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1 Introduction

Since the origins of percolation theory in the 1950s, the determination of critical
probabilities has been an important and challenging problem. To date, exact
solutions have been found only for arbitrary trees [12] and a small number of
periodic two-dimensional graphs [8, 9, 17, 18]. For other graphs of interest,
the problem has been approached by simulation and estimation, and through
rigorous bounds. An additional goal of these lines of research is to understand
the dependence of the critical probability upon the detailed structure of the
underlying graph and possibly to find accurate approximation formulae based
on graph properties.

The bond percolation model is described as follows. Consider an infinite
locally-finite connected graph G. Each edge of G is randomly declared to be
open (respectively, closed) with probability p (respectively, 1 —p) independently
of all other edges, where 0 < p < 1. The corresponding parameterized family of
product measures on configurations of edges is denoted by P,. For each vertex
v € G, let C(v) be the open cluster containing v, i.e., the connected component
of the subgraph of open edges in G containing v. Let |C(v)| denote the number
of vertices in C(v). The critical probability of the bond percolation model on
G, denoted p.(G bond), is the unique real number such that

p > pe(G bond) = P,(3 v such that |C(v)| = o0) >0

and
p < pe(G bond) = P,(3 v such that |C(v)| = 00) = 0.

See Grimmett [4] and Hughes [7] for comprehensive discussions of mathematical
percolation theory, Stauffer [16] for a physical science perspective, and Sahimi
[15] for engineering science applications.



Motivated by applications to bond percolation, site percolation, self-avoiding
walks, and first-passage percolation, Parviainen and Wierman [14] determined
the subgraph partial order for the Archimedean and Laves lattices. A regular
tiling is a tiling of the plane which consists entirely of regular polygons. An
Archimedean lattice is the graph of vertices and edges of a regular tiling which
is vertex-transitive, i.e., for every pair of vertices, u and v, there is a graph
isomorphism that maps u to v. A proof that there are exactly 11 Archimedean
lattices is given in Griinbaum and Shephard [5, Ch. 2].

A notation for Archimedean lattices, which can also serve as a prescription
for constructing them, is given in Griinbaum and Shephard: Around any ver-
tex (since all are equivalent, by vertex-transitivity), starting with the smallest
polygon touching the vertex, list the number of edges of the successive polygons
around the vertex. For convenience, an exponent is used to indicate that a
number of successive polygons have the same size.

Since the Archimedean lattices are planar graphs, each has a planar dual
graph. The duals of the Archimedean lattices have applications in crystallog-
raphy, where they are called Laves lattices [10, 11]. The square lattice, (4%),
is self-dual, and the triangular, (3°), and hexagonal, (63), lattices are a dual
pair of graphs. The other 8 Archimedean lattices have dual graphs that are not
Archimedean. Thus, there are a total of 19 different Archimedean and Laves
lattices. We will denote the dual of an Archimedean lattice G by D(G).

Fisher’s containment principle [3] states that if G is a subgraph of H, then
pe(H) < p(G), so the subgraph partial ordering of the Archimedean and Laves
lattices establishes inequalities between the bond percolation critical probabili-
ties of these lattice graphs. However, there are two additional graphs with exact
critical probabilities known, the bowtie lattice and its dual graph. In Section 2,
we incorporate the bowtie lattice and its dual into the subgraph partial order,
in order to gain more information about the values of bond percolation critical
probabilities. Note that by results of Aizenman and Grimmett [1], each of the
resulting inequalities are actually strict inequalities.

In Section 3, we combine the subgraph partial order results with information
about bond percolation critical probabilities obtained by other means, such as
exact solutions, the substitution method, and Kesten’s duality theorem.

