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Abstract

The subgraph relation defines a partial order on graphs. In this paper,
we determine this partial order completely for the Archimedean and Laves
lattices.

1 Introduction

A regular tiling is a tiling of the plane which consists entirely of regular poly-
gons. An Archimedean lattice is the graph of vertices and edges of a regular
tiling which is vertex-transitive, i.e., for every pair of vertices, u and v, there
is a graph isomorphism that maps u to v. There are exactly 11 Archimedean
lattices. A proof that these are the only vertex-transitive regular tilings is given
in Griinbaum and Shephard [7, Ch. 2]. Archimedean lattices were studied and
named by Kepler [13], due to connections with the Archimedean solids.

A notation for Archimedean lattices, which can also serve as a prescription
for constructing them, is given in Griinbaum and Shephard. Around any ver-
tex (since all are equivalent, by vertex-transitivity), starting with the smallest
polygon touching the vertex, list the number of edges of the successive polygons
around the vertex. For convenience, an exponent is used to indicate that a
number of successive polygons have the same size.

Since the Archimedean lattices are planar graphs, each has a planar dual
graph. The square lattice, (4%), is self-dual, and the triangular, (3%), and hexag-
onal, (6%), lattices are a dual pair of graphs. The other 8 Archimedean lattices
have dual graphs that are not Archimedean. We will denote the dual of an
Archimedean lattice G by D(G). The duals of the Archimedean lattices have



applications in crystallography, where they are called Laves lattices [16, 17].
There are a total of 19 different Archimedean and Laves lattices, which are
illustrated in Figure 1.

Let A C B denote that A is isomorphic to a subgraph of B. The relation C
is reflexive, anti-symmetric, and transitive, and thus is a partial order on the set
of Archimedean and Laves lattices. In this paper, we determine this subgraph
partial order completely, showing all cases in which lattices are subgraphs of
others, and showing which pairs of lattices are incomparable. While at first
glance this task may seem trivial, creativity is required to find some unusual
inclusions, and subtleties and intricate reasoning (although with elementary
methods) are required to prove incomparability in many cases.

This paper is organized as follows: Section 2 provides an introduction to
our motivating applications in the theories of classical percolation, first-passage
percolation, and self-avoiding walks. A summary of the results are presented in
Section 3, in a Hasse diagram showing the subgraph partial ordering and in a
Table which also indicates the method of proof. All subgraph inclusion results
are demonstrated in Figures in Section 4. In Section 5, several techniques for
checking for non-inclusion are described. Non-inclusion proofs that are special
cases, not handled by the general techniques, are provided in Section 6.

2 Motivating Applications

This study is motivated by applications to models from probability, combi-
natorics, and mathematical physics — bond and site percolation, first-passage
percolation, and self-avoiding walks. We briefly describe each of these models in
the following subsections, the comment on similarities relevant to the subgraph
order problem.

2.1 Bond and Site Percolation Models

The two classical percolation models were introduced as a models for the spread
of fluid through a random medium. The medium is represented by an infinite
connected locally finite graph. In the bond percolation model, each edge of
the graph is open to the flow of fluid with probability p, 0 < p < 1. In the site
percolation model, each vertex is open with probability p, and fluid is permitted
to flow through the subgraph induced by the set of open vertices. The key
concept is the critical probability, or percolation threshold, denoted p., such that
for p < p. there are almost surely no infinite connected components of open
edges or vertices, and for p > p. there exists an infinite connected component
with probability one. Considerable scientific interest focuses on percolation as a
simple mathematical model for a phase transition, which is represented by the
critical probability. See [21, 23] for descriptions of applications of percolation
in engineering and physics. See Grimmett [6] for the most complete discussion
of the mathematical theory.
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Figure 1: The 11 Archimedean lattices and their dual Laves lattices.



2.2 First-passage Percolation

In first-passage percolation, introduced by Hammersley and Welsh [9], each edge
of a graph is open, and associated with a random variable representing the time
for the fluid to pass through the edge. Often the graph is taken to be the square
lattice Z2? or some hypercubic lattice Z?, where it is natural to measure the
speed of the spread of the fluid by a first-passage time, e.g., the time needed
for the fluid to pass from the origin to a point (n,0) or to a line z = n. The
time constant is defined as the limit of the first-passage time, normalized by the
graph distance (number of edges in the shortest path), as the graph distance
tends to infinity. The time constant may be interpreted as the reciprocal of the
velocity of spread.

