equation ẋ = −α(ex(t−1) − 1) converge to zero as t → ∞ for
α ∈ (0, 3/2], and conjectured that this is even true for α ∈ [1.5, 1.5706]
(compare with π/2 = 1.570796...). The proof is based on the proven
fact that it is sufficient to guarantee the nonexistence of slowly os-
cillating periodic solutions with small amplitudes cannot exist. The
talk will give details on the computer assisted proof part that exclude
slowly oscillating periodic solutions with large amplitudes.
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Geometric methods and computer
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Invariant manifolds can be used to determine global behaviour of
dynamical systems. They can often be proved using geometric or topo-
logical arguments. In the talk we demonstrate how to apply such tech-
niques for proofs of stable/unstable manifolds of fixed points and for
normally hyperbolic manifolds. We show how to combine these geo-
metric methods with interval verified numerics, obtaining proofs for
problems inaccessible using standard techniques.
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Many natural phenomena can be modeled as ordinary or partial
differential equations. A way to find solutions of such equations is
to discretize them and solve the corresponding (possibly) nonlinear
large systems of equations; see [1]. Major issues with solving such
nonlinear systems include the fact that their dimension can be very
large and that uncertainty, often present, is tricky to handle. Model-
Order Reduction (MOR) has been proposed as a way to overcome the
issues associated with large dimensions, the most used approach for
doing so being Proper Orthogonal Decomposition (POD); see [2,3].
The key idea of POD is to reduce a large number of interdependent
variables (snapshots) of the system to a much smaller number of uncor-
related variables while retaining as much as possible of the variation in
the original variables. On the other hand, interval constraint-solving
techniques (ICST) [4] allow to handle uncertainty and ensure reliable
results of systems of (possibly) nonlinear equations.

In this presentation, we show how intervals and constraint solving
techniques (ICST) can be used to compute all the snapshots at once
(IPOD). We take advantage of using interval techniques to also show
how IPOD can address not only dimension but also uncertainty. As
a result, this new process gives us two advantages over the traditional
POD method: 1. handling uncertainty in some parameters or inputs;
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2. reducing the snapshots computational cost. We go over numeri-
cal examples of the use of IPOD and we then take a glimpse at the
implications of this work: How does using interval constraint solving
techniques and handling uncertainty affect the whole simulation pro-
cess? How is the reduced-order model then solved?

Acknowledgment: Most of this work was supported by Stanford’s
Army High-Performance Computing Research Center (AHPCRC) funded
by the Army Research Lab (ARL), and by the National Science Foun-
dation award 0953339.
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In this talk we present an overview of several symbolic-numeric
objects, algorithms and software tools developed for applications in
optimal control and robust space mission design. In this domain, certi-
fication of computations is at stake and we aim at providing computer-
aided proofs of numerical values, with validated and reasonably tight
error bounds, without sacrificing efficiency.

One application is the computation of collision probabilities be-
tween space objects in low Earth orbits. The large number of orbit-
ing debris constitute a serious hazard for operational satellites. The
trade-off between the collision risk and the inherent risks of performing
a collision avoidance maneuver is a strong incentive to precisely esti-
mate the collision probability between two orbiting objects, given the
uncertainties on their locations. We present a new method for com-
puting the probability of collision between two spherical space objects
involved in a short-term encounter under Gaussian-distributed uncer-
tainty. In this model of conjunction, classical assumptions reduce the
probability of collision to the integral of a two-dimensional Gaussian
probability density function over a disk. The computational method
presented here is based on an analytic expression for the integral, de-
rived by use of Laplace transform and D-finite functions properties.
Analytic bounds on the truncation error are also derived and are used
to obtain a very accurate algorithm.
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Another application is the computation of validated impulsive con-
trol for the rendezvous problem of spacecrafts. The rendezvous (RdV)
problem consists in designing a plan of maneuvers which takes one
active spacecraft, originally moving on an initial orbit, to the final
reference orbit of a passive target spacecraft e.g., International Space
Station. The impulsive nature comes from the way the thrusters of
most satellites work. Since the ’60s many ideas were developed, and
today, we are interested in successful RdV which minimizes fuel con-
sumption, with increased autonomy (no human operator). This im-
plies that validation of computations and solutions is at stake. In
this talk we discuss the fixed-time minimum-fuel rendezvous between
close elliptic orbits, assuming a linear impulsive setting and a Kep-
lerian relative motion. Firstly, the optimal velocity increments and
impulses locations are numerically obtained with a new iterative algo-
rithm with proven convergence. This is based on discretizing a semi-
infinite convex optimization problem. Secondly, the obtained numeri-
cal solutions are validated by propagating the trajectories solutions of
the linear differential equations of the dynamics. These are computed
as truncated Chebyshev series together with rigorously computed error
bounds. Different realistic numerical examples illustrate these results.

This talk is based on joint works with D. Arzelier, F. Bréhard, N.
Brisebarre, J.-B. Lasserre, C. Louembet, A. Rondepierre, B. Salvy, R.
Serra.
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Morse decomposition is a decomposition of the chain recurrent in-
variant set of a dynamical system into finite collection of invariant sets,
called Morse sets, that are related in a gradient-like manner. Morse
graph represents the gradient-like connection in terms of a finite di-
rected graph whose nodes are Morse sets and edges exhibit (possibility
of) flow-defined connections. If each node is associated with the topo-
logical information of the dynamics, more precisely the Conley index,
of the corresponding Morse set, the graph is called the Conley-Morse
graph.

In [1] and [2] we have developed a computer-assisted method for
obtaining the Conley-Morse graphs of a multi-parameter family of dis-
sipative dynamical systems, in particular, in the form of iterated maps.
This method can also be applied to families of ODEs, by using time-T
maps of the flows generated by the ODEs. However, there are several
computational issues that need to be further investigated.

In this talk, we shall first review the method of Conley-Morse
graphs and show several examples of computations. We then discuss
some issues of time integration of ODEs and show a benchmark com-
parison of CAPD and COSY softwares, intended for the type of compu-
tations for our purpose, namely multi-scale set-oriented computations
([3]).

A modification of the method using time-series data from a dynam-
ical system has been considered recently, which is mainly developed for
application purposes, but is of theoretical interest as well.
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Studying and proving existence of solutions of nonlinear dynamical
systems using standard analytic techniques is a challenging problem.
In particular, this problem is even more challenging for partial dif-
ferential equations, variational problems or functional delay equations
which are naturally defined on infinite dimensional function spaces.
The goal of this talk is to present rigorous numerical technique relying
on basic functional analytic tools to prove existence of steady states,
time periodic solutions, traveling waves and connecting orbits for the
above mentioned dynamical systems. We will spend some time iden-
tifying difficulties of the proposed approach as well as time to identify
future directions of research.
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More recent interval approaches are used to analyze the Distance
Geometry Problem (DGP) under interval uncertainty where we restrict
ourselves, in this presentation, to the molecular DGPs. The molecular
DGP is the following:

Given the n atoms of a molecule and distances dij between atoms i
and j in R

3, find coordinates, xk, of the atoms k = 1, .., n, such that the
distances between xi and xj are equal to the given Euclidean distances
dij, that is,

‖xi − xj‖2 = dij.

The case which is of interest to this presentation focuses on an
incomplete set of distances some of which are intervals due to mea-
surement errors. This problem, for the case of incomplete real-valued
distances, is, in general, NP-Hard. When the problem is restricted to
the molecular distance geometry problem, for example, those arising
from protein molecules where the real-valued distances are obtained
from a nuclear magnetic resonance machine, the number of solutions
are finite though there are 2n possible solutions.

The inclusion of measurement errors from the nuclear resonance
machine is a more realistic approach to the molecular DGP. The mea-
surement errors we assume to be intervals. Any approach that con-
siders a distance as a real-number within the given real-valued interval
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error will produce only one of the possible conformations. We attempt
to find all possible conformations using interval analytic techniques.

This presentation discusses the use of interval analytic methods in
four facets of the molecular DGP:

1. The representation of the problem under interval uncertainty - we
represent all intervals as a one variable parameterization;

2. The reduction of the interval uncertainty - properties of distances
in R

3 such as the triangle inequality and any molecule-specific extra
information are applied to the given interval distance to obtain the
tightest interval bounds on the distance data, though for this talk,
we will assume that the interval distances, as given, are the tightest
possible;

3. The propagation of interval errors - given the tightest interval dis-
tance bounds, the single-valued parameterization representation is
propagated through the 2n possible coordinate computations, that
is, we propagate the symbolic representation of the interval as a
single parameterization, not the interval itself;

4. The computation of a set of conformations - given the propagated
symbolic values of the coordinates, the interval-values of the coor-
dinates are computed as a one variable global optimization prob-
lem.

This research was partially funded by CNPq grant 400754/2014-2.
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We consider the fourth-order wave equation

ϕtt + ϕxxxx + f(ϕ) = 0, (x, t) ∈ R× R
+,

with a nonlinearity f vanishing at 0. Solitary traveling waves ϕ =
u(x− ct) satisfy the ODE

u′′′′ + c2u′′ + f(u) = 0 on R,

and for the case f(u) = eu − 1, the existence of at least 36 travelling
waves was proved in [1] by computer assisted means.

We investigate the orbital stability of these solutions via computa-
tion of their Morse indicies and using results from [2] and [3]. In order
to achieve it we make use of both analytical and computer-assisted
techniques.
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In engineering product or process design it is common to have to
deal with uncertainties, which may arise due to variability in problem
parameters (e.g., physical properties of materials) or to the possibil-
ity of external disturbances (e.g., change in temperature or flow rate
of a feed stream). A design is considered robust if it will continue
to meet specified constraints (e.g., on safety and/or performance) for
all potential values of the uncertain quantities. Thus, the goal is to
identify a region in the design space for which this robustness property
is achieved. If finding a minimum in some specified objective func-
tion for performance is also desired, then robustness may be sought
by formulating the problem as a min-max optimization problem. In
this case, the problem may be thought of as finding the best possible
performance in the worst-case scenario with regard to the uncertain-
ties. For systems with nonlinear dynamic constraints, these robust
design and optimization problems may become particularly difficult
to solve rigorously, and in many cases existing methods rely on prob-
lem simplifications or modifications (e.g., linearization, discrete time
approximation).

In this presentation we will review a framework for solving robust
design and optimization problems using interval methods. This com-
bines ideas from region transition modeling [1] and solution of static
min-max optimization problems [2] with methods using Taylor models
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for rigorous solution of interval-valued ODE problems [3] and rigorous
global optimization of nonlinear dynamic systems [4, 5]. A variety of
example problems will be used.
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Elliptic boundary value problems with mixed Dirichlet and Neu-
mann type boundary conditions arise naturally in connection with
physical phenomena such as conductivity, heat transfer, elastic de-
formations, and electrostatics. In my talk I will discuss recent well-
posedness results for the mixed boundary problem for the system of
elastostatics in infinite sectors in two dimensions. These results are ob-
tained through a blend of Calderon-Zygmund theory methods, Mellin
transform techniques, and validated numerics. This work is part of an
ongoing collaboration project with Irina Mitrea and Warwick Tucker.
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Videocards are not only for graphic display. With their high speed
video memories, lots of math units and parallelism, they provide a very
powerful platform for general purpose computing tasks, in which we
have to deal with large datasets, which are highly parallelizable, have
high computational complexity, etc. Our selected platform for testing
is the CUDA (Compute Unified Device Architecture) [4], that grants
us direct reach to the virtual instruction set of the video card, and we
are able to run our computations on dedicated computing kernels.

In this parallel environment we implemented a reliable method with
properly rounded interval arithmetic [2]. Our method is based on the
branch-and-bound algorithm, with the purpose to decide whether or
not any given property applies for an n-dimensional interval. This al-
gorithm will give us the opportunity to use node level parallelization.
This means, that our nodes are evaluated simultaneously on multiple
threads we start on the GPU. This is called low-level, or type 1 paral-
lelization, since we don’t modify the searching trajectories, neither do
we modify the dimensions of the branch-and-bound tree.

For testing, we choose the circle covering problem [1, 3]. It is the
dual of circle packing, where our goal is to find the densest packing
of a given number of congruent circles with disjoint interiors in a unit
square. In circle covering, we aim for finding the full covering of the
unit square with congruent circles of minimal radii. Overlapping in-
teriors are allowed. For achieving easily scalable test cases, we will
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decide the covering with precalculated circles, where the diameter of
the circles is the diagonal of the unit square, divided by a given num-
ber, n, and the number of the circles is the square of n. We scaled the
problem up to three dimensions, and ran tests with sphere covering
problems, too, and we discuss the possibility of scaling the problem up
to any dimensions easily. We report our parallelization results.
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Need to describe uncertainty domains. The intent of the mass
production of a gadget is to produce gadgets with identical values
(x1, . . . , xn) of the desired characteristics xi. In reality, of course, dif-
ferent gadgets end up having slightly different values x̃i of these char-

acteristics: ∆xi
def
= x̃i − xi 6= 0. For each of these characteristics xi,

we usually have a tolerance bound ∆xi for which |∆xi| ≤ ∆i, so that
possible values of ∆xi form an interval [−∆i,∆i]. Thus, possible val-
ues of the deviation vector ∆x = (∆x1, . . . ,∆xn) are located in the
box [−∆1,∆1]× . . .× [−∆n,∆n]. In practice, not all vectors ∆x from
this box are possible. It is therefore desirable to describe the set of all
possible deviation vectors ∆x. This set is known as the uncertainty
domain.

Shall not we also determine probabilities? At first glance, it
seems that we should be interested not only in finding out which de-
viation vectors ∆x are possible and which are not, but also in how
frequent different possible vectors are. In other words, we should be
interested not only in the uncertainty domain, but also on the probabil-
ity distribution on this domain. In reality, however, it is not possible
to find these probabilities. Indeed, the manufacturing process may
slightly change (and often does change). After each such change, the
tolerance intervals and the resulting uncertainty domain remain largely
unchanged, but the probabilities change (often drastically).

Empirical shapes of uncertainty domains. Empirical analysis has
shows that in many practical cases, the uncertainty domain can be well
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approximated by a super-ellipsoid
n∑

i=1

( |∆xi|
σi

)p

≤ C for some values

σi, p, and C, and the accuracy of this approximation is higher than for
other approximation families with the same number of parameters.

What we do in this paper. In this paper, we provide a theoretical
explanation for this empirical phenomenon.