The inequalities between bond percolation thresholds are illustrated by a
diagram in Figure 1. In the diagram, if ovals are connected by a line segment,
the lattice in the higher oval has a larger bond percolation threshold than the
lattice in the lower oval. Inequalities that are implied by combinations of other
inequalities are not represented by line segments in the diagram, since they
are easily seen by sequences of line segments. Such a diagram, called a Hasse
diagram, is a convenient way to visualize a partially ordered set. However, we
do not claim that our class of lattices is partially ordered by bond percolation
critical probabilities, since they may not satisfy the anti-symmetry condition:
It is possible that two different lattices may have equal bond percolation critical
probability values. In Figure 1, on the left side we have drawn a vertical chain
of lattices for which the exact critical probability is known or for which very
accurate bounds have been established, then related the other lattices to these



Figure 1: A diagram describing current knowledge of the bond percolation
threshold order of the Archimedean and Laves lattices. Edges of the diagram
indicate covering relationships, in which the lattice higher in the diagram has a
larger percolation threshold than the lattice lower in the diagram. Additional
subgraph relationships, valid by transitivity, are implied, but not shown.
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reference lattices.

A collection of the current knowledge of numerical values and bounds for
bond percolation critical probabilities is given in Table 1. Note that exact bond
percolation critical values are known for only five of the lattices: the hexagonal
(6%), bowtie dual D(B), square (4*), bowtie B, and triangular (3°). Nearly-exact
values, within .01, are known for four others: the (3,12%), Kagomé (3,6,3,6),
and their dual lattices. On the other hand, the least accurate bounds, separated
by .2054, are for the (3%, 6) lattice and its dual. The authors are not aware of any
previous non-trivial bounds for the (3,4,6,4), (3*,6), (3,42), and (32,4,3,4)
lattices and their duals, although it has been possible to calculate crude bounds
based on the vertex degree or numbers of self-avoiding walks.

H Lattice \ Bounds H
(3,12?) (7393, .7418)
(4,6,12) (.6430, .7376)
(4,8?%) (.6281, .7201)

(6%) ~ .652704
D(B) ~ 595482
D(32,4,3,4) | (.5000, .6528)
D(33,4%) | (.5000, .6528)
D(3%,6) (4474, .6528)
(3,6,3,6) | (.5209, .5291)
(3,4,6,4) | (.4106, .5955)

(4% =.500000
D(3,4,6,4) | (4045, .5894)
D(3,6,3,6) | (.4709, .4791)
(3%,6) (.3472, .5526)
(33,42) (.3472, .5000)
(32,4,3,4) | (3472, .5000)

B ~ .404518

(3%) ~ .347296
D(4,8?%) (.2799, .3719)
D(4,6,12) | (.2624, .3570)
D(3,12%) | (.2582, .2607)

Table 1: Numerical bounds for bond percolation thresolds of the Archimedean
and Laves lattices, the bowtie lattice and its dual lattice. Exacly solved cases
are given rounded to six digits. Bounds are indicated by an interval, with values
rounded up or down to four digits for upper and lower bounds, respectively.



2 The Bowtie Lattice and Its Dual

In this section, we determine all inclusion relationships between the bowtie
lattice and the Archimedean and Laves lattices and between the dual of the
bowtie lattice and the Archimedean and Laves lattices. For each relevant pair
of lattices, we either prove that one contains the other as a subgraph or prove
that neither contains the other as a subgraph. A compilation of these results is
given in Table 2.

B D(B)
Lattice - D - )
(3,129 T| o | ¢ | @
(4,6,12) T | & | S| @
(4,89 T | o | S| @
(%) T | @ | S| ¢
D(3%,4,3,4) S ) P 1) + Inclusion
D(3%,47) S o | o | 6 |T Transitivity
D(3%,6) S o A ) ¢ | Minimum polygon size
(3,6,3,6) + P ) C ® | Maximum polygon size
(3,4,6,4) S o ) + C Combining polygons
(4%) + @ o + A Maximum degree
D(3,4,6,4) S 1) A S v Variation in degree
D(3,6,3,6) S 1) A S A Adjacent polygons
(3%,6) A A A T S Special case
(33,42%) A A A T
(3434 | S | A | AT
(3%) o | + | A| T
D(4,8%) A + A T
D4,6,12) | A | V | A | S
DB.12%) | A | T | AT
B A+