2.3 Self-avoiding Walks

A self-avoiding walk is a path of adjacent vertices such that no vertex occurs
more than once. For a regular graph, the connective constant is the limit of
the n-th root of the number of self-avoiding walks with n edges (starting at
a fixed vertex). Self-avoiding walks have been used as a lattice model for the
excluded volume problem in the theory of polymers. The first mathematically
rigorous analysis of the subject was by Hammersley and Morton [8] in 1954.
Upper bounds for the connective constant were provided by Alm [2]. Hughes
[10, Ch. 7] gives a nice review of the field, while a more substantial treatment
is given by Madras and Slade [18].

2.4 Similarities

In the study of percolation models, first-passage percolation, and self-avoiding
walks, considerable interest focuses on quantities which depend on the struc-
ture of an underlying graph in an extremely complicated fashion, so much so
that there are few (if any) exact values known, and only very crude bounds in
the many unsolved cases. Rigorous lower and upper bounds can be found for
these critical values for several lattice graphs, usually by methods that require
extensive computer calculations.

In classical percolation theory, the exact bond model critical probabilities or
site model critical probabilities are known for only a few graphs [14, 15, 25, 26],
thus making it important to determine rigorous bounds for unsolved graphs [4,
27, 28, 29, 30, 31] . Many simulation studies have estimated critical probabilities
of various graphs, in particular the Archimedean lattices [24].

In first-passage percolation, other than its counterpart for infinite trees, the
exact value of the time constant is not known for any non-trivial distribution on
any non-trivial lattice. Determining rigorous bounds has been very challenging,
with some progress by Janson [11] and Alm and Parviainen [3].

The connective constant is not known for any non-trivial lattice, although

Nienhuis [19] has, by non-rigorous methods, derived the value /2 + v/2 for the
hexagonal lattice. (Jensen and Guttmann [12] uses this to conjecture that the



connective constant for the (3,122) lattice is 1.71104.) See Alm and Parviainen
[3], Conway and Guttmann [5], and Ponitz and Tittmann [20] for bounds on
the connective constant.

However, for critical probabilities, time constants, and connective constants,
the values for two graphs are ordered if one is a subgraph of the other. If H is a
subgraph of G, the critical probabilities and the time constant are higher for H
than for GG, and the connective constant is lower for H than for G. Thus, knowl-
edge of the subgraph order will allow the use of exact values or bounds for some
graphs to provide bounds for other graphs. Only a few subgraph relationships,
involving the triangular, hexagonal, and square lattices, have been observed and
used in these theories in the past. To our knowledge, there has been no system-
atic study to determine the complete set of of subgraph relationships for any
class of lattices.

The Archimedean and Laves lattices include the most common examples
of 2-dimensional graphs studied in the three applications above. Thus, they
are an appealing starting point when trying to obtain a deeper understanding
of dependence of the critical parameters on the properties of the underlying
graph.

3 Results

The results of this investigation can be best reported in the form of the Hasse
diagram of the subgraph ordering, shown in Figure 4.

The Hasse diagram is accompanied by Table 1, which also provides a sum-
mary of the proof. Each entry indicates whether the lattice named at the left
margin includes the lattice named at the top margin as a subgraph. A “+” or
“T” indicates that inclusion holds, while any other symbol indicates that it does
not. Entries of “T” indicate that the inclusion holds by transitivity, in which
case the inclusions that imply it may be found by consulting the Hasse diagram
or the “+” entries in Table 1. Other symbols indicate the lemma or method in
Section 5 which is used to prove that inclusion does not hold.

Each subgraph inclusion result implies an inequality for the quantity of inter-
est in each of the motivating applications. For critical probabilities in classical
percolation theory, the inclusion results established in this paper all provide
strict inequalities for critical probabilities, by a result of Aizenman and Grim-
mett [1]. For each of these motivating applications, the results of this paper may
be combined with results from other techniques to make progress in determining
the ordering of the quantities of interest.