Our idea. In reality, there is some probability distribution ρi(∆xi)
for each of the random variables ∆xi. Since we have no reason to as-
sume that positive values are more probable than negative values or
vice versa, it makes sense to assume that they are equally probable,
i.e., that each distribution ρi(∆xi) is symmetric: ρi(∆xi) = ρi(|∆xi|).
Similarly, since we have no reasons to believe that different deviations
are statistically dependent, it makes sense to assume that the corre-
sponding random variables are independent. In this case, the overall

probability density function (pdf) has the form ρ(∆x) =
n∏

i=1

ρi(|∆xi|).
Usually, we consider a deviation vector possible if its probability

exceed a certain threshold t. Thus, the desired set has the form St
def
=

{∆x : ρ(∆x) ≥ t}. Numerical values of the deviations ∆xi depend on
the choice of a measuring unit; if we replace the original unit by a unit
which is λ times smaller, then for the exact same physical situation, we
get the new numerical values ∆x′i = λ ·∆xi. Since the physics remains
the same, it makes sense to require that the uncertainty domains do not
change under such a re-scaling. To be more precise, the pdf threshold
t may change, but the family of such sets should remain unchanged:
{S ′t}t = {St}t, where S ′t corresponds to the re-scaled pdf ρ′(∆x) =
const · ρ(λ ·∆).

We prove that under this scale-invariance, the corresponding sets
St are exactly super-ellipsoids. Thus, we get the desired explanation.
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In this work we develop a validated numerics method for the solu-
tion of linear ordinary differential equations (LODEs). It is well known
that the Picard-Lindelöf theorem ensures under mild assumptions the
existence and uniqueness of the solution to such an equation. How-
ever, in general this solution lacks an easily computable closed form.
A wide range of algorithms (i.e., Runge-Kutta, collocation, spectral
methods) exist for numerically computing approximations of the so-
lutions. Most of these come with proofs of asymptotic convergence,
but usually, provided error bounds are non-constructive. However, in
some domains like critical systems and computer-aided mathematical
proofs, one needs validated effective error bounds. For that, one solu-
tion is to use so-called a priori validated methods, which provide at
each iteration both an approximation and bounds on the error e.g.,
validated Taylor approximations [3]. In contrast, a posteriori valida-
tion methods take as argument an approximate solution (computed by
some numerical algorithm) and compute afterwards an error bound.
Our contribution belongs to this second class and it relies on a fixed
point argument of a contracting map [5].

The two main ingredients of our method are: (1) numerical approx-
imation by Chebyshev truncated series of (regular enough) functions on
compact intervals. While appearing more natural to use, Taylor ap-
proximation techniques may not be valid when the function is not suffi-
ciently regular or has singularities in the complex disk surrounding the
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real interval considered. In contrast, Chebyshev approximations only
require mild assumptions, typically a Lipschitz condition. Moreover,
for a fixed degree, Chebyshev truncated series is guaranteed to be a
near-best approximation. Also, standard operations on polynomials
are not much harder in Chebyshev basis than in the monomial one [2].

(2) Expressing the solution as the unique fixed point of a compact
linear integral operator, defined with multiplication by polynomials and
integration. In Chebyshev basis, it has the form of an ”almost-banded”
operator: the corresponding (infinite) matrix has non-zero coefficients
only on few upper/lower diagonals and initial rows. Based on this,
in [4], a linear time (with respect to the truncation degree) numerical
algorithm has been proposed. Another linear complexity algorithm was
given in [1], observing that when applying the operator, the coefficients
of the expansions obey linear recurrence relations with polynomial co-
efficients. For validating the solution, one possibility is to notice that
after a finite number of iterations the operator becomes contracting [1].
We use a different approach, namely a pseudo-Newton method [5]. The
key idea is to multiply the operator by an approximate inverse in fi-
nite dimension, so that the result is close to the identity map, and the
difference between them is hence a contracting operator. A technical
contribution consists in correctly bounding the norm of this operator.

Our new approach is illustrated by validating solutions of LODEs
appearing in robust guidance algorithms for space trajectories.
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Introduction

There exist many Runge-Kutta methods (explicit or implicit), more or
less adapted to a given class of problems. Some of them have interest-
ing properties such as A-stability for stiff problems or symplecticity for
problems with energy conservation. Defining a new method, adapted
to a given class of problems, has become a challenge. Indeed, the num-
ber of stages and the order don’t stop to increase. This race to the
“best” method is interesting but forgot an important problem. More
precisely, the coefficients of a Runge-Kutta method are more and more
difficult to compute and the result is often given in floating-point num-
bers, which may lead to violate their definition rules. We propose a
method using interval analysis tools to compute Runge-Kutta coeffi-
cients by using a solver based on guaranteed constraint programming.
Moreover, with a global optimization process and a well chosen cost
function, we propose a way to define some novel optimal Runge-Kutta
methods.

One step of a Runge-Kutta integration scheme, applied on an or-
dinary differential equation ẏ = f(t, y), is obtained with

yn+1 = yn + h

s∑

i=1

biki, where ki = f

(
t0 + cih, y0 + h

s∑

j=1

aijkj

)
. (1)

The coefficients ci, aij and bi, for i, j = 1, · · · , s, fully characterize the
Runge-Kutta methods and they are usually synthesized in a Butcher
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tableau [1] of the form:
c1 a11 . . . a1s
...

...
. . .

...
cs as1 . . . ass

b1 . . . bs

Main idea

Our approach consists on the generation of constraints defined by the
Butcher theory in order to build a Runge-Kutta method. Then we solve
these constraints with a Branch&Prune algorithm. We also propose
a Branch&Bound approach to define new optimal methods w.r.t. an
easy to obtain cost function.

Interval coefficients preserve properties

In a preliminary stage, we can verify that a Runge-Kutta method with
interval coefficients preserves the Butcher rule and then that a method
given for an order p has really a local truncature error in O(hp+1).
We also propose three methods using interval tools to check the linear
stability, algebraically stability and symplecticity properties.

Main results

First, our Branch&Prune based approach is used to find existing meth-
ods and by the way re-discover the Runge-Kutta theory such as i)
Gauss-Legendre is the only 2-stages 4-order method; ii) there is no
2-stages 5-order method; etc. Our Branch&Bound method finds the
same results as Ralston [2]. Second, both of our methods is used to
define new validated Runge-Kutta methods.
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Relaxed Intersection : The q-relaxed intersectionm sets X1, . . . ,Xm

of Rn, is the set of all x ∈ R
n which belong to all Xi’s except q at most.

This notion is important in the context of robust bounded error esti-
mation [1].

Thick set. Denote by (P(Rn),⊂), the powerset of R
n equipped

with the inclusion ⊂ as an order relation. A thick set JXKof Rn is an
interval of (P(Rn),⊂). If JXK is a thick set of Rn , there exist [2] two
subsets of Rn , called the subset bound and the supset bound such that

JXK = JX⊂,X⊃K = {X ∈ P(Rn)|X⊂ ⊂ X ⊂ X
⊃}.

Thick test. Given a thick set JXK, the corresponding thick test
JtK : Rn → {0, ?, 1} associates to any x: 0 if x /∈X⊃, 1 if x ∈ X

⊂ and ?
otherwise.

Algorithm. Using a paver and an arithmetic on thick tests we
show that we can easily obtain a guaranteed approximation of the
relaxed intersection of m thick sets.

TestCase: Let us take the following system of interval linear equa-
tions [3]:




[2, 4] [−2,−1]
[0, 2] [−3,−1]

[−6,−4] [−1, 0]
[−3,−2] [−3,−2]
[−1, 1] [−5,−4]



· x =




[−1, 1]
[−5, 0]
[−6, 0]
[2, 7]

[−9,−3]
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Each line corresponds to a thick set in R
2. Using the relaxed in-

tersection of thick tests, we obtain the characterization sets for q ∈
{1, 2, 3} as given by Figure 1. For q = 0, the solution set is empty.

Figure 1: Solution sets for q = 1 (Right), q= 2 (middle) and q = 3
(Right). Red boxes are inside X

⊂, while blue ones are outside X
⊃ and

orange ones belong to ∆X = X
⊃ \ X⊂. Other boxes are too small to

be bisected and are undeterninated.
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As an industrial facility relying on numerical simulation to improve
the safety and efficiency of its electricity production units, EDF is com-
mitted to ensure that all the numerical simulation codes it develops
and uses are correctly validated and verified. Within this context, the
accuracy of floating-point operations has progressively become one of
the important topics to study, especially since computing codes are ex-
ploited on ever more powerful hardware to solve ever larger problems.
The Verification and Validation (V&V) process should therefore in-
clude the monitoring of inaccuracies introduced by floating-point arith-
metic, as well as the verification that they are kept within acceptable
limits.

Numerous tools exist to diagnose floating-point problems, among
which cadna [2] is one of the most advanced. It allows to assess
floating-point inaccuracies, detect their origin in the source code, and
follow their propagation throughout the computation. To this end,
cadna requires instrumentating the source code to replace standard
floating-point arithmetic by Discrete Stochastic Arithmetic (DSA),
which is based on a synchronous cestac [4] method. cadna has
already been successfully used on large industrial simulation codes [3],
but instrumenting the source code of such tools can be hard, as there
generally are numerous dependencies to third-party software libraries
of which the development team only has limited understanding.

We present the verrou tool, a valgrind-based system which im-
plements an asynchronous cestac method to monitor the accuracy
of floating-point operations without needing to instrument the source
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code or even recompile it. This tool is therefore well-suited to be part
of an industrial V&V process. It has been successfully tested both on
small-scale, well understood numerical applications, and on large-scale,
more complex industrial computing codes such as Athena [1] which is
used to simulate the propagation of ultrasonic waves in steel welds.
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Assume that B is a box in R
m and f : B → R

n is continuous and
our knowledge of f is limited. The function may come from imprecise
measurements or previous numerical computations. One way to deal
with the uncertainty is to represent f via an interval function. Our
goal is to verify the existence of zero of f , if we only have access to an
oracle I(f) that for a box B′ ⊆ B outputs a box containing f(B′).

If the dimensions of the domain and codomain are equal, then the
problem is reduced to the computation of the topological degree and has
been described in [3]. The degree test is provably stronger then older
tests based on Brouwer, Miranda’s or Borsuk’s theorem. For under-
determined systems, however, the situation is much more complex.

A closely related problem asks whether f has a zero, if f is approx-
imated via a given piecewise linear function g on a simplicial complex
and we know that ‖f − g‖ < 1. In [1] we showed that while this is
undecidable in full generality, there exists a sequence of tests of in-
creasing complexity, whereas a positive results of any of these tests
certifies the zero of f . These tests can easily be adjusted to even ap-
proximate the robustness of zero, that is, the maximal r so that each
h with ‖h− f‖ < r has a zero. The first and most accessible of these
tests is called the primary obstruction.

In our current work, we implement the primary obstruction test in
the framework of interval arithmetic. First experiments with random
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vector fields indicate that the primary obstruction is typically suffi-
cient to detect zeros. In other words, higher obstructions (that we can
detect in a slightly different simplicial setting) never occurred in the
experiments [2].
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[1] Peter Franek, Marek Krčál, Robust Satisfiability of Systems
of Equations, J. of the ACM, 2015

[2] Peter Franek, Marek Krčál, Hubert Wagner, Robust-
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We will describe a computer-assisted proof of one of the central
open questions in one-dimensional renormalization theory – universal-
ity of the golden-mean Siegel disks. We further show that for every
function in the stable manifold of the golden-mean renormalization
fixed point the boundary of the Siegel disk is a quasicircle which coin-
cides with the closure of the critical orbit, and that the dynamics on
the boundary of the Siegel disk is rigid.
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The underlying problems of our talk are unconstrained and con-
strained global polynomial optimization problems over boxes and sim-
plices. One approach for their solution is based on the expansion of a
(multivariate) polynomial into Bernstein polynomials of the objective
function and the constraints polynomials. This approach has the ad-
vantage that it does not require function evaluations which might be
costly if the degree of the polynomials involved is high.

The coefficients of this expansion are called the Bernstein coeffi-
cients. These coefficients can be rearranged in a multi-dimensional
array, the so-called Bernstein patch. From these coefficients we get
bounds for the range of the objective function and the constraints over
a box or a simplex, see [1, 2]. We can improve the enclosure for the
range of the polynomial under consideration by elevating the degree of
its Bernstein expansion or by subdivision of the region. Subdivision is
more efficient than degree elevation. The complexity of the traditional
approach for the computation of these coefficients is exponential in the
number of the variables.
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In [1] Garloff proposed a method for computing the Bernstein coef-
ficients of a bivariate polynomial over the unit box and the unit trian-
gle by using a forward difference operator. We propose some efficient
matrical methods that involve only matrix operations such as multipli-
cation, transposition, and reshaping as Ray and Nataraj’s method, see
[3]. Our methods are superior over Garloff’s and Ray and Nataraj’s
method for the computation of the Bernstein coefficients over the unit
and a general box and the standard simplex. We also propose a ma-
tricial method for the computation of the Bernstein coefficients over
subboxes and subsimplices when the original box and simplex are sub-
divided, respectively.
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Let D =
{

(u, v) ∈ R
2
∣∣u2 + v2 < 1

}
be the unit disk with boundary

∂D = S1 the unit circle. Let Γ ⊂ R
d be an arbitrary Jordan curve. We

would like to compute a minimal surface ϕ : D → R
d with ϕ(∂D) = Γ.

For such a minimal surface, it exists the following variational principle:
H1(D;Rd) being the ordinary Sobolev space, let

XΓ =
{
ψ ∈ C(D;Rd) ∩H1(D;Rd)

∣∣ψ(∂D) = Γ, ψ|∂D : monotone
}

where monotone means that if ∂D is traversed in a given direction, Γ
is also traversed in the corresponding direction, although we allow arcs
of ∂D to map onto single points of Γ. To such a map ϕ, we denote its
Dirichlet integral by

D(ϕ) =

∫

D

|∇ϕ|2 dx =

∫ ∫

D

d∑

k=1

[(
∂ϕk

∂u

)2

+

(
∂ϕk

∂v

)2
]

dudv.

Then, ϕ ∈ XΓ is a minimal surface if and only if it is a stationary
point of D(ϕ). The problem of finding such points is called the clas-
sical Plateau problem [1]. The mapping ϕ is actually obtained by
minimizing its Dirichlet integral.

We need a normalization condition to determine a minimal surface
(locally) uniquely. Several exist. For example, one can specify the
images of three points on ∂D to define the same orientation on ∂D
and Γ. In order to find a minimum, we have to move the interior
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points (inside the domain defined by the curve Γ) but also boundary
points (on Γ), except for the ones we set as fixed points.

If one apply a finite element approximation of minimal surfaces on
the unit disk, with piecewise linear functions on each triangle of one
triangulation, some inaccuracies can occur, in particular at singular-
ities of Γ. We propose to overcome this difficulty by introducing a
posteriori error estimation and an adaptive mesh refinement. This al-
lows us to refine the mesh only in the local area corresponding to the
problematic one on the domain defined by Γ. In this talk, we explain
how to perform the finite element approximation and present several
numerical examples to highlight what problems can occur and how to
solve them.
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Dependencies are one of the most intractable obstacles in inter-
val computation because they cause overestimation when evaluating
expressions by interval arithmetic. Nevertheless, not always depen-
dencies must cause overestimation. Hansen [1] presented an endpoint
analysis to check if the enclosure computed by a natural interval ex-
tension is optimal.

