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Abstract. A compactness criterion for Stieltjes transformation . : L? — L? of the form (1.1) is

obtained. The main result is conditions for belonging .# to Schatten-von Neumann class Sy, 0 < p < o0.

1 Introduction

Let RT := [0,00) and L? := L2(RT) be the Lebesgue space of measurable functions f on RT such
that || fll, == (/57 |f(2)|*dx) V2 < . Suppose v > 0 is a locally integrable weight function on RT.
We consider a self-adjoint Stieltjes type transformation .#\ on L? defined for any A > 0 by

Af(x) = v(x) /OOO ‘W, x > 0. (1.1)

The case A < 0 can be reduced to .3 with non-negative A by a new weight function v(z) = 2*v ().
It is known [17, Ch.8, § 8.6] that appropriate changes of variables convert the operator .7 with
v =1 into the conventional convolution F(z) = [*_ f(t)G(z — t)dt, —0o < ¥ < oo with a certain
choice of a kernel function G.

Boundedness of .7 was studied in [2], [6], [11], [14], [16], where criteria were obtained in different
forms. We call a criterion as a symmetrical one if its necessary and sufficient conditions coinside.
In particular, a symmetrical boundedness criterion for .\ on L? follows from the results obtained
by K.F. Andersen [2].

Theorem 1.1. [2, Theorem 1] The operator .#5 is bounded from L? to L? if and only if

o] 2 dy
Ay =sup Ao (1) :=supt (/ v(y)) < 00. 1.2
P\ t>g fA( ) t>g 0 (t’\+y/\)2 (1.2)

Moreover, a.g, - Az, < [|All2—12 < By, - Ay, with some constants oy, and By, .
On the cone f > 0 the operator (1.1) is equivalent to the sum

S AN S A< A (1.3)
of Hardy integral operator
v(x) [
#1@) =5 [ iy (14)

The Swedish Institute is the grant-giving authority for research of the author (Project 00105/2007 Visby Pro-
gramme 382). The work was also partially supported by the Russian Foundation for Basic Research (Projects
07-01-00054, 09-01-98516) and by the Far-Eastern Branch of the Russian Academy of Sciences (Project 09-11-CO-01-
003).

ZComputing Centre of Far Eastern Branch of Russian Academy of Sciences, 680000 Khabarovsk, RUSSIA.
Current address: Department of Mathematics, Uppsala University, Box 480, 751 06 Uppsala, SWEDEN.

Email: elena@math.uu.se



and its adjoint one

A f(x) == v(x) /OO f(y)zg\y)dy (1.5)

Hence, some properties of .\ can be described through the well-studied Hardy mapping (1.4).
Especially, boundedness and compactness criteria of .#\ on L? reads
Theorem 1.2. [9],[12] %) : L? — L? if and only if

A= sup ()= sup ([ ;2’;“)/ ([ ) P e (1.6

t>0 t>0

where ay - Ay < || Allre—re < Bw - Ay with some constants oy and [By. Moreover 7y is
compact iff Ay < 0o and limy_,g A (t) = limy_oo Ap(t) = 0.

On the other side, the mapping . appears as a composition
A =LY (1.7)

of Laplace type transformation .Z and its adjoint .Z* of the forms
> —zy? * > —xy?
2i@ = [T ety L) = o) [ P on 1)

A symmetrical boundedness criterion for characterization of L2~ norms inequality for .Z restricted
to f > 0 was obtained in |16, Theorem 3| (see also [3]). Together with the result of Theorem 1.1
and on the strength of (1.7) it gives the following symmetrical criterion for L? — L?-boundedness

of Z.
Theorem 1.3. The operator £ is bounded from L? to L? if and only if Ay < 0o, where

1/2

Ag = sup Ag(t) :=sup t 2 (/t vz(y)dy> . (1.9)
>0 >0 0

Moreover, ay - Ay < || L1212 < By - Ay with some constants oy and B. Hence, by duality

and (1.7), boundedness of (1.1) can be stated more simple by the following way.

Corollary 1.1. %) : L* — L? iff Ay < oo, where || A2z ~ A%.

The factorization (1.7) allows to describe also some other properties of %) via Laplace operator
Z. In particular, in Section 2 we give alternative to Theorem 1.2 conditions on the weight v to
insure that . is compact (see Corollary 2.1). The main result of the paper is contained in Section
3 and consists of necessary and sufficient conditions for belonging (1.1) to Schatten-von Neumann
class S, for 0 < p < co. Our proof ways are based on some methods and technique from remarkable
works [1], [5], [10] and [15].