4 Inclusion Proofs

Figures 2 — 4 demonstrate the 35 subgraph inclusion relationships that are
denoted by + entries in Table 1. These are the covering relationships in the
Hasse diagram for the subgraph ordering. Since the graphs are periodic, in each



Figure 2: The Hasse diagram of the subgraph order of the Archimedean and
Laves lattices. Edges of the diagram indicate covering relationships, in which the
lattice higher in the diagram is a subgraph of the lattice lower in the diagram.
Additional subgraph relationships, valid by transitivity, are implied, but not
shown. 6
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DY6) [slele|c|L|L] |o|e|e|s]|e|s|s]e|e]e]s]|a][Cleombining polygons
3,6,3,6) |+|clclcle|a|e| [cle|e|e|a|e|a|ala]a|a]|p|maximum degree
3,4,6,4) [+[+|s|s]e|e|e|1]| |e|e|e|ala]e|alale]|a]||V|variation in degree
(4" o+ + [+ e e x| R D D [ x [ x [ A | [T Laves lattice
D(3,4,6,4) [o[S]S|+]x|x|x|x|x|L L{x[x]xx]x[x|a I |incident polygons
D(3,6,3,6) | & [+]+|+]x x| x|x|x|L]L] [x]x]x|x]|x]|x]a]lAladiacent polygons
(34,6) T|T|+|+|e|o|o|s|+|o|o|® | ®|Al®]|d|Al|lx|chromatic number
3%,4%) |T|r|T|T|+|s]Aal1]+]+]ala] 1 1|ala|a|Al|S]special case
(3%,4,3,4) |+|T|T|T|S|s|Aa|s|s|+|Aala|AlA| |Ale|e|A
(3%) T|T|T|T|T|+|+|+|T|T|S|+|+|+]|+| |[L|L|A
D(4,8%) | T|T|T|T|+|+|S|+|+|+]|S|s|s|V|V|L| |L|A
D(4,6,12) [|[+|T|[T|T|s|s]|s|v|V|V|+|+|Vv|V|VIL[L] |s
D(3,12%) |T|T|T|T|T|T|T|T|T|T|+|T|T|T|T|+|S]|S

Table 1: All inclusions and non-inclusions among the Archimedean and Laves
lattices. Each entry indicates if the lattice listed at the top is included in the
lattice listed at the left, and if not, indicates the reasoning that proves non-
inclusion. The key at the right provides an interpretation for each symbol used
in the table. A “+” indicates an inclusion which is demonstrated in the figures
in Section 4. A “T” indicates an inclusion which is valid by transitivity. An “S”
indicates that non-inclusion is proved in a special argument given in Section 6.
All other symbols refer to a lemma or method, named by the symbol, in Section
5 for proving non-inclusion.



case sufficiently large induced subgraphs of the graphs are shown to demonstrate
that the inclusion relationship can be extended throughout the infinite graphs.

Transitivity implies the remaining 37 inclusions, denoted by T entries in
Table 1. In each case, a sequence of covering relationships may be found in the
Hasse diagram to demonstrate the inclusion.
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Figure 3: 16 Inclusions. Each drawing shows that one Archimedean or Laves
lattice is a subgraph of another. The edges of the subgraph are indicated by
thicker lines.
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thicker lines.

5 Non-inclusion Proofs

This section establishes several conditions under which one lattice cannot be a
subgraph of another. While these allow us to prove the majority of the non-
inclusion results for the Archimedean and Laves lattices, there are still a number
of special cases which require individualized reasoning, which are discussed in
Section 6.

Let A denote the set of Archimedean lattices and £ denote the set of Laves
lattices. Note that AN L = {(4%), (3%), (63)}.

We use the symbol C to denote the inclusion relationship, letting G C H
denote that G is isomorphic to a subgraph of H. In many cases we will write
as if H is a subgraph of G, rather than a separate graph on a different set
of vertices. To create subgraphs of a given graph, we will delete vertices and
edges. When we refer to deleting a vertex, we mean that the vertex and all
edges incident to it are deleted from the graph.

For any graph G, let V(G) and E(G) denote the sets of vertices and edges of
G, respectively. Let dg(v) denote the degree of vertex v in graph G. A vertex

11



with degree n will be called an n-vertex.

For a graph G, denote the maximum degree by A(G) = max,cq dg(v) and
the minimum degree by §(G) = minyeq dg(v).

Since G € AU L is a 3-connected planar graph, it has a unique dual graph
G* by Whitney’s 2-Isomorphism Theorem [32]. Consequently, any plane repre-
sentation of G determines a set of faces of G, denoted F(G), and each vertex
v € V(G*) corresponds to a unique face f € F(G).

We will refer to a face as a polygon, to the number of sides of a polygon as
the size of the polygon, and to a polygon of size k as a k-gon. For a graph G,
we denote the maximum polygon size by ®(G) and the minimum polygon size
by ¢(G). Similarly, we will refer to cycle of length k as a k-cycle. The term
polygon is only used for cycles with empty interior.