There are also classes of interval problems, where dependencies do
not matter. As shown by [3, 4], the (united) solution set of the interval
system

Ax = b

is the same as the solution set of interval inequalities (ignoring depen-
dencies)

Ax ≤ b, Ax ≥ b.

This property was then generalized [2] to the so called AE solutions
and under some assumptions to AE solvability.

As another example, a system Ax = b is strongly solvable if and
only if the system

Ax1 −Ax2 = b, x1, x2 ≥ 0

is strongly solvable.
We will show more examples of problems, where dependencies can

be ignored and the problem will not change. Moreover, we will show
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possible transformations of interval linear systems from equations to
inequalities and vice versa, related to weak and strong solvability. Such
transformations can be very useful in deriving new properties or simpli-
fying the complicated proofs characterizing various kinds of solvability.

We also discuss possible extensions to parametric systems.
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University of Wuppertal
Gaußstr. 20, 42119 Wuppertal, Germany

matthias.huesken@math.uni-wuppertal.de

Keywords: IeeeCC754++, IEEE 754-2008, compliance checker

Running numerical algorithms on a given computing platform in-
volves a lot more components than visible at first glance, amongst
which are the programming language of choice, the compiler, and the
hardware on which the program is executed. Ideally, it should not be
necessary for a user to fully understand all parts involved and the al-
gorithms should give reproducible, platform-independent results. The
user should thus rely on the means provided by the chosen program-
ming language and trust that all other components work together fol-
lowing the philosophy of the IEEE 754-2008 standard, or more pre-
cisely, that all components adhere to this standard as far as needed to
supply a conforming platform as a whole.

With this in mind, IEEE 754-2008 explicitly specifies that it “pro-
vides a discipline for performing floating-point computation that yields
results independent of whether the processing is done in hardware, soft-
ware, or a combination of the two.”[IEEE2008, p. iv], and it states that
“conformance to this standard is a property of a specific implementa-
tion of a specific programming environment, rather than of a language
specification.”[IEEE2008, p. 2]

In this talk, we introduce IeeeCC754++, a flexible testing tool that
together with an extensive evaluation framework enables the user to
evaluate the IEEE 754-2008 conformity of the computing platform
that is used to run the target numerical application. Furthermore,
IeeeCC754++ comes with a large selection of ports that enable testing
a wide variety of architectures, specific hardware floating-point units,
and software libraries such as MPFR.
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IeeeCC754++ is based on IeeeCC754 [VCV01a, VCV01b] and closely
follows its testing philosophy: checking for standard conformity by ex-
ecuting a large number of test vectors whose correct results are hard
to achieve, e. g. because they are hard to round. Furthermore, test
vectors that check for special representations like NaNs or infinities
as well as test vectors to verify standard-conforming use of exception
flags are included. With this systematic approach of checking partic-
ularly difficult cases, it is possible to identify flaws in a floating-point
implementation which might go undetected otherwise.

We present the following extensions that were implemented in our
new tool IeeeCC754++:

• Support for the IEEE 754-2008 standard..

• A default testing mode to check the current user environment,
taking the chosen compiler and compiler options into account.

• Ports for a number of hardware architectures and their floating-
point units.

• An evaluation framework including advanced analysis capabilities.

We will conclude with test results from selected architectures that em-
phasize the need for testing tools like IeeeCC754++.
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52 avenue Paul Alduy, F-66860 Perpignan, France

david.defour@univ-perp.fr

Sorbonne Universités, UPMC Univ Paris 06, UMR 7606, LIP6
4 place Jussieu, F-75005 Paris, France

stef.graillat@lip6.fr

Keywords: Triangular solver, matrix-vector product, LU factoriza-
tion, reproducibility, accuracy, long accumulator, error-free transfor-
mation

The process of finding the solution of a linear system of equations
is often the core of many scientific applications. Usually, this pro-
cess relies upon the LU factorization, which is also the most compute-
intensive part of it. Although current implementations of the LU fac-
torization may reach 70% of the peak performance, their accuracy
and, even more, reproducibility cannot be guaranteed, mainly, due to
the non-associativity of floating-point operations and dynamic thread
scheduling.

In this work, we address the problem of reproducibility of the LU
factorization due to cancelations and rounding errors, resulting from
floating-point arithmetic. Instead of developing a completely inde-
pendent version of the LU factorization, we benefit from the hier-
archical structure of linear algebra libraries and start from develop-
ing/enhancing reproducible algorithmic variants for the kernel oper-
ations – like the ones included in the BLAS library – that serve as
building blocks in the LU factorization. In addition, we aim at ensur-
ing the accuracy of these underlying BLAS routines.
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We consider an unblocked algorithmic variant of the LU factoriza-
tion that can be expressed in terms of BLAS level 1 and 2 routines:
triangular solver (TRSV), dot product (DOT) and matrix-vector prod-
uct (GEMV). We prevent cancellations and rounding errors during
the accumulation stage thanks to a long accumulator and error-free
transformations [1]. Consequently, we tackle the problem of accuracy
in the reproducible triangular solver (ExTRSV) [2] through iterative
refinement. Moreover, we provide an accurate and reproducible al-
gorithmic variant as well as an implementation of the matrix-vector
product. Thus, following the bottom-up approach, we construct the
reproducible algorithmic variant of the LU factorization. Up to our
knowledge, this is the first implementation of a reproducible LU fac-
torization. Finally, we present initial evidence that both accurate and
reproducible higher-level linear algebra routines can be constructed
following our hierarchical bottom-up approach.
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Problem. We consider n underwater robots R1, . . . ,Rn at po-
sitions a1, . . . , an and moving in a 2D world [1]. Each robot has a
visibility zone. If an intruder is inside the visibility zone of one robot,
it is detected. The robots have to collaborate to guarantee that they
is no moving intruder inside a subzone of a compact subset O of R2,
representing the 2D ocean.

Complementary approach. We assume that there exists a vir-
tual intruder moving inside O satisfying the differential inclusion

ẋ(t) ∈ F(x(t)),

where x(t) is the state vector. Moreover, we assume that each robot
Ri has a visibility zone of the form g−1ai

([0, d]) where d is the scope. Our
contribution is to show that characterizing the secure zone translates
into a set-membership set estimation problem [2] where x(t) is shown
to be inside the set X(t) returned by our set-membership observer.
Then we conclude that x(t) cannot be inside the complementary of
X(t). This result can be formalized by the following theorem.

Theorem. The virtual intruder has a state vector x(t) inside the
set

X(t) = O ∩ dt · F(X(t− dt)) ∩
⋂

i

g−1ai(t)
([d(t),∞]),

where X(0) = O. As a consequence, the secure zone is

S(t) = projworld(X(t)).
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Figure 1: (left) Paving of the Biscay Bay, (right) Green: Secured zone

Proof (sketch). Two cases should be considered. If no actual
intruder exists then S(t) cannot is secured. If the virtual intruder is a
real one, its state x(t) is inside X(t) and its position (which is a part
of the state) is inside projworld(X(t)). In both situations, the intruder
can not be inside S(t).

Method. Each robot follows a reference point. All reference points
form a flat ellipsoid which plays the role of a barrier. The strategy is
illustrated by Figure 1 for 10 robots. The set O corresponds to the
blue area (left). On the right, S(t) is painted green. The observer has
been implemented using interval analysis.
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We describe the mechanisms and implementation of a library that
define a decimal multiple-precision interval arithmetic. The aim of
such a library is to provide guaranteed and accurate results in dec-
imal. This library contains correctly rounded elementary operations
and some transcendental functions such as sin, cos or exp.

The application fields of such a library are wide from financial cal-
culation to aeronautic engineering. In those fields, complex algorithms
are generally designed in high level with decimal numbers. Thus there
is a need for correctly rounded decimal arithmetic multiple-precision
library. The IEEE 754-2008 [2] revision introduced the definition of
decimal floating-point format, with the purpose of providing a basis
for a robust and correctly rounded decimal arithmetic.

Apart from being IEEE 754-2008 compliant, our library holds sev-
eral useful properties, such as correct rounding for decimal arbitrary
precision. The correctness of some functions will be proven. Further-
more the interval arithmetic will be compliant with the new IEEE
1788-2015 Standard for Interval Arithmetic [3].

Studies of implementation of decimal arithmetic libraries have shown
that one of the simplest and efficient way to implement decimal func-
tions is to use their binary counterparts [1]. This method makes it
possible to rely on the efficiency of the binary arithmetic and focus
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more effort only on some critical points. The implementation of this
library is based on GMP and MPFR libraries.
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High precision computations are required in many application ar-
eas, such as algorithm’s verification. There are serval methods and
responding libraries to obtain high precision, including arbitrary pre-
cision library MPFUN, ARPREC, GMP, and MPFR. These libraries
store numbers in a multiple-digit format similar to the symbolic com-
putation package Mathematica and the symbolic toolbox and VPA in
Matlab. Another well-known and interesting package is QD library
[1], which uses the multiple-component format. The QD library de-
fines a double-double number and a quad-double number, which are
represented as an unevaluated sum of two and four double numbers,
respectively. Trip-double number and its responding arithmetic are
proposed by Lauter [2]. The packages described above are written in C
or Fortran codes. Meanwhile, Matlab provides a familiar and efficient
problem solving environment for many engineers. Some multi-precision
matlab toolboxes based on the above arbitrary precision libraries have
been proposed such as MPL[3] and mp[4]. Advanpix[5] is a commercial
package having good performance, but the algorithms involved are in-
visible. The literature [6] implements real double-double number and
the corresponding operations in Matlab.

In this paper, we implemented a multi-precision package in Mat-
lab based on multiple component format. In the package, double-
double(DD), triple-double(TD), and quad-double(QD) numbers are
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Table 1: Basic operations and functions implemented

z = x+ y z = exp(x) z = DD(x) ==,∼=
z = x− y z = sqrt(x) z = TD(x) <,>,<=, >=
z = x ∗ y z = sqr(x) z = QD(x) z = real(x)
z = x/y z = ln(x) z = DDrand(x) z = imag(x)
z = xn z = log10(x) z = TDrand(x) z = floor(x)
z = xy z = inv(x) z = QDrand(x) z = fix(x)
z = abs(x) z = conj(x) z = round(x) z = ceil(x)

defined as a Matlab class including real and complex format. The ba-
sic arithmetic operations, relational operation, some Matlab functions
and so on are overloaded based on this class shown in Table 1. This
package allows Matlab obtain the more accurate numerical results and
run much faster than VPA, MPL and mp with some required accuracy.
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Solving initial value problems of ordinary differential equations is
very important and several studies for them have been proposed. We
have proposed an algorithm for verified ODE solver for IVP using
power series arithmeric and affine arithmetic [1]-[4].

Power series arithmetic defines operations between order-p polyno-
mials like

x(t) = x0 + x1t+ x2t
2 + · · · xp−1tp−1 +Xpt

p

where the last coefficient Xp is interval. For IVP:

x′(t) = f(x(t), t), x(t0) = x0 ,

we use (t0-shifted) Picard type fixed point form:

x(t) = x0 +

∫ t

0

f(x(t), t+ t0) ≡ P (x(t))

and if P (x∗(t)) ⊂ x∗(t) for some interval polynomial, then x∗(t) en-
closes true solution.

For avoiding so-called wrapping effect, we always use Jacobian of
the operator φti,ti+1

, where φti,ti+1
: x(ti) 7→ x(ti+1) . We use mean value

form and affine arithmetic to connect solutions over multi steps. For
calculating φ′, we use variational equation w.r.t. initial value:

y′(t) = fx(x∗(t), t)y(t), y(t0) = I .

We have tested two algorithms (Algo1, Algo2) for calculating y(t).
Details will be shown at presentation.
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As a numerical example, we take up van der Pol equation:

x′′ − µ(1− x2)x′ + x = 0 .

It is known that the equation is non-stiff for small µ and become stiff
for large µ. We show calculation results for µ = 1 and µ = 100 under
the following environment: Intel Xeon CPU E5-2687W (3.10GHz),
Ubuntu 14.04, gcc 4.8, kv-0.4.36, initial value (x, x′) = (1, 1), domain
= [0, 200], order of polynomial is 24 and local error is machine epsilon.

µ = 1 µ = 100
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algo1 2.276sec 53.820sec
algo2 1.798sec 13.478sec
AWA 3.815sec 176.78sec

We can see that algo2 can take large step size and calculation become
faster consequently in stiff case.
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The predominant shape chosen for search regions in branch and
bound (B&B) algorithms for global optimization of continuous func-
tions is a box x = {x ∈ R

n | xi ≤ xi ≤ xi, 1 ≤ i ≤ n}, while the pre-
dominant method of branching has been bisection of one of the coordi-
nate directions. This scheme has been popular because of its simplicity,
because a sub-region provides clear error bounds on individual param-
eters, and because bounds on the coordinates occur naturally in many
problems.

However, other region shapes also have advantages and have been
considered. One alternative is an n-simplex S = 〈P0, P1, . . . , Pn〉, the
convex hull of n + 1 points Pi ∈ R

n. A relatively early B&B method
dealing with continuous nonlinear systems was proposed by Stenger
[4], a method subsequently enhanced with more elegant formulas by
Stynes [5, 6] and the present author [1, 2], although those techniques
used a heuristic to decide when to branch.

Due to certain advantages, simplexes as domains in B&B algo-
rithms have received renewed scrutiny in more recent work. As sur-
veyed in [3], Žilinskas et al develop simplicial B&B to take advantage of
certain naturally occurring symmetries is the objective and constraints.

Here, in the spirit of Paulavčius and Žilinskas, we investigate sim-
plex-based B&B algorithms in contexts in which the feasible region is
best described by a simplex. However, we develop representations that
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allow interval evaluations (and hence mathematically rigorous bounds
on ranges) with relatively small overestimation. We present appro-
priate ways to represent the simplexes, we derive associated relatively
sharp mean-value type interval extensions, and we propose and discuss
branching processes related to these representations.
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mization. Springer Verlag, 2014.

[4] Frank Stenger. Computing the topological degree of a mapping in
Rn. Numerische Mathematik, 25(1):23–38, March 1975.

[5] Martin Stynes. A simplification of Stenger’s topological degree for-
mula. Numerische Mathematik, 33(2):147–155, June 1979.

[6] Martin Stynes. On the construction of sufficient refinements
for computation of topological degree. Numerische Mathematik,
37(3):453–462, July 1981.

SCAN 2016

71



Optimal order constructive a priori error
estimates for a full discrete

approximation of the heat equation

Takuma Kimura∗, Teruya Minamoto† and Mitsuhiro T.
Nakao‡

∗† Saga University, Saga 840-8502, Japan.
‡ Kyushu University, Japan.
∗ tkimura@cc.saga-u.ac.jp

Keywords: parabolic problem, Galerkin methods, constructive a pri-
ori error estimates

We consider the constructive a priori error estimates for an approx-
imate solution of the following equations with homogeneous initial and
boundary conditions:





∂u
∂t
− ν△u = f(x, t) in Ω× J,

u(x, t) = 0 on ∂Ω× J,
u(x, 0) = 0 in Ω.