Table 2: All inclusions and non-inclusions between B or D(B) and the
Archimedean or Laves lattices. For each lattice listed at the top, there are
two columns. In the left column, each entry indicates if the lattice listed at the
top is included in the lattice listed at the left, and if not, indicates the reasoning
that proves non-inclusion. The right column indicates if the lattice listed at the
top includes the lattice at the left, and, if not, provides the reason. The key at
the right provides an interpretation for each symbol used in the table. A “4”
indicates an inclusion which is demonstrated in the figures in Subsection 2.1. A
“T” indicates an inclusion which is valid by transitivity. An “S” indicates that
non-inclusion is proved in a special argument given in Subsection 2.3. All other
symbols refer to a lemma or method in Subsection 2.2 for proving non-inclusion.



2.1 Inclusion Proofs

The graphs shown in Figure 2 demonstrate the following inclusions between the
bowtie lattice or its dual lattice and the set of Archimedean and Laves lattices:

4hHcnB
(3,6,3,6) C B
BC (39
B C D(4,8?)
D(B)C B
D(B) C (4*)
D(B) C (3,4,6,4)

The following sequences show the inclusions by transitivity, indicated by “T”
in Table 2:

(3,12%) C (3,6,3,6) C B
(4,6,12) C (4") C B
(4,89)Cc(4hHCB
(6°)c()cB
B C (3% C D(3,12%)
D(B) C (3,4,6,4) € (3",6)

D(B) c (4%) ¢ (3°,4%)



D(B) C (3,4,6,4)

Figure 2: Inclusions between the bowtie lattice B, its dual lattice D(B), and
the Archimedean and Laves lattices. Solid lines indicate edges of the subgraph,
and dotted lines indicate edges of the supergraph that are not in the subgraph.
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2.2 Basic Non-Inclusion Proofs

We now recall several conditions, discussed in [14], under which one lattice
cannot be a subgraph of another. These allow us to prove the majority of the
non-inclusion results involving the bowtie lattice and its dual, although there
are still a number of special cases which require individualized reasoning, which
are discussed in subsection 2.3.

Let & denote the set of graphs consisting of the Archimedean lattices, the
Laves lattices, the bowtie lattice and the dual of the bowtie lattice.

We use the symbol C to denote the inclusion relationship, letting G C H
denote that G is isomorphic to a subgraph of H. In many cases we will write
as if H is a subgraph of G, rather than a separate graph on a different set of
vertices.

To create subgraphs of a given graph, we will delete vertices and edges.

When we refer to deleting a vertex, we mean that the vertex and all edges
incident to it are deleted from the graph.

For any graph G, let V(G) and E(G) denote the sets of vertices and edges of
G, respectively. Let dg(v) denote the degree of vertex v in graph G. A vertex
with degree n will be called an n-vertex.

For a graph G, denote the maximum degree by A(G) = max,cq dg(v) and
the minimum degree by §(G) = minyeq dg(v).

Since each G € S is a 3-connected planar graph, it has a unique dual graph
G*. Consequently, any plane representation of G determines a set of faces of
G, denoted F(G), and each vertex v € V(G*) corresponds to a unique face
f € F(G).

We will refer to a face as a polygon, to the number of sides of a polygon as
the size of the polygon, and to a polygon of size k as a k-gon. For a graph G,
we denote the maximum polygon size by ®(G) and the miminum polygon size
by ¢(G). Similarly, we will refer to cycle of length k as a k-cycle. The term
polygon is only used for cycles with empty interior.

We will say that two polygonal faces are incident if they share a common
vertex but have no common edge.

We will say that two polygonal faces are adjacent if they share a common
edge. Let A(G) denote the maximum number of ¢(G)-gons that are adjacent
to a ¢(G)-gon in G.

Similarly to the notation for Archimedean lattices, we will say a vertex is
of type (a1, as,...) if successive faces around the vertex are size aj, as, etc. A
polygon is said to be adjacent to each of its vertices. An edge of a polygon is
said to be adjacent to the polygon.