Similarly to the notation for Archimedean lattices, we will say a vertex is of
type (a1,as,...) if successive faces around the vertex are of size aj, as, etc. A
polygon is said to be adjacent to each of its vertices. An edge of a polygon is
said to be adjacent to the polygon.

5.1 Degree

Lemma A: If A(H) > A(G), then H Z G.

Proof: If v € H C @G, then dy(v) < dg(v). Thus, H C G implies that
A(H) < A(G).

This criterion is easy to check quickly, and is used in many cases to show
that an Archimedean lattice cannot contain a Laves lattice as a subgraph.

Approach V: For several pairs of lattices, there is a large disparity between the
maximum degrees, so that lowering the large degree in one lattice creates faces
of a larger size than exist in the other lattice. We give an individual argument
for each case in the following:

Examples: (4%) ¢ D(4,6,12). To obtain (4*) by deletions from D(4,6,12),
each 12-vertex in D(4,6,12) must either be deleted or have its degree lowered
to 4. Deleting the vertex creates an n-gon with n > 12, which does not exist
in (4%), so the degree must be lowered by deleting 8 incident edges. However,
since each edge-deletion increases an incident polygon by at least one size, only
4 edges can be deleted to create the 4 4-gons needed to create (4%).

(3,6,3,6)  D(4,6,12). To create 2 3-gons and 2 6-gons around a 12-vertex
in D(4,6,12), at most 6 incident edges can be deleted. However, exactly 8 must
be deleted to reduce the degree to 4.

(31,6) Z D(4,6,12). To create 4 3-gons and one 6-gon around a 12-vertex
in D(4,6,12), only 3 incident edges can be deleted, but exactly 7 must be to
reduce the degree to 5.

(3,4,6,4) € D(4,6,12). At a 12-vertex in D(4,6,12), at most 5, but exactly
8 incident edges must be deleted.

12



(33,4%) € D(4,6,12) and (32,4,3,4) € D(4,6,12). At a 12-vertex in D(4,6,12),
at most 2, but exactly 7 incident edges must be deleted.

D(4,8%) € D(4,6,12). D(4,8%) has 8-vertices surrounded by 3-gons. Dele-
tion of any edge from a 12-vertex in D(4,6,12) would create a larger polygon,
but 4 edges must be deleted to reduce the degree to 8.

(3%,4%) € D(4,8%) and (3%,4,3,4) € D(4,8%). D(4,8?%) has 8-vertices sur-
rounded by 3-gons. 3 incident edges must be deleted, but only 2 edges can be
without creating more or larger polygons than 3 3-gons and 2 4-gons.

5.2 Chromatic Number

A proper vertex coloring of G is a coloring of the vertices of G in which no
two adjacent vertices have the same color. The vertex-chromatic number of G,
denoted x(G), is the minimum number of colors used in any proper coloring.

Lemma y: If x(H) > x(G), then H  G.

Proof: If C' is a proper coloring of G, and H C G, then the restriction of C' to
H is a proper coloring of H. Thus, H C G implies x(H) < x(G).

Shrock and Tsai [22] give the vertex-chromatic numbers of all Archimedean
and Laves lattices. Among these, the only lattice with vertex-chromatic num-
ber 4 is D(3,122). The lattices (4%), (6%), (4,6,12), (4,82%), D(3,4,6,4), and
D(3,6,3,6) have vertex-chromatic number 2, and the remaining lattices have
vertex-chromatic number 3. Letting L denote any lattice with vertex-chromatic
number k, we have the following non-inclusions:

D(3,12%) € L3 Z Lo.

Remark: Similar reasoning is valid for the edge-chromatic number. However,
for all G € AU L, the edge-chromatic number is equal to the maximum degree,
so no additional information is gained from edge-chromatic number.

5.3 Edge-Connectivity

A disconnecting set of edges is a set F' C E(G) such that the subgraph of G with
edge set F(G) — F has more than one component. A graph is k-edge connected
if every disconnecting set has at least k edges. The edge-connectivity of G,
denoted K(G), is the minimum size of a disconnecting set, or, equivalently, the
maximum k such that G is k-edge-connected.

Each G € AU L is 3-edge connected. In particular, each graph G € AU L
has minimum vertex degree greater than or equal to three. If a vertex or edge
is deleted, the remaining graph may have vertices of degree 2 or less. If so,
we may continue by repeatedly deleting all vertices of degree two or less (and
edges incident to these vertices) until the resulting graph has minimum degree
3 or larger. We call this process 3-deletion, and denote the graph obtained by
3-deletion of an edge e from G by (G — €)(3).