(1)

where Ω ⊂ R
d(d ∈ {1, 2, 3}) is bounded polygonal or polyhedral do-

mains, J := (0, T ) ⊂ R (for a fixed T < ∞) is an open interval, ν is
a positive constant and f ∈ L2(J ;L2(Ω)). Let P k

hu be a full discrete
approximation for (1) studied in [1], [2], where h and k are mesh size
for Ω and J , respectively. Our method is based on the finite element
Galerkin method with an interpolation in time that uses the fundamen-
tal solution for semidiscretization in space. In [1], the authors studied
the optimal order L2(J ;H1

0(Ω)) and L2(J ;L2(Ω)) error estimates for
P k
hu with the assumption that h = k2.

In this talk, assuming that f is sufficiently smooth, we show the
optimal order error estimates can be obtained even if h 6= k2. In
the below, let CΩ(h) and CJ(k) denote constants determined by the
approximation property with order of O(h) and O(k), respectively.

SCAN 2016

72



Then we prove the following error estimates.
H1

0-error estimates:

||u− P k
hu||L2H1

0

≤ Ĉ1(h, k)
(

2
ν
||f ||L2L2 + 1√

2ν

√
||f(·, 0)||2

L2(Ω) + ||f ||2
L2L2 + || ∂

∂t
f ||2

L2L2

)

where Ĉ1(h, k) := max{CΩ(h), CJ(k)} .
L2-error estimates:

‖u− P k
hu‖L2L2 ≤ Ĉ0(h, k)

(
‖f‖L2L2 + ‖ ∂

∂t
f‖L2L2 + ‖∇P0f(·, 0)‖L2(Ω)

)

where Ĉ0(h, k) := max
{
8
ν
CΩ(h)2,

√
νCJ(k)2, CJ(k)2

}
and P0 is the L2-

projection.
V 1-error estimates:

‖ ∂
∂t

(u− P k
hu)‖L2L2 ≤ Ĉ3(h, k)C(||f ||L2L2, || ∂

∂t
f ||L2L2, ||∇f(·, 0)||L2(Ω))

where Ĉ3(h, k) := max{CΩ(h), CJ(k)}(≡ Ĉ1(h, k)),

C(||f ||L2L2, || ∂
∂t
f ||L2L2, ||∇f(·, 0)||L2(Ω))

:=
√

2
ν

{
(CΩ(h)2 + ν)(2|| ∂

∂t
f ||2L2L2 + ν||∇f(·, 0)||2L2(Ω)) + 2||f ||2L2L2

} 1

2

+
{
ν||∇f(·, 0)||2L2(Ω) + || ∂

∂t
f ||2L2L2

} 1

2

In the talk, some numerical examples which confirm the expected rate
of convergence will be presented.
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Need for decision making. In many real-life problems, we need to
select an alternative a from the list of possible alternatives – e.g., we
want to select a design and/or location of a plant, a financial invest-
ment, etc. In many such situations, we have a well-defined objective
function u(a) that describes our preferences. If we know the exact
value of u(a) for each alternative a, then we select the alternative with
the largest value of u(a).

Decision making under interval uncertainty. In practice, we usu-
ally only know the consequences of each decision with some uncertainty.
Often, the only information that we have about the corresponding val-
ues of u(a) is that it is somewhere between the known bounds u(a) and
u(a), i.e., that u(a) ∈ [u(a), u(a)]. In such situations, to make a definite
decision, we need to assign, to each such interval, a single numerical
value u0 describing the quality of the corresponding alternative. We
will denote this value u0 by u(a) ⊲ u(a).

Natural properties of the corresponding operation ⊲. What
are the natural properties of the operation a⊲ b?

First, if we know the exact value of u(a), i.e., if the corresponding
interval has the form [x, x] for some x, then the corresponding equiva-
lent value is simply equal to x: x⊲ x = x.

Another reasonable property is monotonicity: if x < x′, then
x ⊲ y > x′ ⊲ y. (For continuous functions, monotonicity is equivalent
to invertibility of x→ x⊲ y.)
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To get the third property, let us consider a slightly more complex
situation, when we know the lower bound z of the corresponding in-
terval, but we do not know its upper bound: we only know that this
upper bound is between y and x. We can analyze this situations in
two different ways.

First, we can say that since all we know about the upper bound is
that it is between y and x, this upper bound is therefore equivalent to
the value y⊲ x. Now, after we have thus reduced the uncertain upper
bound to a single number, the original information becomes simply an
interval with an exact lower bound z and an exact upper bound x⊲ y.
We can now apply the operation ⊲ to estimate the equivalent value of
this interval as (x⊲ y) ⊲ z.

There is also an alternative approach. For each possible value v
between y and x, we have an interval [z, v] with equivalent value v⊲ z.
Due to the natural monotonicity, this equivalent value is the smallest
when v is the smallest, i.e., when v = y, and it is the largest when v is
the largest, i.e., when v = x. Thus, possible equivalent values form an
interval [y⊲ z, x⊲ z]. The equivalent value of this interval is therefore
(x⊲ z) ⊲ (y ⊲ z).

It is reasonable to require that these two approaches lead to the
same value, i.e., that (x⊲ y) ⊲ z = (x⊲ z) ⊲ (y ⊲ z).

Hurwicz optimism-pessimism criterion satisfies these proper-
ties. One can easily check that the widely used Hurwicz criterion
x⊲ y = α · x+ (1− α) · y, with α > 0, satisfies the above properties.

This is a quandle. Interestingly, the above three natural properties
are well known in knot theory: sets with operations satisfying these
properties are knows as quandles [1]. Since decision making under
interval uncertainty naturally leads to a quandle, maybe we will be
able to apply results from quandle theory to make better decisions?
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Automatic differentiation (AD) is often used in interval algorithms
for optimization, nonlinear systems of equations or solving other deci-
sion problems (see, e.g., [4]). The existing software for this purpose,
like the one from the Toolbox of C-XSC library [1], has several limita-
tions and drawbacks. As for this specific package:

• there are distinct classes for computing first or second derivatives
and for univariate or multivariate functions;

• there are global variables to distinguish the order of computed
derivative – these variables have to be checked at runtime, sev-
eral times during the computation; they also affect multithreaded
implementations [3];

• computing derivatives of higher order would require to implement
a separate (but analogous) class;

• although, the developers of C-XSC have provided several useful
classes for sparse matrices and vectors, their AD code makes no
use of it.

What is more, if we need to use some hull consistency based narrowing
(HC3, HC4), the representation of functions using AD classes is of
little use to us.
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Many of these drawbacks can be overcome by using C++ template
meta-programming [2]. This allows automatic generation of similar
code for distinct data types (single intervals or their vectors/matrices,
sparse or dense types, etc.).

The author is going to present a novel C++ template library, hav-
ing, in particular, the following features:

• a single template class used for generating all derivatives and gen-
erating the procedure to create syntactic tree of the function – all
of them at compile time;

• generating (at compile time) separate functions to compute various
derivatives;

• possibility of using both dense and sparse formats for gradients
and Hesse matrices;

• potential possibility to computing higher derivatives;

• integration with procedures enforcing hull consistency.
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Exact reals may be described using Dedekind construction as cuts.
In such construction the cut is described by two predicates that de-
scribe lower and upper bounds. Predicates may be composed of arith-
metics, functions, inequalities and quantifiers.

Haskell with its flexible type system allows us to descibe concrete
predicates without implementating them. On top of those descriptions
we can implement different evaluation strategies.

Concrete Haskell implementation will be presented with example
descriptions of exact reals and evaluating them using different strate-
gies.

The basic evaluation strategy employs bisection and splitting of
intervals. Although it is inefficient it serves as a proof of concept.

More efficient strategy uses Kaucher arithmetics with back-to-front
intervals and employs extended interval Newton method. Improving
those strategies is currently in progress.

On the other hand Haskell has some pitfalls, most pronounced
in lack of support for efficient low-level floating-point and interval li-
braries. Quite some time has been invested to overcome these.
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For the purpose of high-precision eigenvalue bounds for differential
operators, a general framework based on finite element methods is
proposed. The high-precision eigenvalue bounds are obtained through
the following two steps.

◦ First, rough but exact eigenvalue bounds can be obtained by us-
ing lower order finite element methods along with a fundamental
theorem in [1]. For example, for the Laplace operator defined
on a bounded domain, the eigenvalues can be easily estimated by
applying the Crouzeix–Raviart finite element. For biharmonic op-
erators, the Fujino–Morley FEM can be adopted to give explicit
eigenvalue bounds.

◦ Second, to obtain high-precision eigenvalue bounds, Lehmann–
Goerisch’s theorem along with high-order finite element methods
is adopted, where the rough eigenvalue bounds obtained in the
first step is important [3, 2]. See Table 1 for a sample computa-
tion result for eigenvalues of Laplacian with homogeneous Dirichlet
boundary condition over square-minus-square domain, where there
exist singularities of eigenfunction around the reentrant corners.

By further adopting the interval arithmetic, the explicit eigenvalue
bounds from numerical computations can be mathematically correct.
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As a computer-assisted proof, the verified eigenvalue bounds have been
used to investigate the solution existence of semi-linear elliptic differ-
ential equations; see, e.g., [4].

Table 1: Bounds for the leading 5 eigenvalues of Laplacian over square-
minus-square domain [2]

λi Eigenvalue bounds

1 9.160216437
2 9.170088961
3 9.170088961
4 9.180568052
5 10.0898433714

(0, 0)

(7, 1)

(8, 8)

(1, 7)
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We present methods to obtain proper fuzzy interval vector solution
sets (fuzzy intervals with nested α−levels) arising from systems of fuzzy
interval linear equations. Since computing solutions, at times, do not
produce proper fuzzy interval solutions, special care must be taken
when obtaining solutions that are indeed fuzzy interval solutions.

The theory of how to obtain proper fuzzy interval solutions to fuzzy
linear systems is discussed. In particular, we present the conditions
necessary for the solutions to fuzzy interval linear systems (both equal-
ity and inequality) to exist as proper fuzzy interval vectors. We use
more recent results that unify fuzzy interval linear systems as well as
some older, early 1960tees, results from Oettli as it pertains to the
computation of solutions to interval linear systems and the α−level
interval systems in fuzzy interval linear systems.
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We have been developing a new computer program library on multi-
ple precision arithmetic with verified computation named LILIB, Long
Interval Library. It adopts interval arithmetic for verified computation.
Whereas most of existing library for interval arithmetic, e.g. MPFI [1],
represent an interval by its infimum and supremum, LILIB uses center-
radius form in which an interval is represented by its center and radius.
Center-radius form has advantages against inf-sup form in memory ca-
pacity and speed on computation if the digits of the numbers is long
enough.

MPFI represents an interval number by floating point numbers of
MPFR [2] as infimum and supremum and exploits the advantage of cor-
rect rounding of MPFR for verified computation. Since the processes
of computation for infimum and supremum are almost same, the com-
putational time of interval arithmetic in MPFI takes twice of floating
point number arithmetic of MPFR as well as the memory capacity.

An interval number of LILIB is represented by a center value of
long digits number and a radius of short digits. This structure comes
from the multiple precision interval numbers in INTLAB and obviously
it reduces the memory capacity of an interval number. Moreover it is
supposed to reduce the computational time since the amount of com-
putation of long center and short radius seems to be less than twice of
long digits computation. On the other hand the processes of interval
arithmetic for center-radius form are more complicated than inf-sup
form. This makes it unclear for us whether less computational time
would be attained or not. In order to get an answer to the question, we
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implemented center-radius form and floating point system in a previous
version of LILIB [3] [4] , in which we had developed our original meth-
ods for multiple precision arithmetic without using MPFR. Despite the
fact that the previous LILIB is actually so slow in computational time,
we have confirmed that the center-radius form is faster than twice of
single floating point arithmetic in our system as long as the digits are
long enough, which implies center-radius form is faster than inf-sup
form.

We have improved LILIB to be faster in computation. Our new
version of LILIB is based on MPFR which is used in calculation of
multiple precision numbers for both of center and radius. When the
digits are long enough, the new version will be faster than MPFI. In
our talk, we will explain the details of specification and implementation
of the new version and show some numerical examples. Comparison
with MPFI will be also mentioned if possible.
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My talk is concerned with validations of global trajectories for the
fast-slow system {

x′ = f(x, y, ǫ),

y′ = ǫg(x, y, ǫ)
(1)

with computer assistance, where ′ = d/dt is the time derivative and
f, g are Cr-functions with r ≥ 1. The factor ǫ is a nonnegative real
number and is considered as the multi-scale parameter. Unless other-
wise noted, the slow variable y is assumed to be one-dimensional. I
focus on validations of

(i) the singular limit trajectory H0 for (1) with ǫ = 0;

(ii) global trajectories Hǫ near H0 for all ǫ ∈ (0, ǫ0]

at the same time, where ǫ0 > 0 is an explicitly given number. “Grobal
trajectories” here mean periodic, homoclinic and heteroclinic orbits.

The strategy is based on topological notions such as covering rela-
tions ([5]), isolating blocks and cones ([1]) as well as geometric singular
perturbation theory (e.g. [2]). Invariant foliations of stable and unsta-
ble manifolds are also applied to validating homoclinic and heteroclinic
trajectories. Using these notions, normally hyperbolic slow manifolds
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can be validated in the standard way with computer assistance. Addi-
tionally, I propose a new technique called the covering-exchange, which
is the singular perturbation version of covering relations and is viewed
as a topological counterpart of the Exchange Lemma (e.g. [2]). The
covering-exchange consists of three parts: slow shadowing, drop and
jump. These concepts topologically describe true trajectories which
shadow the reference connecting orbits (with ǫ = 0) and normally hy-
perbolic slow manifolds of (1). The covering-exchange automatically
solves the matching problem between fast scale and slow scale dy-
namics. Moreover, the assistance of rigorous numerics in reasonable
processes enables us to validate (i) and (ii) simultaneously.

Details of this talk is shown in [3]. If the time permits, I also talk
several extensions of the current work (e.g. [4]).
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Consider the following nonsymmetric algebraic Riccati equation
(NARE) arising in transport theory:

XCX −XE − AX +B = 0, (1)

where A,B,C,E ∈ R
n×n are given by

A = ∆− eqT , B = eeT , C = qqT , E = D − qeT .

Here e = (1, . . . , 1)T , q = (q1, . . . , qn)T with qi = ci/(2ωi), ∆ =
diag(δ1, . . . , δn) with δi = 1/(cωi(1 + α)), D = diag(d1, . . . , dn) with
di = 1/(cωi(1 − α)), 0 < c ≤ 1, 0 ≤ α < 1, 0 < ωn < · · · < ω1 < 1,∑n

i=1 ci = 1 and ci > 0, i = 1, . . . , n. For descriptions on how this
equation arises in transport theory, see [1] and references cited therein.