Polygon sizes in lattices we are considering satisfy a monotonicity property:
Let H be constructed from G € S by deleting a set of vertices and edges. If Fy
denotes the face of H containing the face F' in G, then the size of Fiy is greater
than or equal to the size of F. [Since the Archimedean and Laves lattices are all
periodic, one only needs to check a sufficiently large bounded region to verify
this property.] Note that deleting a set of edges which includes an edge of a face
need not strictly increase the size of the face:



A triangular face may be obtained by deleting edges in the (3,122) lattice.
The non-inclusions in Table 2 are established using the following criteria:

Lemma A: If A(H) > A(G), then H Z G.
Lemma ¢: Let G,H € S. If ¢(H) < ¢(G), then H Z G.
Lemma &¢: Let G,H € S. If ®(H) < ®(G), then H Z G.

Lemma A: Let G,H € S, G # D(3,12?). If ¢(H) = ¢(G) and A(H) >
A(G), then H € G.

Lemma C : Let G,H € S§. Suppose H contains k-gons and G does not.
If deleting edges from any n-gons in G with n < k produces only n-gons with
n >k, then H Z G.

Approach V: For several pairs of lattices, there is a large disparity between
the maximum degrees, so that lowering the large degree in one lattice creates
faces of a larger size than exist in the other lattice.

We finish this subsection with the one individual argument using Approach
V that we need, to show that B ¢ D(4,6,12): To obtain B by deletions from
D(4,6,12), each 12-vertex in D(4, 6, 12) must either be deleted or have its degree
lowered to at most 6. Deleting the vertex creates an n-gon with n > 12, which
cannot exist in B, so the degree must be lowered by deleting at least 6 incident
edges. However, deleting more than 2 edges creates either an n-gon with n > 5
or more than 2 4-gons incident to the vertex.

2.3 Non-Inclusion Proofs for Special Cases
2.3.1 D(32,4,3,4) ¢ B, D(3%,42) ¢ B, and D(3*,6)  B.

All faces in D(3%,4,3,4), D(33,4%), and D(3*,6) are 5-gons. A 5-gon can be
obtained by deletion in B only by deleting an edge that is adjacent to a 3-gon
and a 4-gon. There are 3 other 3-gons adjacent to the 4-gon, each of which must
combine with a 4-gon that is incident to the original 4-gon. For one of these

3-gons, the resulting 5-gon must share 2 edges with the original 5-gon, which
does not occur in D(32,4,3,4), D(33,42), or D(3*,6). See Figure 3.

2.3.2 (3,4,6,4)  B.

In (3,4,6,4), every 3-gon is adjacent to 3 4-gons. In B, every 3-gon is adjacent
to 2 4-gons and one 3-gon, which can be enlarged only to a 5-gon or larger.
Thus, deletions in B cannot produce a 3-gon which is adjacent to 3 4-gons.

2.3.3 D(3,4,6,4) Z B and D(3,6,3,6) Z B.

In D(3,4,6,4), all faces are 4-gons, each of which is incident to 5 others. In
D(3,6,3,6), all faces are 4-gons, each of which is incident to 6 others. In B,



Figure 3: The original 4-gon is indicated by O. It is extended to become a 5-gon.
The adjacent 3-gon A must combine with the incident 4-gon B, which produces
a b-gon which shares 2 edges with the 5-gon containing O.

deletion of an edge of a 4-gon would create an n-gon with n > 4, so only the
edges between adjacent 3-gons may be deleted. This produces the square lattice,
in which each 4-gon is incident to 4 others. Thus, deletions in B cannot produce
a graph with all faces being 4-gons, each incident to 5 others or 6 others.

2.3.4 (32,4,3,4) Z B.

Both lattices have only 3-gons and 4-gons as faces. Deletion of an edge from
B would create an n-gon with n > 5, so no edges may be deleted, so it suffices
to show that the lattices are not isomorphic. However, B has a vertex of type
(3%,4,32,4), while (32,4, 3,4) does not.

2.3.5 (4,6,12) Z D(B).