13



Lemma K: Let G,H € AUL. If (G —¢)(3) = 0 for every e € G, then H Z G.

Proof: Suppose H C G is 3-edge connected. If an edge e € G — H were
deleted, then H C (G — €)(g), since all vertices v € H have dy(v) > 3. Thus, if
(G —e)) =0 forevery e € G, then G 2 H € AUL.

Since the hexagonal, (3,122), (4, 82), (4,6, 12) lattices are regular with degree
three, by Lemma K none can contain any of the other Archimedean or Laves
lattices.

5.4 Polygon Size

Polygon sizes in the Archimedean and Laves lattices satisfy a monotonicity
property: Let H be constructed from G € AU L by deleting a set of vertices
and edges. If Fy denotes the face of H containing the face F' in G, then the
size of Fp is greater than or equal to the size of F. [Since the Archimedean
and Laves lattices are all periodic, one only needs to check a sufficiently large
bounded region to verify this property.] Note that deleting a set of edges which
includes an edge of a face need not strictly increase the size of the face: A
triangular face may be obtained by deleting edges in the (3,122) lattice.

Lemma ¢: Let G,H € AUL. If ¢(H) < ¢(G), then H  G.

Proof: If H C G, then every face of GG is entirely contained in some face of H.
Since G € AU L, deletion of vertices or edges does not decrease the polygon
size, and the face of H has a larger size. Taking the minimum over all faces of

G, ¢(H) > ¢(G).
Lemma ®: Let G,H € AUL. If ®(H) < ®(G), then H Z G.

Proof: If H C G, then every face of GG is contained in a face of H. Since
G € AU L, deletion of vertices or edges does not decrease the polygon size, and
the face of H has an equal or larger size. Taking the maximum over all faces of
G, ®(H) > (G).

We will say that two polygonal faces are incident if they share a common
vertex but have no common edge. Let I(G) denote the maximum number of
#(G)-gons incident to any ¢(G)-gon in G.

Lemma I: Let G, H € AUL, G # D(3,122). If (H) = ¢(G) and I(H) > I(G),
then H Z G.

Proof: Let F be a face of size ¢(G) in G which has I(G) incident faces of size
@(G). Deletion of vertices and edges cannot create any additional faces of size
¢(G). If H is obtained by deletion of vertices or edges of G, the face F' may not
remain in H, or the face F' may remain, in which case the number of faces of
size p(H) = ¢(G) is less than or equal to I(G). Taking the maximum over all

14



faces of size ¢(H), noting that there may be more faces of size ¢(G) in G than
in the subgraph H, we have I(H) < I(G).

Remark: The reasoning above is not valid when G = (3, 122), since it contains
3-cycles which may become 3-gons in a subgraph. However, since I(G) = 18,
the hypothesis I(H) > I((3,122)) is not satisfied for any H € AU L, so no
conclusion could be drawn anyway.

Examples: Each 3-gon in (3%,42) is incident to 2 others, but is incident to 3
in (3,6,3,6), so
(3,6,3,6) Z (3%,42).

Each 3-gon in (33,4?) is incident to 2 others, but is incident to 3 in (3%,6), so
(3%,6) Z (3°,4%).

Each 3-gon in (3,4, 6,4) is incident to no others, but is incident to 3 in (3, 6, 3, 6),
S0
(3,6,3,6) Z (3,4,6,4).

Each 3-gon in (32,42) is incident to 2, but is incident to 4 in (32,4, 3,4), so
(32,4,3,4) Z (3%,4?).

We will say that two polygonal faces are adjacent if they share a common
edge. Let A(G) denote the maximum number of ¢(G)-gons that are adjacent
to a ¢(G)-gon in G.

Lemma A: Let G,H € AUL, G # D(3,12%). If ¢(H) = ¢(G) and A(H) >
A(G), then H Z G.

Proof: Let F be a face of size ¢(G) in G which has A(G) adjacent faces of size
@(G). Deletion of vertices and edges cannot create any additional faces of size
¢(G). If H is obtained by deletion of vertices or edges of G, the face F' may not
remain in H, or the face F' may remain, in which case the number of adjacent
faces of size ¢(H) = ¢(G) is less than or equal to A(G). Taking the maximum
over all faces of size ¢(H), noting that there may be more faces of size ¢(G) in
G than in the subgraph H, we have A(H) < A(G).