In this talk, we consider enclosing the solution of (1). To the au-
thor’s best knowledge, an algorithm for enclosing a solution of the
NARE has not been written down in literatures. For continuous-time
algebraic Riccati equation, well-established algorithms for enclosing
the solution are proposed in [2–7]. In [4,5], the algorithms for discrete-
time algebraic Riccati equation are also proposed. These algorithms
require O(n3) or larger operations.

The purpose of this talk is to propose an algorithm for enclosing the
solution of (1). This algorithm enables us to enclose the solution with
only O(n2) operations under a reasonable assumption by exploiting the
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special structure of (1). We finally report numerical results to show
the effectiveness and efficiency of this algorithm.
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Consider the following discrete-time algebraic Riccati equation (DARE):

AHXA−X − AHXB(R +BHXB)−1BHXA+Q = 0,

where A,Q ∈ C
n×n, B ∈ C

n×m and R ∈ C
m×m are given, Q and R are

Hermitian, AH denotes the conjugate transpose of A, and X ∈ C
n×n is

to be solved. The DARE appears in many important problems in sci-
ence and technology, e.g., discrete-time LQ-optimal control problems
and an equation in ladder networks [1]. The solution X of interest is an
Hermitian matrix, and the Hermitian solution X is called stabilizing if
all the eigenvalues of A−B(R+BHXB)−1BHXA are inside the unit
disk. The stabilizing solution is required in the practical applications.

In this talk, we consider enclosing the solution of the DARE, specif-
ically, computing interval matrices containing the solution. The pio-
neering work is the algorithms proposed in [2,3]. In these algorithms,
the special structure of the DARE is skillfully exploited. These algo-
rithm require O(n6) operations.

The purpose of this talk is to propose an algorithm for enclosing
the solution of the DARE. This algorithm utilizes numerical spectral
decomposition of A − B(R + BHX̃B)−1BHX̃A, where X̃ denotes a
numerical solution, requires only O(n3) operations, and is applicable
when A−B(R+BHX̃B)−1BHX̃A is diagonalizable. The assumption
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of the applicability is made just to accelerate the enclosure. The al-
gorithm moreover verifies that the solution contained in the interval
matrix is unique and the stabilizing one. We finally report numerical
results to show the effectiveness and efficiency of this algorithm.
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In this talk, we are concerned with a fast inclusion of matrix mul-
tiplication on a GPU. Let F be a set of floating-point number defined
by IEEE 754 standard [1]. Let A ∈ F

m×n and B ∈ F
n×p be given. We

define C, C ∈ F
m×p by

C ≤ A · B ≤ C. (1)

The inclusion of (1) is one of the significant methods in verified numer-
ical computation of linear problems (e.g. linear systems and eigenvalue
problems [2]).

On CPU, since settled rounding modes hold until we change it
again, we can compute C and C such as the following by BLAS rou-
tines1 [2]:

#include <fenv.h> //Include fenv header
fesetround(FE DOWNWARD); //Rounding upward
C = dgemm routine; //Calculate C
fesetround(FE UPWARD); //Rounding downward
C = dgemm routine; //Calculate C

1We assume that dgemm routine does not use a fast matrix multiplication algorithm such as
Strassen’s method
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Here, the function fesetround is defined by fenv.h in C99, and
changes the selected rounding mode. To compute matrix multipli-
cation two times, we can obtain the inclusion of matrix multiplication.

In this talk, we consider the other simple approach based on MAGMA
BLAS routine on a GPU [3]. MAGMA BLAS is open source routines
for numerical linear problems on GPU. MAGMA BLAS is written by
CUDA [4] created by NVIDIA. Since recent NVIDIA’s GPUs support
IEEE 754 standard, we can perform computation with rounding mode
control using intrinsic functions. However, rounding modes of GPU
can not change such as the function fesetround on CPU. Therefore, we
directly revise the dgemm function in MAGMA BLAS in order to add
the inclusion part of a matrix multiplication. In this method, since
it requires no extra memory transfer from global memory to cache
memory, we achieved less than twice of computing time, though we
calculate two times of matrix mulplication. In addition, we show the
optimization of the function dgemm in MAGMA BLAS for the case of
the inclusion on a GPU. Finally, we illustrate details and the results
of computation in the talk.
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Union arithmetic and projective arithmetic are two generalizations
of interval arithmetic that were found useful for speeding up branch and
bound algorithms for solving nonlinear systems, constraint satisfaction
problems, and global optimization problems.

Union arithmetic represents sets of reals as unions of one or more
disjoint intervals, and is thus able to take advantage of division by
intervals containing zero in interval Gauss-Seidel methods.

Projective arithmetic is a way to handle unbounded regions in
constraint satisfaction problems and global optimization problems by
using projective transformations that map unbounded regions into
bounded ones [1].

References:

[1] H. Schichl, A. Neumaier, M.C. Markot, F. Domes, On
solving mixed-integer constraint satisfaction problems with un-
bounded variables, pp. 216–233 in: Integration of AI and OR
Techniques in constraint programming for combinatorial optimiza-
tion problems, Springer, Berlin 2013.

SCAN 2016

93



Linear Systems with the Exact Solution
for Numerical Tests

Katsuhisa Ozaki and Takeshi Ogita

Shibaura Institute of Technology
307 Fukasaku, Minumaku, Saitama 337-8570, Japan

ozaki@sic.shibaurait.ac.jp

Keywords: Numerical Linear Algebra, Linear System, Numerical
Computations

This talk is concerned with a linear system Ax = b for numerical
computations, where A is a coefficient matrix and b is a right-hand side
vector. Let F be a set of binary floating-point numbers as defined by
the IEEE 754 standard [1]. Let fl(·) denote that each operation in the
parenthesis is evaluated by floating-point arithmetic. All elements in
the matrix and the vector are represented by the floating-point num-
bers, i.e., A ∈ F

n×n and b ∈ F
n. Accuracy of a numerical solution x̃

of Ax = b is sometimes monitored by the residual Ax̃− b. However, a
basic numerical analysis says that the residual is not enough to show
the accuracy of numerical results. If we know the exact solution x such
that Ax = b in advance, then it is very useful to examine robustness
of algorithms for solving linear systems, tendency of convergence for
iterative methods, and overestimation of an error bound obtained by
verified numerical computations. One may think that a right-hand
side vector b is generated by Ax from given A ∈ F

n×n and x ∈ F
n.

However, if rounding errors occur in fl(Ax), then Ax = b may not be
satisfied.

Miyajima, Ogita and Oishi proposed a method [2] which produces
A′ ∈ F

m×m, x′, b′ ∈ F
m from given A ∈ F

n×n and x ∈ F
n such that

A′x′ = b′. As advantage of their method, we can set arbitrary vector x
and condition number of A. On the other hand, the size of the matrix
increases, i.e., m ≥ n in many cases. Moreover, the structure of A′ is
different from that of A. For example, A′ becomes unsymmetric, even
if A is symmetric.
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Assume that A is non-singular, and a condition number of A is
less than u−1, where u is a roundoff unit, e.g., u = 2−53 for IEEE 754
binary64. For a brief introduction, we set x = (1, 1, . . . , 1)T in this
abstract. Our algorithm produces A′ ∈ F

n×n and b ∈ F
n such that

A′x = b with A′ ≈ A. We adopt ideas of error-free transformation of
matrix multiplication [3] to this problem. The vector σ ∈ F

n is defined
as

σi = 2β · 2vi, β = ⌈log2 n⌉, vi = ⌈log2 max
j
|aij|⌉.

Let qij be a set of indices. The matrix A′ is obtained as follows.

a′ij = fl((fij + aij)− fij), δij = fl(aij − a′ij), fij = max
k∈qij

σk,

where the set qij depends on the structure of the matrix, e.g., qij =
{i, j} for a symmetric matrix. Then,

A = A′ + ∆, b := fl(A′x) = A′x.

The structure of A′ is the same to that of A.
In the presentation, we introduce a method which produces A′ and

b, assuming that each element in given x is a power of two. In addition,
we demonstrate how to make ∆ as small as possible and how to preserve
positive definiteness.
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Mathematical modeling has become an integral part of modern
process design methodologies as well as in control system design and
operations optimization. A typical model development procedure is
divided into two main phases, namely specification of the model struc-
ture and estimation of the unknown/uncertain model parameters. The
latter phase, often referred to as model fitting, normally proceeds by
determining parameter values for which the model predictions closely
match (for example in least-squares sense) the available process mea-
surements.

Tailored approaches exist nowadays to strike against certain prob-
lems encountered in classical parameter estimation. A guaranteed pa-
rameter estimation of non-linear dynamic systems has been formu-
lated [1] in a context of parameter estimation techniques that account
for bounded measurement error. The problem consists of finding—or
approximating as closely as possible—the set of all possible param-
eter values such that the predicted values of certain outputs match
their corresponding measurements within prescribed error bounds. A
set-inversion algorithm is applied, whereby the parameter set is succes-
sively partitioned into smaller boxes and exclusion tests are performed
to eliminate some of these boxes, until a given threshold on the ap-
proximation level is met.
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Optimal experiment design has been extensively studied in liter-
ature as an approach that provides best available conditions for col-
lection of information-rich data of a dynamic system [2]. Naturally
this problem leads to dynamic optimization problem. The classical
optimal experiment design is, however, not consistent with guaranteed
parameter estimation as the results of the (classical) least-squares and
guaranteed parameter estimation are not the same while the expec-
tations of the realization of measurement noise differ in least-squares
(unbounded normal distribution) and guaranteed (bounded arbitrary
distribution) estimation.

The work presented in this contribution provides a methodology
for performing optimal experiment design in the context of guaranteed
parameter estimation. The set of guaranteed parameter estimates is
first over–approximated by a box using non-linear optimization. The
problem of design of experiments, which determines a sequence of con-
trol inputs for the optimal experiment design in the context of guar-
anteed parameter estimation, is then formulated as a dynamic opti-
mization problem over the non-linear optimization problem that over-
approximates the set of guaranteed parameter estimates. The arising
bi-level program is regularized which makes the resulting non-linear
optimization with complementarity constraints well-conditioned.

Acknowledgments: The research leading to these results has re-
ceived funding from the European Commission under grant agreement
number 291458 (ERC Advanced Investigator Grant MOBOCON).
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Nowadays, most floating-point computations in numerical simula-
tions are performed in IEEE 754 binary64 precision (double preci-
sion). This means that a relative accuracy of about 10−16 is provided
for every arithmetic operation. Indeed, in practice, programmers tend
to use the highest precision available in hardware which is the double
precision on current processors. This approach can be costly in terms
of computing time, memory transfer and energy consumption [1]. A
better strategy would be to use no more precision than needed to get
the desired accuracy on the computed result. The challenge of using
mixed precision is to find some parts of codes (and so variables) that
may be executed with lower precision. Unfortunately the amount of
possible configurations is exponential in the number of variables.

To overcome this difficulty, we propose an algorithm and a tool
called PROMISE (PRecision OptiMISEd) based on the delta debug-
ging search algorithm [2] that provide a mixed precision configuration
with a worst-case complexity quadratic in the number of variables.
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variables. To estimate the numerical quality of results, PROMISE
uses Discrete Stochastic Arithmetic (DSA) [3] which controls round-
off errors in simulation programs. Unlike Precimonious [4], PROMISE
does not focus on performance constraints, it can rather be seen as a
tool helping developers to reduce the cost of double precision variables
and improve the memory usage of their code. The PROMISE tool has
been successfully tested on programs implementing several numerical
algorithms including linear system solving and also on an industrial
code that solves the neutron transport equations [5].
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We study the accuracy of the classic algorithm for inverting a com-
plex number given by its real and imaginary parts as floating-point
numbers. Our analyses are done in binary floating-point arithmetic
with an unbounded exponent range in precision p, and we assume that
the basic arithmetic operations (+, −, ×, /) are rounded to nearest, so
that the roundoff unit is u = 2−p. We prove the componentwise relative
error bound 3u for the complex inversion algorithm (assuming p ≥ 4),
and we show that this bound is asymptotically optimal (as p → ∞)
when p is even, and reasonably sharp when using one of the basic IEEE
754 binary formats with an odd precision (p = 53, 113). This compo-
nentwise bound obviously leads to the same bound 3u for the normwise
relative error. However we prove that the significantly smaller bound
2.707131u holds (assuming p ≥ 24) for the normwise relative error, and
we illustrate the sharpness of this bound using numerical examples for
the basic IEEE 754 binary formats (p = 24, 53, 113). This work has
been published in [1].
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Most of today’s numerical computations are done using floating-
point (FP) formats for representing real numbers. The two most widely
implemented formats defined by the IEEE 754-2008 standard [1] for
FP arithmetic are single-precision (binary32 ) and double-precision (bi-
nary64 ). For some critical problems, such precisions do not suffice.
Since higher precisions, such as quad -precision (binary128 ) is not hard-
ware implemented on widely distributed processors, the only solution
is to use software emulation for extended precision.

There are mainly two ways of representing numbers in higher pre-
cision. The first one, the multiple-digit method, uses integers for rep-
resenting numbers as a sequence of possibly high-radix digits coupled
with an exponent. The second one, the multiple-term method, repre-
sents real numbers as unevaluated sums of several FP numbers, allow-
ing for computations to be carried out naturally using the underlying
FP hardware level. The later one is called a floating-point expansion
when made up with an arbitrary number of terms and it makes use of
well known error-free-transforms algorithms such as 2Sum, Fast2Sum
and Fast2Mult (see [2]).

In this work we focus on the “double-double” (DD) precision, i.e.,
the number x is represented as the sum of two double-precision FP
numbers, xh+xℓ, the high and the low part, that satisfy |xℓ| ≤ 1

2ulp|xh|.
As a matter of fact, we should better talk about “double-word” preci-
sion, since the algorithms and proofs we discuss can be used with any
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precision-p underlying FP format (p = 53 for double-precision). More
precisely we talk about two algorithms that were first presented by Ka-
han et. al. in [3]. The first one (Alg. 1) computes the sum of two DD
numbers and returns also a DD number. In the initial paper they claim
to have a relative error bound of 2 ·2−2p, but no rigorous proof is given.
During our tests we observed that this bound is too optimistic, so we
present here a slightly larger bound, 2−2p ·(5+9 ·2−p+7 ·2−2p+6 ·2−3p),
for which we can provide a rigorous proof.

Alg. 2 computes the product of a DD number with a standard dou-
ble-precision one and returns also a DD number. In this case we proved
a tighter error bound that the one given in [3]. The initial error bound
was 4 · 2−2p and we provide a proof for 2−2p|xy|

(
3 + 4 · 2−p + 2 · 2−2p

)
.

Algorithm 1 (zh, zℓ) = (xh, xℓ) +
(yh, yℓ).