Deletion of any edge of D(B) creates a polygon which shares two edges with
another polygon, which does not occur in (4,6,12). Thus, these two shared
edges must also be deleted. Whether the first edge deleted is between 2 6-gons
or between a 6-gon and a 4-gon, this process leads to a 10-gon. (See Figure
4.) The 10-gon can be enlarged to a 12-gon only by deleting an edge from
an adjacent 4-gon. However, this creates a 12-gon which shares 2 edges with
another polygon.

Figure 4: The 10-gon that is obtained by deleting edges from D(B).
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2.3.6 (4,82) Z D(B).

Since (4,82) contains no 6-gons, at least one edge must be deleted from each
6-gon in D(B). Since such a deletion must not create an n-gon with n > 8,
the deleted edge must be adjacent to a 6-gon and a 4-gon. This process creates
8-gons which are adjacent to at most 3 4-gons, while each 8-gon in (4,8%) is
adjacent to 4 4-gons.

2.3.7 (6%) ¢ D(B).

Since (6%) contains no 4-gons, at least one edge must be deleted from each 4-gon
in D(B). However, deleting an edge from a 4-gon creates an 8-gon or larger, so
(63) cannot be obtained by deletions from D(B).

2.3.8 D(B) Z D(3,4,6,4).

In D(B), the degree sequence of any 4-cycle is 3,4,3,4. In D(3,4,6,4), the degree
sequence of any 4-cycle is 3,4,6,4. Thus, to obtain D(B) from D(3,4,6,4) by
deletions, 3 edges must be deleted from some vertices of degree 6 in D(3,4,6,4).
Deleting 2 or 3 consecutive edges creates an n-gon with n > 8, which does not
exist in D(B). Deleting every other edge creates 3 6-gons which share a common
vertex, which does not occur in D(B).

2.3.9 D(B) Z D(3,6,3,6).

D(B) contains a pair of adjacent 6-gons which are both adjacent to two 4-gons,
where no 2 of the polygons share more than one edge. By deleting edges in
D(3,6,3,6), two adjacent 6-gons must be isomorphic to those shown in Figure
5, but there can be only one 4-gon adjacent to both 6-gons.

Figure 5: Two adjacent 6-gons in D(3,6,3,6), with only one 4-gon that is
adjacent to both.

2.3.10 D(B) Z D(4,6,12).

In D(B), the smallest polygons are 4-gons, which have degree sequence 3,4,3,4.
In D(4,6,12), only 3 types of 4-gons can be created, as illustrated in Figure 6.

11



Case 1 Case 2 Case 3

Figure 6: In D(4,6,12), only three types of 4-gons can be created.

At least one vertex of each 4-gon was a 12-vertex in D(4,6,12).

In Case 1, for the 4-gon to have the correct degree sequence, the 12-vertex
must have its degree reduced to 4. Since the 4-gon includes 2 incident edges, all
but 2 other edges must be deleted. If no n-gon with n > 6 is to be created, at
least 2 6-gons and a 5-gon (which must be enlarged to a 6-gon) must be created.
However, these share a common vertex, which cannot occur in D(B).

In Case 2, the 12-vertex must have its degree reduced to 3, which implies
that an n-gon with n > 7 must be created.

In Case 3, there are two possibilities. If the 12-vertex has its degree reduced
to 3, an n-gon with n > 7 must be created, as in Case 2. If the 12-vertex has
its degree reduced to 4, it must become of type 4,6,4,6 in the subgraph created.
However, the 6-gons created cannot have degree sequence 3,3,4,3,3,4 as required
in D(B), since a neighboring vertex (v in Figure 7) can have degree at most 3.

Figure 7: The central vertex is a 12-vertex reduced to degree 4. Vertex v can
have degree at most 3.
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3 Combination with Other Methods

As mentioned earlier, the inclusion and non-inclusion results above were in-
tended to supplement the information gained from the investigation of the sub-
graph partial ordering of the Archimedean and Laves lattices by Parviainen and
Wierman. The subgraph ordering inequalities provide a starting point, but, by
themselves, do not produce any numerical bounds. In many cases, a lattice does
not have a subgraph or supergraph in the class, so the ordering cannot provide
an upper bound or lower bound respectively. In the following subsections we will
recall and utilize other methods to assemble the most accurate bounds known
for these lattices.