Examples: Each 3-gon in (32,4, 3,4) is adjacent to one other, but is adjacent
to 2 in (33,42), so

(3%,4%) Z (3%,4,3,4).
Each 3-gon in (32,4, 3,4) is adjacent to one other, but is adjacent to 2 or more
in (3%,6), so

(3%,6) Z (3°,4,3,4).

Our next condition involves the possible sizes of unions of polygons.
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Lemma C : Suppose H contains k-gons and G does not. If deleting edges from
any n-gons in G with n < k produces only n-gons with n > k, then H € G.

Proof: Suppose H is a subgraph of G which contains a face F of size k. F'is
not a face of G, so it must be a union of faces F, Fy, Fs, ..., F}, where [ > 2.
However, by hypothesis, a polygon created by such a union has at least n > k
edges. Thus, no subgraph of G can have a face of size k.

Examples: The following examples illustrate the application of Lemma C:
Deleting edges of 3-gons in (3, 6, 3,6) gives 7-gons or larger, not 4- or 6-gons, so

(4,6,12) Z (3,6,3,6).
Deleting edges of 3-gons in (3,6, 3,6) gives 7-gons or larger, not 4-gons, so
(4,8%) ¢ (3,6,3,6).
Deleting edges of 3-gons in (3, 6,3,6) gives 7-gons or larger, and not 6-gons, so

(6%) Z (3,6,3,6).

Deleting edges of 3-gons in (3, 6, 3, 6) gives 7-gons or larger, and not 4- or 6-gons,
S0
(37 4’ 67 4) Z (37 67 37 6)'

Deleting edges in (63) gives 10-gons or larger, not 5-gons, so
(6%) Z D(3%,4,3,4),

(6%) Z D(3°,4%),

and
(6%) Z D(3%,6).

Lemma L: Let G, H € £, G, H # D(3,122). If ¢(G) = ¢(H), then G € H and
HedG.

Proof: Since G and H are Laves lattices, all their faces are the same size, say k.
Deletion of vertices or edges produces only n-gons, for n > k. So neither lattice
can be obtained from the other by deletion. Thus, if they are not isomorphic,
G and H are incomparable. It is easily checked that all pairs of Laves lattices
with a common face size are non-isomorphic.

Remark: Note that D(3,122) could not be included in the group of fully-
triangulated lattices in the previous paragraph, because vertices and edges can
be deleted to obtain different lattices which are still fully-triangulated. In fact,
D(3,122) does contain (3°) as a subgraph!
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6 Non-Inclusion Proofs for Special Cases

In this section, we provide non-inclusion proofs for several cases which are not
covered by the methods in Section 5. These cases are indicated by an “S” in
Table 1.

The form of the typical reasoning for these proofs is as follows: First, we
identify a particular structure in the graph H, for instance a cycle with specified
degree sequence. (The degree sequence of a cycle or path is the degrees of the
vertices as the cycle or path is transversed.) We then show that this structure
does not exist in the graph G, nor can be created by deletions from G. Therefore,
we conclude that H is not isomorphic to a subgraph of G.

6.1 D(4,6,12) Z D(3,12?)

In D(4,6,12), all 3-paths with degree sequence (6,4,6) are in the interior of
8-cycles. In D(3,122), there are only 3-vertices and 12-vertices, so we must
delete edges from 12-vertices to obtain 4-vertices and 6-vertices. However, the
shortest cycle in D(3,122) that surrounds any three 12-vertices has length 9, so
D(4,6,12) cannot be a subgraph of D(3,122).

6.2 D(4,8%) € D(3,12?)

In D(4,8?), each 4-vertex is adjacent to every vertex of a surrounding 4-cycle. In
D(3,122), the only vertices in the interior of a 4-cycle are 3-vertices. Therefore,
D(4,8?) cannot be a subgraph of D(3,12?).

6.3 D(3,4,6,4) Z (3°)

In D(3,4,6,4), there are 8-cycles which surround 3 vertices. The shortest cycle
in 3% which has 3 vertices in the interior has length 9, so D(3,4,6,4) cannot be
included in (3°).

6.4 (63) < (3,4,6,4)

We claim that we cannot create vertices of type 63 by deleting edges from
(3,4,6,4). Edges of a 6-gon in (3,4,6,4) cannot be deleted, since an n-gon of
larger size would be created. New 6-gons can only be created by deleting two
opposite edges of a 4-gon. A vertex of a new 6-gon can only be of type (62,4),
(62,5), (62,7), or (62, k) where k > 7, but not of type 63. See Figure 6.