1: (sh, sℓ)← 2Sum(xh, yh)
2: (th, tℓ)← 2Sum(xℓ, yℓ)
3: c← RN(sℓ + th)
4: (vh, vℓ)← Fast2Sum(sh, c)
5: w ← RN(tℓ + vℓ)
6: (zh, zℓ)← Fast2Sum(vh, w)
7: return (zh, zℓ)

Algorithm 2 (zh, zℓ) = (xh, xℓ)∗y.

1: (ch, cℓ1)← Fast2Mult(xh, y)
2: cℓ2 ← RN(xℓ · y)
3: (th, tℓ1)← Fast2Sum(ch, cℓ2)
4: tℓ2 ← RN(tℓ1 + cℓ1)
5: (zh, zℓ)← Fast2Sum(th, tℓ2)
6: return (zh, zℓ)
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Consider the parametric matrix equation

A(p)X = B(p), p ∈ [p],

where A(p) and B(p) are known m × m and m × n matrices whose
elements are linear functions of uncertain parameters p = (p1, . . . , pk)
varying within given intervals, and X = X(p) is the unknown matrix.

We prove that the united solution set to the matrix equation and
this solution set to the same parametric system considered as a sys-
tem with multiple right hand sides have the same exact interval hull
although, as shown in [1], they are different as sets. This implies that
all known methods for enclosing AE-solution sets to parametric linear
systems can be generalized to enclose the corresponding AE-solution
sets to the parametric matrix equation without penalties on the com-
putational cost. We present a generalization of the method from [2,3],
which does not require strong regularity of the parametric matrix, and
some improvements of the parametric Krawczyk iteration proposed in
[1]. Comparison between some of the enclosure methods with respect
to their scope of applicability and the quality of the solution enclosure
will demonstrate some properties of the methods that have not been
mentioned before.
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In this article, we propose a new automated method for synthesizing
robust fractional PID controller for interval plant using Kharitonov’s
theorem [1]. Only four Kharitonov polynomials are required to be
Hurwitz and we can determine the stability of the interval system un-
der the given parameter variation. A gain and phase margin tester
compensator is incorporated to guarantee the concerned system with
certain robust safety margins. This kind of controller synthesis pro-
cedures have not closed form solutions and usually they are iterative
and/or based on graphical interpretations. Specifically, a new graphical
method for synthesizing robust PID controllers to achieve pre-specified
safety margin is proposed for uncertain time delay systems [2].How-
ever, with easy availability of computation power, we can automate
this design procedure.

We have chosen fractional order controller because of its promis-
ing recent developments and application to engineering problems[3].
Considering the fractional order PID controller, we can obtain char-
acteristic equation of the close loop system. And after selecting the
design frequencies and gain-phase margin, we can pose this controller
synthesis problem as a constrained satisfaction problem (CSP) with
all vertex Kharitonov polynomials where unknowns for this CSP are
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controller parameters (Kp, Ki, Kd, λ, µ) with pre-specified initial search
interval. In this work, we have solved this problem using constraint
solver Realpaver [4]. Different consistency techniques like box, hull and
3B has been implemented in Realpaver. Finally, illustrative example
with computer simulations is demonstrated to confirm the validity of
the proposed methodology.
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We consider the following problem (“safety verification”):

Given:

• an ordinary differential equation

• a set of states I (the initial states)

• a set of states U (the unsafe states)

Verify: It is not possible for a solution of the ODE to start in a state
in I and reach a state in U . Or equivalently: Every solution of the
ODE with an initial state in I never reaches a state in U .

This verification task can be reduced [3] to a constraint solving
problem containing logical quantifiers (∀, ∃). Such problems have been
traditionally solved by computer algebra techniques [2], but methods
based on interval computation have been shown to be competitive [4].
However, the constraint solving problem arising in safety verification
has a specific structure. In the talk we present an interval based algo-
rithm that exploits this structure.

This work was supported by GAČR grant 15-14484S and by the long-term strategic develop-

ment financing of the Institute of Computer Science (RVO:67985807).
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To develop a computer-based assistance system for speech therapy,
it is essential to distinguish between the linguistic levels of lexicon,
grammar, and pronunciation [1] and to deal with (i) the automatic
transcription and preprocessing of speech involving erroneous pronun-
ciation, (ii) the classification of pronunciation disorders, and (iii) a
grammatical analysis. For the tasks (i) and (ii), this contribution ex-
ploits an online frequency analysis of speech signals based on stochastic
filtering approaches and the identification of points of time at which
transitions between subsequent phonemes can be expected (cf. [3,4]).

In general, phonemes can be classified into voiced and unvoiced
sounds [2,3]. Voiced sounds (e.g. normal vowels) are characterized by
several relatively sharp formant frequencies produced by vibrations of
the vocal folds representing a fluidic resistance against the outflow of
air expelled from the lungs. In contrast, unvoiced sounds (e.g. whis-
pered vowels and fricatives such as ch, ss, sh, f) are caused by a turbu-
lent, partially irregular, air flow with negligible vibrations of the vocal
folds. To some extent, they are produced by fizzing sounds originat-
ing between teeth and lips as well as between tongue and hard or soft
palate. Here, sharp formant frequencies are characteristic for voiced

SCAN 2016

109



phonemes, whereas wide frequency bands are typical for unvoiced ones.
For both cases, a stochastic filtering approach [3] can be employed to
estimate expected values of the formant frequencies and their associ-
ated covariances, where the broad-band nature of unvoiced speech is
reflected by (co-)variance estimates that are significantly larger than
for the voiced case. Transitions between subsequent phonemes are in-
dicated by rapid changes in the above-mentioned estimation results [4].

In this contribution, an interval algorithm is presented for the ex-
traction of speech features from the estimated formant frequencies and
signal amplitudes on the level of individual phonemes. Besides a pat-
tern recognition for correctly pronounced sounds, this procedure helps
to identify and classify disorders (together with expert knowledge of
the speech therapist if these features are not yet included a phoneme
database). Moreover, stuttering disorders (those characterized by rep-
etitions of individual/ multiple phonemes/ syllables) can be detected
from the extracted features. Numerical results for speech sequences
without and with pronunciation disorders conclude this contribution.
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Dynamic models with state- and input-dependent transitions be-
tween different continuous-time representations are common for the
mathematical modeling of a large variety of technical systems. Among
these, especially the description of friction and hysteresis is widely used
in both mechanical and control engineering [1, 3, 4, 5].

In previous work, interval-based identification routines have been
derived where state- and input-dependent transitions were included in
piecewise-defined ordinary differential equations (ODEs) [2].

In this framework, the experimental identification of a mathemat-
ical model for a drive train test rig was considered. The correspond-
ing non-smooth set of ODEs was characterized by an automaton rep-
resentation for all possible transitions between static friction and a
piecewise linear, velocity-proportional model for sliding friction. In
this work, the coefficients for the rotary mass moment of inertia, the
velocity-proportional sliding friction, and the initial breakaway torque
were identified in terms of interval parameters on the basis of measured
data with an additive bounded uncertainty [3, 4].

To make the identification procedure applicable for further — es-
pecially more complex — system models, algorithmic extensions are
developed which allow for preventing an excessive growth of the com-
putational effort if a larger number of uncertain parameters are consid-
ered. During that process, the friction model used in [3, 4] is extended
to a polynomial representation of the sliding friction behavior, to an
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inclusion of Stribeck characteristics near the breakaway point, to com-
binations of friction and Bouc-Wen hysteresis models [1, 5], and to
more detailed representations for the actuator dynamics. The Bouc-
Wen model introduces further points into the set of non-smooth ODEs
at which state-dependent transitions between individual system com-
ponents occur. A numerical case study for the experimental parameter
identification of a drive train test rig available at the Chair of Mecha-
tronics at the University of Rostock concludes this paper with a focus
on a verified exclusion of friction and hysteresis models that are defi-
nitely not compatible with the given interval-bounded measured data.
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In previous work, interval-based extensions of sliding mode state
observes [4] have been presented by the authors which allow for a
guaranteed stabilization of the associated error dynamics [2, 3].

The parametrization of these observers is so far based on the on-
line evaluation of a suitable candidate for a Lyapunov function and
its related time derivative. The variable-structure gain of this type of
observer is determined in such a way that the time derivative of the
Lyapunov function candidate can be guaranteed to be negative defi-
nite despite bounded uncertainty in system parameters as well as in
the measured output variables. Besides the treatment of interval uncer-
tainty, extensions were developed which guarantee asymptotic stability
in cases in which stochastic measurement noise influences the system
dynamics. These stochastic disturbances are taken into account by a
replacement of the “classical” time derivative of the Lyapunov function
candidate by the so-called Itô differential operator [1, 2].

The limitations of this estimation approach are

• the assumption of negligibly small time discretization errors in a
quasi-continuous implementation of the interval-based estimation
procedure and

• the use of the stability requirement of the error dynamics (with an
a-priori fixed underlying observer gain for all linear system com-
ponents) as the only design requirement.
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In this contribution, the following extensions of the interval-based
variable-structure state and parameter estimator are developed and
demonstrated for suitable application scenarios: Firstly, time discretiza-
tion errors are taken into account in a discrete-time implementation
of the stability proof for the state estimation procedure which needs
to be performed in real time. Secondly, a first attempt toward the
optimal parameterization of the underlying linear state observer as
well as extensions of the variable-structure gain computation are pre-
sented. These extensions aim at choosing the gain values in such a
way that the rate of convergence of the estimated states toward their
true values (which are, however, in practical applications unknown)
can be optimized. There, it is necessary to find a trade-off between
the maximum rate of convergence, on the one hand, and the robustness
of the estimation as well as the achievable tightness of the computed
interval bounds, on the other hand. Simulation results for prototypical
applications in control engineering conclude this contribution.
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Interval computations can benefit from high-performance environ-
ments: larger problems can be solved, execution time can be reduced.
Furthermore, as each numerical value is used several times for each
operation in interval arithmetic, the ratio between computations and
data moves is favourable. However, it is not totally clear whether
HPC environments offer the required facilities, in particular whether
directed rounding modes are properly set by these environments.

Reciprocally, high-performance computations may need interval com-
putations. Typically, fault-tolerant or resilient algorithms, which per-
form large amounts of computations, also perform quick computations
to detect whether a fault has occured. With floating-point arithmetic,
these quick computations frequently return results which differ from
the results of the long computations, because of roundoff errors, cf.
[1]. An issue is to determine whether this difference is due to floating-
point computations being non reproducible or to a failure. Interval
arithmetic could be useful to compute these certificates: it would re-
turn a value with bounds and thus the comparison between the result
of the long computation and the certificate would boil down to an in-
clusion test. Although much slower than floating-point arithmetic, the
overhead induced by interval arithmetic would apply only to a small
computation. Current resilient algorithms such as the ones in [2] apply
an equality test up to a threshold, and this threshold can be difficult
to choose. We will detail if, how and when interval arithmetic can
suppress the use of this threshold.
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Problem. We consider the guaranteed non-linear state estimation
of a robot described by its state x ∈ R

n and measuring distances to
beacons, see Fig. 1. x⊺ = {x, y, θ, v}. System’s description is given by:

R
{

ẋ = f(x,u)
ri(ti) = gj(x(ti))

(1)

Figure 1: Localization of
robot R among beacons

With f : Rn × R
m → R

n, the continu-
ous evolution function based on robot’s
state x and input u ∈ R

m, and gj :
R

n → R, a sporadic observation func-
tion giving a range value ri ∈ R between
the robot and the j -th beacon at time ti.

Main approach. In a set member-
ship approach, x and ẋ respectively be-
long to bounded signals evolving with
time: ∀t , x(t) ∈ [x](t) , ẋ(t) ∈ [ẋ](t).
These trajectories are represented with
tubes [1], see Fig. 2. The more uncer-
tain a trajectory is, the thicker the tube
containing it will be. When trajectory’s
estimation is improved, the tube needs to be contracted, thus becom-
ing thinner. To this end, we propose to break down the problem into
several elementary constraints involving contractors on tubes.
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t

[f ]

Figure 2: A tube [f ](·) implemented with a set of slices

Break down. Let us consider the given equations: ẋ = v · cos(θ),√
x(t1)2 + y(t1)2 = r1, the following constraints can be established:

continuous constraints





a = cos(θ)
b = v · a
x =

∫
b

sporadic constraint
{
x(t1) =

√
r21 − y(t1)2

Tube contraction. Our contribution is to perform a reliable state
estimation with a simple and general method involving continuous or
fleeting [2] constraints on tubes. In the continuous case, constraints
are managed with tube arithmetic: variables a and b are tubes too.
[x](·) = [x](·) ∩

∫
[b](·). In the sporadic case, we will show that to

be compliant with tube’s representation [x](·), such a contraction can
only be done considering the derivative tube [ẋ](·).
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The Matlab built-in Gamma function delivers approximations with
relative error up to 100%.

We present an algorithm for computing rigorous error bounds for
the Gamma function over the whole floating-point range. More pre-
cisely, for a given floating-point number x, an inclusion of Γ(x) is
computed with relative error less than 6 · 10−16.

If the input argument is an interval X ∈ IF, then an inclusion
of {Γ(x) : x ∈ X} of similar quality is computed. The presented
function is part of INTLAB, the Matlab/Octave toolbox for Reliable
Computing.
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Much has been said and published on the origin of interval arith-
metic.

In this talk we give a brief overview and concentrate on the seminal
Master Thesis by Sunaga, handwritten in Japanese, submitted at the
University of Tokyo 60 years ago on February 29, 1956.
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In this paper, we are concerned with a convex programming

minimize f(x), subject to g(x) ≤ 0 and x ≥ 0, (1)

where g(x) = (g1(x), g2(x), . . . , gm(x))T , and f, gi (i = 1, . . . ,m) :
R

n → R are sufficiently smooth and convex. We assume that problem
(1) satisfies Slater’s constraint qualification.

In [1], Oishi and Tanabe have studied a numerical method of in-
cluding an optimal solution to a linear programming provided that an
approximation of an optimal solution is given. In this talk, we pro-
pose a numerical method of including an optimal solution to the above
convex programming.

The KKT conditions of (1) are represented as a complementarity
problem

φ(x, y) :=

(
x ◦ (∇f(x) +

∑m
i=1 yi∇gi(x))

y ◦ g(x)

)
= 0, (2a)

subject to

∇f(x) +
m∑

i=1

yi∇gi(x) ≥ 0, g(x) ≤ 0, x ≥ 0 and y ≥ 0, (2b)

where y ∈ R
m is a Lagrange multiplier. Here, for u, v ∈ R

n, u ◦ v
denotes an element-wise product (u ◦ v)i = uivi (i = 1, . . . , n).
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Hereafter, we employ the notation z = (xT , yT )T . The purpose
of this talk is to verify the accuracy of a numerically computed ap-
proximation of an optimal solution to (2). We propose the following
theorem:
Theorem 1. Let z be an interior point such that

gi(x) < 0 and x > 0.