In this section, we combine the Parviainen and Wierman results and the
results in Section 2 with previous results, including the few exact percolation
threshold solutions, Kesten’s duality theorem, and the substitution method. In
the course of this section, the numerical values in Table 1 are justified.

3.1 Exact Solutions and Duality

The first periodic lattice to be solved exactly for the bond percolation critical
probability was the square lattice (4*). Due to its self-duality property, its bond
percolation threshold is one-half [8].

The triangular and hexagonal lattice bond percolation critical probabilities
were determined in 1981 [17], using the star-triangle transformation and the fact
that they are dual lattices. The critical probability of the triangular lattice is
the solution of the equation 1 — 3p — p3 = 0, which is exactly 2sin(m/18), while
the hexagonal lattice threshold is 1 —2sin(7/18), leading to the approximations
in Table 1.

Also as a consequence of duality and the star-triangle transformation, the
bowtie lattice and its dual were exactly solved in 1984 [18]. The bond percolation
threshold of the bowtie lattice is the solution of 1 — p — 6p? + 6p® — p®> = 0 in
the interval [0,1], while p.(D(B)) = 1 — p.(B), producing the approximations
given in Table 1.

A key to the exact solutions for bond percolation thresholds mentioned above
is the use of duality. An important theorem of Kesten [9] states that the bond
percolation critical probabilities of a dual pair of periodic lattices sum to one.

3.2 Substitution Method Bounds

The substitution method determines critical probability bounds using stochastic
ordering and coupling methods. Recent advances in computational techniques
for the substitution method have led to near-exact bounds for two lattices:

520938 < p.(3,6,3,6) < .529095 [21]

739399 < p.(3,12%) < .741757 [13],
which are rounded appropriately to give the four-digit bounds in Table 1.
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Although not as accurate, the best known bounds for bond percolation on
the (4,82%) and (4,6, 12) were also derived by the substitution method [23]:

643068 < pc(4,6,12) < .737550.

6281893 < p.(4,8%) < .720011.

By Kesten’s duality theorem, these bounds translate into bounds for the duals
of the four lattices.

3.3 Self-avoiding Walks

The standard argument for showing that the critical probability for a planar
graph G is strictly positive gives the following inequality (see [4])

1
NG = pe(G),

where A(G) is the connective constant for self-avoiding walks. See [6] for the
defintion of connective constants on general planar graphs. Although this gives
crude bounds on the percolation thresholds, in the case of the D(3%,6) lattice,
it gives the best known lower bound. Alm, [2], gives lower and upper bounds for
the connective constants for all Archimedean and Laves lattices, as well as for
the Bowtie and dual Bowtie lattices. The lower bound for the D(3%,6) lattice
bond percolation threshold follows from Alm’s upper bound for the connective
constant of 2.23507.

3.4 The Subgraph Partial Order

Together, the results discussed in Subsections 3.1 and 3.2 establish the ordering
of critical probabilities of the nine lattices in the vertical sequence at the left
side of Figure 1, as well as the relationships of the (4,6,12), (4,8%), and their
dual lattices’ critical probabilities to the nine lattices.

To justify the remaining inequalities represented in Figure 1, we rely on
the subgraph partial ordering of Archimedean and Laves lattices [14] and the
extension to include the bowtie and its dual from Section 2. The Hasse diagram
for the subgraph partial ordering of Archimedean and Laves lattices is shown in
Figure 8.

The upper bound for the (3,4, 6,4) lattice bond percolation threshold follows
from the inclusion

in Subsection 2.1. Bounds for the (32,4,3,4) and (33,42) lattices are conse-
quences of the inclusions

(4%) C (3%,4,3,4) C (3%
and

(4%) < (3°,4%) C (39).
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The upper bound for the D(3,4,6,4) lattice threshold follows from the in-
clusion

5(3% € D(3,4,6,4),

where S(3%) is the graph one obtains by subdividing each edge in (3%) into two
new edges in series. The critical probability for S(3°) is /p.(36) ~ .589319.
Applying the duality theorem produces all the remaining bounds in Table 1.
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