Figure 6: (6%) Z (3,4,6,4) Figure 7: (4,82%) Z (3,4,6,4)
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6.5 (4,8%) ¢ (3,4,6,4)

In (4,82), every other edge of an 8-gon is adjacent to a 4-gon. New 4-gons
cannot be created in (3,4,6,4) by deletion. There are only two ways to create
an 8-gon from (3,4, 6,4), either by deleting an edge in a 6-gon, or by combining
2 3-gons and 2 4-gons. See Figure 7. In neither case does the resulting 8-gon
have the property that every other edge is adjacent to a 4-gon.

6.6 (3,6,3,6) Z (31,6)

In (3,6,3,6) each edge in a 6-gon is adjacent to a 3-gon. If any edge in (3%, 6) is
deleted, either this property is violated for an existing 6-gon or a polygon with
more than 6 edges is created.

6.7 (3,6,3,6) Z (32,4,3,4)

In (3,6,3,6), each edge in a 6-gon is adjacent to a 3-gon. To obtain a 6-gon in
(32,4,3,4), a 4-gon must be enlarged by deletion of 2 edges, or by deletion of
one edge and combination with two 3-gons adjacent to each other. However, the
resulting 6-gons have at least one edge which is adjacent to a 4-gon or larger.

6.8 (3,4,6,4) Z (32,4,3,4)

In (3,4,6,4), each edge in a 6-gon is adjacent to a 4-gon, and each 6-gon is
incident to 6 3-gons. To obtain a 6-gon in (32,4, 3,4), a 4-gon must be enlarged
by deletion of 2 edges, or by deletion of one edge and combination with two
3-gons adjacent to each other. If 2 edges are deleted, the resulting hexagon
can be incident to at most 4 3-gons. If the 4-gon is combined with two 3-gons
adjacent to each other, and each edge of the resulting 6-gon is adjacent to a
4-gon, then there are no incident 3-gons.

6.9 D(3%42) ¢ (32,4,3,4) and D(32,4,3,4) Z (32,4,3,4)

In D(33,42) there are vertices of type 5 and all faces are 5-gons. A vertex
of type 5% can be obtained from (32,4,3,4) by deleting edges in only one way,
shown in Figure 8. However, this configuration can not be extended to a graph
in which all faces are 5-gons, because the 3-gon which is adjacent to 2 5-gons
can be enlarged only to a 4-gon, a 6-gon, or a k-gon with k > 6.

The same reasoning is valid for D(32,4,3,4) Z (32,4,3,4), since D(32,4,3,4)
also has vertices of type 5% and all its faces are 5-gons.

6.10 D(3%42) ¢ (33 42)

Two types of 5-gons may be created in (33,42), by combining three 3-gons, or
by combining a 3-gon and a 4-gon. Both types must occur in any subgraph of
only 5-gons. Checking all possible arrangements of adjacent 5-gons verifies that
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Figure 8: D(3%,42) ¢ (32,4,3,4) Figure 9: D(3%,42) ¢ (33,42

a 5-gon of the first type cannot have degree sequence (3, 3,3,4,4), as 5-gons in
D(33,4?) have. One arrangement is shown in Figure 9.

6.11 (4,6,12) € D(3,4,6,4)

In (4,6,12), each 12-gon has 12 adjacent 4- and 6-gons and no incident polygons,
and is connected by one edge to another 12-gon. Of all possible types of 12-
cycles in D(3,4,6,4), only one can have 12 adjacent 4- and 6-gons and no
incident polygons, but two disjoint 12-gons of this type cannot be connected by
one edge. See Figure 10.

Je o Rvaaoa s
NERAA

Figure 10: (4,6,12) € D(3,4,6,4)

6.12 (4,82) ¢ D(3,4,6,4)

In (4, 82), each 8-gon has all vertices of degree 3 and edges alternatingly adjacent
to 4-gons and 8-gons. There are only two types of 8-cycles in D(3,4, 6,4) which
can satisfy this property. From an 8-gon of either type, constructing the adjacent
polygons to satisfy the property necessarily produces the structure shown in
Figure 11 (which also illustrates the two types of 8-gons possible). However, the
construction cannot be extended in a way that satisfies the property, in areas
marked with dotted arrows in the Figure.