Suppose that φ′(z) is nonsingular and there exists positive numbers α, ω
such that

∥∥φ′(z)−1
∥∥
∞ ‖φ(z)‖∞ ≤ α and

∥∥φ′(z)−1 (φ′(z′)− φ′(z′′))
∥∥
∞ ≤

ω ‖z′ − z′′‖∞ , ∀z′, z′′ ∈ R
n+m. If

αω ≤ 1

4
, (3)

there exists an optimal point z∗ ∈ B(z, ρ) := {z′ ∈ R
n+m | ‖z′ − z‖∞ ≤ ρ}

satisfying (2), which is in fact unique in B(z, ρ), where

ρ =
1−
√

1− 3αω

ω
. (4)

Theorem 1 enables us to verify the existence of an optimal solution to
(2) around a given approximation and to obtain the error bound for
the approximation. Moreover, Theorem 1 guarantees feasibility of the
optimal solution. Theorem 1 is proved by using Kantorovich’s theorem
and continuous Newton method [2].

Some numerical examples will be presented, which show that our
method is useful for verifying solutions to convex programmings.
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In certain classes of dynamical systems invariant sets with a strange
geometry appear. For example the iteration of two-dimensional quasi-
periodically forced skew product, under certain conditions, gives us
Strange Non-Chaotic Attractors.

On the other side, when approximating dynamical invariant ob-
jects, a usual standard approach is to use Fourier expansions (rather
than Wavelet ones). However, to obtain an analytical approximation
of the aforesaid objects it seems more natural to use wavelets instead of
the Fourier approach. The aim of the talk is to describe an algorithm
for the semi-analytical computation of the invariant object (numerical
computations of the wavelet coefficients) using both Daubechies and
Haar wavelets.

One of the advantages of this approach is that wavelets also de-
fine certain regularity spaces that provide a natural framework for the
approximations that one gets. Indeed, the computation of the regu-
larity (depending on parameters) can give some insight in the study of
the fractalization or other routes of creation of Strange Non-Chaotic
Attractors and help in detecting this bifurcation.

Thus, the aim of the above exercise is to be able to detect, by means
of the estimation of the regularity of the object, how a non-chaotic at-
tractor “becomes” strange. The study of this regularity (depending
on parameters) may give another point of view to the “fractalization
routes” described in the literature and that are currently under dis-
cussion.
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We firstly present ValidatedNumerics.jl [1], a new software pack-
age for validated numerics using the Julia programming language, writ-
ten from scratch. Julia provides a unique combination of mathematical-
style syntax, high-level interactive usability, and C-like performance,
making it an excellent option for technical computing, in particular
for interval arithmetic. The package is well on the way to being con-
formant with the IEEE Standard 1788-2015, including decorations. It
is free/libre open-source software (FLOSS), with a permissive MIT li-
cense, and a simple code base that allows working with both double
and arbitrary precision. Due to the excellent composability of Julia,
it interacts seamlessly with other Julia packages, which provide, for
example, generic linear algebra and automatic differentiation capabili-
ties that immediately work with intervals, with (almost) no additional
coding.

We then apply this to study open billiard models, which are deter-
ministic dynamical systems in which point particles collide with fixed
obstacles. Despite the relevance of billiard models, there seems to have
been little previous work on applying interval methods to them. We
study open billiard models, in which particles may escape to infinity,
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so that the billiard map, which finds the next collision with an ob-
stacle, has a non-trivial domain; thus the use of decorated intervals
arises naturally in these systems. We find enclosures of the domain of
definition for the n-collision billiard map, as well as periodic orbits.
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Let A : H2(Ω)∩H1
0(Ω)→ L2(Ω) be an elliptic operator with Dirich-

let boundary conditions and N : H1
0(Ω)→ L2(Ω) be a linear operator

which is given. We define a linear operator L := A + N . The aim of
this talk is to estimate a constant K satisfying

‖φ‖H1
0
≤ K‖Lφ‖L2, φ ∈ H2(Ω) ∩H1

0(Ω) (1)

using an eigenvalue problem. The evaluation of the constant K plays
an important role for a verified numerical proof to solutions of semi-
linear partial differential equations, and have been studied [1-4].

In this talk, we first proof the following theorem:

Theorem 1. Let λ1 be an minimal eigenvalue satisfying an eigenvalue
problem

Find u ∈ H2(Ω) ∩H1
0(Ω), λ ∈ R s.t. LA−1L∗u = λu, (2)

where L∗ is a dual operator of L. If λ1 6= 0 holds, then L is nonsingular,
and the constant

K =
1√
λ1

satisfies the inequality (1).
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Next, we show how to compute the minimal eigenvalue λ1. Let σ
be a positive constant satisfying (Du, u)L2 ≥ 0, where D := A+ σI −
(N +N ∗) +N ∗A−1N . We put µ = λ+ σ, and the eigenvalue problem
(2) is transformed into

Du = µu. (3)

Then, we can compute the minimal eigenvalue µ1 using Liu-Oishi’s
theorem[5], and obtain the constant K.
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The modern informational world is antagonistic to the absolute pre-
cision [1]. The using of the concept ’the absolute accuracy’ is possible
only for mental theoretical constructs, but it isn’t possible for the real-
life applications because we need to take into account the used data
uncertainty. The human’s reasoning in the engineering practice and
the decision-making in the automatic control systems are based on the
measurements results that are distorted by the errors and that are of-
ten used as the initial data. Moreover, in practice, we operate with the
inaccurate results of the uncertain data mathematical processing, so
our decisions should take this circumstance into account, otherwise we
may be wrong in our conclusions. We often obtain the empirical data
about object under observation in the interval form from the direct
measurements results, the metrological assurance and the accuracy of
which are provided by the metrology. When this derived uncertain in-
formation is mathematically processed, the accuracy estimation of its
results is also assigned to the metrology. The solution of this problem
for the big amount of heterogeneous initial data is difficult because
of the big number of their possible values combinations. However,
at present time, this problem turns out to be solvable in the area of
metrology of computer programs because of using the theory of fuzzy
sets and the interval calculus.
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The interval age in computational techniques began in the 60-ies
of the XX century with the IFIP’s (that was headed by Wilkinson)
propositions on the accompanying the data processing software with
the interval-valued estimation of the results inaccuracy. In 1962, Moore
systematically considered the interval arithmetic [2] and offered the
first practical manuals for its applications. In the 70-ies of the XX
century, the first software shells (Linpack, for example) and libraries
appeared for the linear computations. They allowed users to get the
final results as the intervals of their possible values.

L. Zadeh expanded the scope of the term ’uncertainty’ from only
instrumental causes (rounding errors) to the initial data inaccuracy
and the expert a priori information by introducing the fuzzy variables.
To represent the measurement results and a priori information about
them and their uncertainty as the intervals, L. Reznik introduced the
fuzzy intervals [3]. V. Kreinovich and H. T. Nguyen considered the
nested intervals as the measure of the fuzzy variables uncertainty [4].
This development trend expressed the real-life applications’ necessity
to operate with the inaccurate initial data.

The expanding using of the computational techniques in the mea-
surement systems and the data processing performed by them caused
the problem of the metrological software tests organization. This cir-
cumstance induced the metrological community to take into account
the success of the interval computations and the fuzzy variables and
to include them into the metrological practice. The first step in this
direction was made in 1985 with the special issue of the magazine
”Measurement Techniques” that was dedicated to the problem of the
metrological support of the data processing in the metrology and the
measuring.

To date, the different interval approaches and methods were pro-
posed and used in the various metrological applications, particularly
the method [5,6] that corresponds with the requirements of the metro-
logical norms and standards.

To illustrate how deeply the interval computations and their expan-
sions can be spread in the real life, we consider the example from our
everyday practice: the calculations in the systems of heat metering.
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We cannot measure the consumed heat quantity directly, so its value
is calculated from the indirect measurement results by the computa-
tional block of the meter (that is called calculator). The initial data
for these calculations are received from two sensors signals of the heat
conveying liquid amount in the forward and return directions of the
flow, two sensors signals of the temperature in the forward and return
flows of heat-transfer agent, the signal of the temperature difference
between these two flows and the sensor signal of the pressure of the liq-
uid. The instrumental inaccuracy of all used sensors is standardized by
the special European normative document [7]. The uncertainty of the
measured heat amount value results to the inaccuracy in determining
how much the heat was really consumed and how much the consumer
should pay.

For the heat calculator, only the uncertainty of temperature per-
ception is normalized, but not of any other signals mentioned above.
This circumstance draws some criticism. That’s why the real commer-
cial task is to estimate uncertainty of the heat calculator results with
taking into consideration the uncertainties of all initial data, not only
the temperatures difference. In full, this problem can be solved only
using the interval computations tools in the sense of the works [5,6].
In the report, the particular examples are presented for the interval
computations that provide the reliable intervals of the uncertainty of
the consumed and paid heat.
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This talk is concerned with blow-up solutions of ordinary differential
equations (ODEs) in R

m (m ∈ N):

dy(t)

dt
= f (y(t)) , y(0) = y0, (1)

where t ∈ [0, T ) with 0 < T ≤ ∞, f : Rm → R
m is a C1 function and

y0 ∈ R
m. Unless otherwise noted, f is assumed to be a polynomial,

whose coefficients are real numbers. The blow-up solutions are a class
of solutions of (1).

Definition. Define tmax > 0 as

tmax := sup
{
t̄ : a solution y ∈ C1([0, t̄)) of (1) exists

}
.

We say that the solution y of (1) blows up if tmax <∞. In such a case
tmax is called the blow-up time of (1).

We provide a method for verifying blow-up solutions with their
blow-up times on the basis of compactifications and verification of the
Lyapunov function.
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Blow-up solutions are not compatible with numerical computations
without any ideas, since their norm goes to infinity in finite time.
To overcome this difficulty, we analyze blow-up solutions with two
instruments. The first one is compactification of base spaces and of
dynamical systems on them, following Poincaré ([1] see also [2,3]). The
second one is verification of Lyapunov functions. The monotonicity of
the Lyapunov function enables us to derive a re-parameterization of
trajectories, which is called Lyapunov tracing proposed in [4]. This re-
parameterization yields explicit estimates of blow-up times. The above
two instruments with standard methodologies of numerical verification
methods [5,6] and dynamical systems lead to verification of blow-up
solutions with their blow-up times.
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In this talk, we provide verification methods for an initial-boundary
value problem of parabolic partial differential equations:





∂tu(t, x)−∆u(t, x) = f(u(t, x)) 0 < t ≤ T, x ∈ Ω,
u(t, x) = 0 0 < t ≤ T, x ∈ ∂Ω,
u(0, x) = u0(x) x ∈ Ω,

(1)

where T > 0, Ω = (0, 1)d ⊂ R
d (d = 1, 2, 3), u0 ∈ L2(Ω), and the map f

satisfies suitable assumptions. Such a method is based on the evolution
operator U(t, s), which is the solution operator of the homogeneous
initial value problem:

{
∂tu+ A(t)u = 0, 0 ≤ s < t ≤ T,
u(s) = φ,

(2)

where {A(t)}0≤t≤T is a certain family of unbounded operators and
φ ∈ L2(Ω). The evolution operator gives the formula u(t) = U(t, s)φ
for representing a solution of (2). From the classical theory of the
evolution operator [1, 2, 3, 4], the criteria of generating the evolution
operator are that A(t) for each t ∈ (s, T ] is sectorial and the family
{A(t)} is Hölder continous with respect to t.
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In the talk, we introduce the precise assumptions for providing
the verification method and give several estimates associated with the
evolution operator. By using the evolution operator, an fixed-point
formulation is obtained in order to prove the existence of the mid
solution of (1). A sufficient condition for a solution to be enclosed
within a neighborhood of a numerical solution is also derived from
Banach’s fixed point theorem.

Furthermore, if the sufficient condition is satisfied, another fixed-
point formulation is used for estimating the error at a fixed time be-
tween the enclosed mid solution and the numerical solution. This for-
mulation is based on the generalized semigroup property of the evolu-
tion operator:

{
U(t, s) = U(t, r)U(r, s), 0 ≤ s ≤ r ≤ t ≤ T,
U(s, s) = I, 0 ≤ s ≤ T.

Consequently, this formulation is similar to the techniques for reducing
the wrapping effect when solving ordinary differential equations by
interval methods.
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We are concerned with verified numerical computations for solu-
tions to the following elliptic problem:

−Lu = f (u) (1a)

and

u > 0 in Ω (1b)

with an appropriate boundary condition. Here, Ω is a bounded domain
(i.e., an open connected bounded set) in R

n (n = 1, 2, 3, · · · ), f is
a given nonlinear operator from V (an appropriate solution space)
to L2 (Ω), and L is a uniformly elliptic self-adjoint operator from its
domain D(L) to L2 (Ω) (the domain D(L) depends on the smoothness
of the boundary ∂Ω).

Verified numerical computation methods for elliptic equations have
been developed by many researchers (see, e.g., [1,2,3]). These methods
enable us to numerically obtain a concrete ball containing a solution
to target equations, typically in the sense of the norms ‖∇·‖L2(Ω) and
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‖·‖L∞(Ω). No matter how small the radius of the ball is, however, some
solutions have the possibility not to be positive. For example, in the
homogeneous Dirichlet case, it is possible for a verified solution not to
be positive near the boundary ∂Ω.

To verify solutions to (1), we propose two numerical methods for
proving the positiveness of a function u satisfying (1a). One is an
extended result of [4, Theorem 2], which provides a sufficient condition
for the positiveness on the basis of the strong maximum principle.
The other method computes the upper bound of the number of the
nodal domains of a verified solution u∗ to (1a), by regarding u∗ as
an eigenfunction of a self-adjoint elliptic operator; if the number is at
most one, we can ensure the positiveness of u∗.

Numerical examples for some concrete elliptic boundary value prob-
lems will be presented.
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Let K ⊂ R
3 be a tetrahedron with vertices xi, i = 1, · · · , 4. Let

λi be its barycentric coordinates with respect to xi. By definition,
we have 0 ≤ λi ≤ 1,

∑4
i=1 λi = 1. Let N0 be the set of nonnegative

integers, and γ = (a1, · · · , a4) ∈ N
4
0 be a multi-index. Let k be a

positive integer. If |γ| :=
∑4

i=1 ai = k, then γ/k := (a1/k, · · · , a4/k)
can be regarded as a barycentric coordinate in K. The set Σk(K) of
points on K is defined by

Σk(K) :=
{γ
k
∈ K

∣∣∣ |γ| = k, γ ∈ N
4
0

}
.

For k, Pk is the set of all polynomials of three variables whose degree
is at most k. For a continuous function v ∈ C0(K), the Lagrange
interpolation IkKv ∈ Pk of degree k is defined as

v(x) = (IkKv)(x), ∀x ∈ Σk(K).

In this talk We present an error estimation of |v − IkKv|m,p,K in terms
of hK := diamK and the generalized circumradius GK of K, which is
defined in the following.

Let B be a facet of K and hB := diamB. Let RB be the circumra-
dius of B. Consider a projection δθ from R

3 into a 2-dimensional affine
linear space such that δθ(B) is a segment. Then, δθ(K) is always a tri-
angle on the plane. Let RP be the maximum value of the circumradius
of δθ(K). We define the generalized circumradius GK by

GK := min
B

RBRP

hB
,

SCAN 2016

138



where the minimum is taken for all facets of K. The following is the
main theorem.

Theorem 1 Let K be an arbitrary tetrahedron. Let hK := diamK
and GK be the generalized circumradius of K. Let 1 ≤ p ≤ ∞ and
k, m be integers with k ≥ 1 and 0 ≤ m ≤ k. Then, there exists
a constant C = C(k,m, p) independent of K such that, for arbitrary
v ∈ W k+1,p(K),

|v − IkKv|m,p,K ≤ CGm
Kh

k+1−2m
K |v|k+1,p,K

= C

(
GK

hK

)m

hk+1−m
K |v|k+1,p,K .

Note that no geometric condition is imposed in the main theorem.
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We propose a new algorithm for computing validated bounds for the
solutions to the first order variational equations associated to ODEs:





ẋ(t) = f(x(t)),

V̇ (t) = Df(x(t)) · V (t),
x(0) ∈ [x0],
V (0) ∈ [V0],

(1)

where f : Rn → R
n is a smooth function and [x0] ⊂ R

n, [V0] ⊂ R
n2

are
sets of initial conditions. Solutions the variational equation V (t) give
us an information about sensitivities of trajectories with respect to ini-
tial conditions. They proved to be useful in finding periodic solutions,
proving their existence and analysis of their stability. They are used
to estimate invariant manifolds of periodic orbits. Derivatives with
respect to initial conditions are used to prove the existence of connect-
ing orbits. The method that we propose for computation of validated
solutions to (1), uses a high-order Taylor method as a predictor step
and an implicit method based on Hermite-Obreshkov interpolation as
a corrector step. The proposed algorithm is an improvement of the
C1-Lohner algorithm proposed by Zgliczyński and it provides sharper
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bounds. Our algorithm, cannot produce worse estimations than the
C1-Lohner algorithm. Complexity analysis shows that, in low dimen-
sions, it is slower than the C1-Lohner algorithm by the factor 9/8 only.
This lack of performance is compensated by a significantly smaller
truncation error of the method. This allows to take larger time steps
when computing the trajectories and thus our algorithm appears to be
slightly faster than the C1-Lohner in real applications.
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In [1,2] Kulisch defines (ordered) ringoids and vectoids to provide
a theoretical basis for computer arithmetic and interval arithmetic.
One interesting aspect of his treatment is the search for necessary and
sufficient conditions for a meaningful notion of negation and zero. In
this paper we consider this both from the point of view of functions
on the underlying set and from a category theoretical standpoint. It
turns out that the conditions provided by Kulisch can be restated in
other forms, but that the original form is probably both necessary and
sufficient for the intended purpose.
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This talk presents some constructive error estimates for the approx-
imate solutions of two-dimensional bi-harmonic equations:





∆2u = f in Ω,

u =
∂u

∂n
= 0 in ∂Ω

(1)

by using verified computational techniques. Here Ω is a bounded con-
vex polygonal domain, f ∈ L2(Ω), and ∂u/∂n stands for the outer
normal derivative of u. The error estimations for (1) are expected to
provide invaluable information for computer-assisted proofs of nonlin-
ear bi-harmonic problems [1]. Several numerical examples based on
Legendre polynomials [2] confirm the effectiveness of our proposed ap-
proach.
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The Worst-Case Peak Gain (WCPG) of a Linear Time Invariant
(LTI) filter is used to determine the output interval of a filter and in
error propagation analysis [5].

Consider a stable LTI filter H in state-space representation:

H
{

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k)

(1)

where u(k) is the input vector, y(k) is the output vector, x(k) is the
state vector and matrices A, B, C, D contain the filter coefficients.

The WCPG of a linear filter can be computed [1] as the infinite
sum W := |D| +∑∞k=0

∣∣CAkB
∣∣ . In [6] the authors have proposed an

algorithm for the reliable evaluation of the WCPG matrix in multiple
precision.

However, usually the filter coefficients are rounded prior to imple-
mentation, changing A, B, C and D by rounding. To provide a re-
liable filter implementation, these rounding errors must be taken into
account in the WCPG computation. We represent the rounded coef-
ficients as interval [2] matrices with small radii. Let MI := 〈Mc,Mr〉
to be an interval matrix centered in Mc with radius Mr. Then,
the WCPG matrix of a filter H =

(
AI ,BI ,CI ,DI

)
is an interval

WI :=
∣∣DI

∣∣+
∑∞

k=0

∣∣∣CIAIkBI
∣∣∣.

In this work we adapt the algorithm presented in [6] to obtain a reli-
able evaluation of the WCPG interval. The WCPG is computed in two
stages: the reliable truncation of the infinite sum and the summation.
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We determine the truncation order only for the center matrices
but add a correction term after the final step. This step requires to
perform an eigenvalue decomposition. To obtain trusted error bounds
on the computed eigenvalues we use the Theory of Verified Inclusions
developed by S. Rump [4].

The summation is done using Interval Arithmetic in midpoint-
radius form. However, powering a dense interval matrix can lead to an
interval explosion. Instead of powering AI we power an almost diag-
onal matrix TI , for which ||TI ||2 < 1 is true. We use an analogue of
Gershgorin circle theorem [3] to verify a spectral norm condition that
needs to be satisfied for the WCPG sum to converge.

It is obvious that we cannot guarantee an a priori given bound on
the WCPG matrix radius Wr because the radii of the input matrices
are the limiting factors. However, when given point coefficient matrices
(intervals with zero radii) and an absolute error bound ε we guarantee
that the output WCPG interval in not larger than ε in width.
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We are aiming at non-trivial solutions of the one-dimensional time-
independent Schrödinger-Poisson system

−u′′ + V u+ Φuu = f(u)

−Φ′′u + cΦu = u2

}
on R,

lim
x→±∞

Φu = 0

where c > 0 is an additional parameter needed in the one-dimensional
case, V ∈ L∞(R) is a positve potential and f ∈ C1(R).

This one-dimensional Schrödinger-Poisson system is a simplified
model for the three-dimensional time-dependent version

−i~∂tψ −
~
2

2m
∆ψ + qeWeψ = f(u)

−ε∆We = qe|ψ|2



 on [0,∞)× R

3

lim
|x|→∞

We = 0

which (for f ≡ 0) plays an important role in today’s semiconductor
technology. ψ represents the wavefunction of a particle, in our case
of an electron, and m is its mass. We describes the electric potential
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which depends on the wavefunction ψ by the above Poisson equation
with Dirichlet boundary conditions.

If the nonlinearity satisfies the covariance property

f(eiϕz) = eiϕf(z) (z ∈ C, ϕ ∈ R),

we can eliminate the time dependency by the standing wave ansatz

ψ(x, t) = u(x)eiωt (t ∈ [0,∞), x ∈ R)

with a parameter ω > 0.
To prove non-trivial solutions of the one-dimensional Schrödinger-

Poisson system we first “solve” the second equation using the corre-
sponding Green’s function Γ, and insert the result into the first one:

−u′′ +
(
V +

∫ ∞

−∞
Γ(·, t)u(t)2 dt

)
u = f(u) on R.

Furthermore u should be a solution with finite energy level for physical
reasons, i.e. we look for a solution u ∈ H1(R).

Applying computer-assistance to the above equation, we are able
to prove the existence of a non-trivial solution of the one-dimensional
Schrödinger-Poisson system for the case c = 50, constant potential
V ≡ 1, and the nonlinearity f chosen as f(y) = y3 (y ∈ R).

Starting from a numerical approximate solution, we compute a
bound for its defect, and a norm bound for the inverse of the lineariza-
tion at the approximate solution. For the latter, eigenvalue bounds
play a crucial role, especially the eigenvalues “close to” zero. There-
for we use the Rayleigh-Ritz method and a corollary of the Temple-
Lehmann theorem to get enclosures of the eigenvalues of the lineariza-
tion below the essential spectrum.

With these data in hand, we can use a fixed-point argument to ob-
tain the desired existence of a non-trivial solution “nearby” the approx-
imate one. In addition to the pure existence result, the used methods
also provide an enclosure of the exact solution.
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We propose numerical verification methods to prove existence of
homoclinic orbits in dynamical systems described by ODEs. We treat
an example problem with a saddle equilibrium in R

3 which has 1-
dimensional stable manifold and 2-dimensional unstable manifold.

Whereas a previous research [1] adopts time-reverse computation
for homoclinic orbits of hyperbolic equilibria with 1-dimensional un-
stable manifolds, it is so hard for us to follow the flows (time dependent
solutions of ODEs) by time-reverse computation because of numerical
instability of our problem. This means that we cannot use naive meth-
ods, e.g. intermediate value theorem, in order to capture homoclinic
orbits of hyperbolic equilibria with 2-dimensional unstable manifolds.

Our methods are based on theories of mapping degree as well as
Lyapunov functions constructed explicitly by verified computation.
Brouwer coincidence theorem, which leads to Brouwer fixed point the-
orem, is used for specifying parameters to have a homoclinic orbit.

Consider an autonomous system of ODEs :

d

dt
x = f(x;p), x, f ∈ R

n, (1)

where p ∈ R
2 is a pair of parameters p = (a, b). We suppose that

the system (1) may have a hyperbolic equilibrium with 2-dimensional
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unstable manifold admitting a homoclinic orbit, and our aim is to prove
the existence of the homoclinic orbit and to specify a narrow area which
contains the parameters attaining the existence of the homoclinic orbit.

Computing an approximate flow to be homoclinic-like, we construct
a mapping from a small rectangular domain of the parameters (a, b) to
a plane including a family of equilibria along with flows starting from
specified points on the unstable manifolds in a neighborhood of the
equilibria with respect to p = (a, b). The starting points are chosen
from a small area where the approximate flow runs through, and the
flows are expected to come back to a neighborhood of the equilibria
which contains the stable manifolds. Lyapunov functions are com-
posed by verified computation in order to specify the starting points
on the unstable manifolds and the neighborhood of the stable mani-
folds, where we use our previous works [2]. The degree of this mapping
is estimated by our new theorem so called Interval Simplex Theorem,
which counts the degree using interval arithmetic and verified compu-
tation. Finally, we apply Brouwer coincidence theorem to proving that
there is an equilibrium as an image of the mapping, which means that
the rectangular domain of p contains a pair of parameters that admits
a homoclinic orbit.
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We are concerned with the matrix equation Ax = b where A is an
n×n real matrix and x and b be n-vectors. If A = QR is a QR factor-
ization, then we can write QRx = b where Q is n×n with orthonormal
columns and R is n × n and upper triangular. This equation is easy
solve because R is triangular. The principal method for computing
QR factorization is Householder triangularization, which is excellent
numerical stability. Nevertheless, QR factorization is not the standard
method for computing the approximate solution to Ax = b in prac-
tice, since it requires two times computational cost of LU factorization
with partial pivoting, which is unstable for matrices with large growth
factors2 [1].

Assume that an approximate solution x̃ is given with an approxi-
mate QR factorization. In this talk, we will present an accurate and
fast method using QR factorization for proving nonsingularity of A
and for calculating rigorous error bounds for ‖A−1b − x̃‖2. Specifi-
cally, we focus a method of calculating an upper bound of ‖I − BA‖2
where B is an approximate inverse of A and I is the n × n iden-
tity matrix. It is well-know that If ‖I − BA‖2 is satisfied, then A is

proved to be nonsingular and ‖A−1b− x̃‖2 ≤ ‖B(Ax̃−b)‖2
1−‖I−BA‖2 . In a previous

1NTT Communications Corporation
2In practice, such matrices are very rare in applications.
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work, Oishi-Rump proposed a method utilizing an approximate LU
factors [2]. This method satisfies ‖I−BA‖∞ ≈ nu ·κ2(A) where κ2(A)
is the 2-norm condition number of A and u is the unit roundoff. It
requires 16

3 n
3 flops (43n

3 flops for calculating an approximate inverse B
using the LU factors and 4n3 flops for calculating the upper bound of
|I−BA| ). Our method based on the Yomoda’s approach [3] utilize an
approximate QR factors. Our method which requires 17

3 n
3 flops (43n

3

flops for calculating the QR factors Q, R such that A ≈ QR, 1
3n

3 flops
for calculating an approximate inverse of R, 2n3 flops for calculating
the upper bound of |I −Q⊤Q| and 2n3 flops for calculating the upper
bound of |Q⊤−XA| ) gives more accurate result than the Oishi-Rump
method [2]. Moreover, our algorithm can treat the case where A is
ill-conditioned such that κ2(A) ≈ u−1, if we use an accurate dot prod-
uct algorithm [4]. We also present detailed analysis of our method and
some numerical results.
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We are concerned with an accurate numerical solution of linear
systems

Ax = b, A ∈ R
n×n, b ∈ R

n (1)

by using floating-point arithmetic. There are two standard meth-
ods using an LU factorization to solve (1) accurately. One of the
standard methods is using an LU factorization with the iterative re-
finement method. If the problem is not ill-conditioned, it can work
well. However, this method is not effective for ill-conditioned problems.
The other method is using an LU factorization with multiple-precision
arithmetic [1, 2]. Although it can work for ill-conditioned problems,
it takes significant computing time regardless of the condition number
of A. To remedy the defects of the standard methods, we propose an
algorithm based on the preconditioning method [3] using a result of an
LU factorization by floating-point arithmetic. The proposed algorithm
can provide accurate numerical solutions for ill-conditioned problems
beyond the limit of the working precision. Moreover, it requires less
computational cost than the previous preconditioning method [4, 5]
using an approximate inverse of A as a preconditioner. We conducted
numerical experiments using the proposed algorithm on MATLAB. For
n = 10000, we can obtain approximate solutions of Ax = b with the
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condition number up to 1030. If we use accurate computations using
BLAS [6], it takes only 7 ∼ 9.5 times as long as an LU factoriza-
tion. Results of numerical experiments are presented for confirming
the effectiveness of the proposed algorithm.
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Capiński iMaciej, 22
Ceberio Martine, 23
Chapoutot Alexandre, 43
Costa Tiago M., 30
Csendes Tibor, 21, 37

Defour David, 60
Desrochers Benoit, 45
Domes Ferenc, 93
Du Peibing, 66

Févotte François, 47
Franek Peter, 49, 107
Févotte François, 98

Gaidashev Denis, 51
Garloff Jürgen, 52
Graillat Stef, 60, 64, 98

Grodet Aymeric, 54

Hilaire Thibault, 144
Hlad́ık Milan, 56
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