6.13 D(3%6) Z D(4,8?)

In D(3%,6), there exist 6-vertices, and each pair of adjacent 5-gons share only
one edge. A 6-vertex can be obtained from D(4,82) only by deleting 2 edges
incident to an 8-vertex. There are 6 different types of pairs of edges to delete,
but only one type results in each pair of adjacent 5-gons sharing only one edge:
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Figure 11: (4,8%) € D(3,4,6,4) Figure 12: D(3%,6) € D(4,8?%)

delete opposite edges which are incident to 8-vertices. However, since the other
6 edges must be retained, 4-gons will remain in the graph. See Figure 12.

6.14 D(3,4,6,4) € D(4,8%)

In D(3,4,6,4), there are 6-vertices which are adjacent to only 4-vertices. A
6-vertex can be obtained from D(4,82) only by deleting 2 edges incident to an
8-vertex, while retaining the other 6 incident edges. Thus, at least two edges
from the 8-vertex to 4-vertices must be retained. Since 4 additional edges must
be retained, the resulting graph must contain 3-gons (See Figure 13), which do
not exist in D(3,4,6,4).

Figure 13: D(3,4,6,4) ¢ D(4,8?)

6.15 (3%,6) ¢ D(4,8?)

In (3%,6), all 3-gons contain only 5-vertices, but in D(4,82), the 3-gons have
degree sequence (4,8,8). Since deletions cannot create new triangles, or raise
the degree of the 4-vertices in D(4,82), (3*,6) cannot be a subgraph of D(4, 82).

6.16 D(3,6,3,6) Z D(4,8?)

In D(3,6,3,6), each 3-vertex is in the interior of a 6-cycle with degree sequence
(3,6,3,6,3,6). In D(4,82%), no 8-vertex is in the interior of any 6-cycle. Thus,
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to obtain D(3,6,3,6) from D(4,82) by deletion, the 3-vertices in D(3,6,3,6)
must be obtained from 4-vertices in D(4,82), which is possible only if D(4,82)
contains 6-cycles around 4-vertices with 4-vertices at every other vertex. There
are two different types of 6-cycles around 4-vertices in D(4,82), but each type
includes four 8-vertices, so D(3,6,3,6) is not a subgraph of D(4,8?).

6.17 D(3,122) Z D(4,6,12)

D(3,122) contains a 3-gon consisting of 12-vertices. D(4,6,12) does not contain
such a 3-gon, and since A((4,6,12)) = 12, none can be created by deletions.

6.18 D(3%6) ¢ D(4,6,12)

In D(3%,6), around any 6-vertex there is an 18-cycle which separates it from all
other 6-vertices.

To obtain D(3%,6) from D(4,6,12) by deletions, first observe that the 6-
vertices in D(4,6,12) cannot become 6-vertices in D(3%,6): Since all vertices
adjacent to the original 6-vertex must become 3-vertices, 3-gons would be re-
tained. Thus, 6-vertices in D(3*,6) must be obtained by deleting edges incident
to 12-vertices in D(4,6,12).

Next, note that a 6-vertex in D(3%,6) is connected to 6 other 6-vertices by
paths of length 3. These 6-vertices in D(3%,6) must be obtained from a 12-
vertex and the nearest 6 12-vertices in D(4, 6,12). However, as shown in Figure
14, the only cycle separating the 6-vertex from the other 6-vertices in D(3%,6)
is a 12-cycle, not an 18-cycle.

Figure 14: D(3%,6) € D(4,6,12)

6.19 D(3%,42) Z D(4,6,12)

D(33,42) contains doubly-infinite paths of 4-vertices. To obtain D(33,42) from
D(4,6,12) by deletion, first note that 4-vertices in D(4,6,12) cannot become
4-vertices in D(33,42), since this would create either triangles or 4-gons, as
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shown in Figure 15. Thus, a doubly-infinite path of 4-vertices must correspond
to a path with degree sequence (...,12,6,12,6,...) in D(4,6,12). However, this
implies that the resulting graph contains 3-gons. See Figure 15 again, in which
the vertices marked with circles are required have degree 3 in D(33,42).

Figure 15: D(3%,42) ¢ D(4,6,12)

6.20 D(32,4,3,4) Z D(4,6,12)

In D(3%,4,3,4), each edge that connects two 3-vertices is in the interior of a
10-cycle. In D(4,6,12), there are 3 classes of edges; those connecting vertices of
degree 12 and 4, 12 and 6, and 6 and 4. Of these, only the last are in the interior
of a 10-cycle. Consider the possible configurations of edges adjacent to such an
edge, as shown in Figure 16, to see that all require the retention of 3-gons or
4-gons if the construction is extended.

A

Figure 16: D(32,4,3,4) € D(4,6,12)
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