Throughout the paper products of the form 0 - oo are taken to be equal to 0. Relations A < B
mean A < ¢B with some constants ¢. We write A ~ B instead of A < B <K Aor A =cB. Z
denotes the set of all integers, N is used for all natural numbers, and x g stands for a characteristic
function (indicator) of a subset E C R*. Also we make use of marks : = and =: for introducing
new quantities.



2 Compactness criterion

The following result is known (see e.g. [4] and [13]).
Proposition 2.1. Let k(x,y) be non-negative and measurable on Rt x R*. Suppose that an
integral operator K: L*>(R*) — L2(R") of the form

K f(z) = /0 " k) fy)dy

s compact, and an operator
K@) = [ )@y

18 so that
K1 f(z)] < K|f|(z). (2.1)

Then Ki: L*(RY) — L?(R™) is compact too.

A compactness criterion for .% : L? — L? is established by

Theorem 2.1. Letv € L120c' The operator £ : L? — L? is compact if and only if Ay < oo and
limy_0 Ap(t) = limy_oo Ap(t) = 0.

Proof. Denote

2k
A%, :=supo} = sup 2_>‘k/ v? (y)dy. (2.2)
keZ keZ 2k—1
Observe that Ay ~ A g. In fact, if 2571 <t < 2, then
2k
Ag(t)? < 270D / )y =227 Y /
0 m<k
< 2%.sup 0 Z oA m—Fk) < Aj

m<k m<k

Hence, A ¢ <« A . Conversely,

2k
of <27 / v (y)dy < A%,
0
and, therefore, A » < Ag. Besides, the limit conditions lim; g A (t) = limy_o A»(t) = 0 are

equivalent to limy_, 4., o = 0.
Necessity. If £ is compact then it is bounded from L? to L? and Ay < oo by Theorem 1.3.

Since for any |k| < N < oo
ok
/ v?(2)dz < o0
2k—1

we can put
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Then for any fixed g € L? we have by Holder’s inequality

ok 1/2
/ fr(z)g(x)dx < (/ ]g(m)|2dx> — 0, k — too.
2k—1

Hence, fi converges weakly to 0, and since .Z is compact we have
lim ||.Z =0.
Jim 2l

Thus, since

1253 = [ N ( / h e—w*fk<y>v<y>dy)2dm

2

00 Qk 2k 71/2
:/ / ey v?(y) (/ vz(z)dz) dy | dx
0 2k—1 2k—1
> —z- 2Nk 2 2 2
> e dx v (y)dy | = oy,
0 Qkfl

we obtain limy_.4 ., or = 0 and the necessary part is proved.
Sufficiency. The conditions Ay < oo and lim; g A »(t) = lim;_,oc A (t) = 0 are sufficient for
compactness of the operator H: L?(R*) — L2(RT) of the form

Hf(r) = 2% /0 " fw)e()dy

Therefore, the operator

is also compact from L2(RT) to L?(R™). Is yields compactness of the operator H* H. We have

(H* )| () = /;;‘L/ i

+U<;c>/x >Z;> LAl ) > §|5af<x>r-

y)|v(y)dy

Thus, by Proposition 2.1 the operator .#: L?(R*) — L?(RT) is compact.
Now let f, € L?*(R") be converging weakly to 0. Since .#) is compact we have || f.| — 0.
Therefore, by (1.7)

(At fe) = 1L frll3 — 0.

Since {f,} is arbitrary it follows now that .#: L?(R*) — L?(R") is compact too. O
Theorem 2.1 yields a compactness criterion for .#).
Corollary 2.1. Let v € L%OC. A\t L2 — L2 is compact iff Ay < oo and limy_g Ay(t) =
limy o0 Ap(t) = 0.



3 Schatten-von Neumann classes

Let T : H — H be a compact operator on a separable Hilbert space H. Then the operator |T'| =
(T*T)'/? is also compact on H and the eigenvalues of |T| are called the singular numbers s, (T") of
the operator T' (see [7, Ch. II, § 2] or [8, Ch.1, § 1.b]). Recall also that if K : H — H is self-adjoint
then its singular numbers are the absolute values of its eigenvalues (|7, Ch.2, § 2]).

On the strength of (1.7) the transformation .#) is positive. Therefore, eigenvalues of .%\ are

non-negative and coincide with s, (.#)) because (1.1) is self-adjoint. We have
$2(L) = Mn(A). (3.1)

For 0 < p < oo the Schatten-von Neumann classes S, on a space of compact operators K : H —

H are given by
S, = {K: ZS%(K) < oo} ,
neN
where y
P
(Z Sﬁ(K)> = [|K]s,
neN

is a (quasi-)norm of the symmetric ideal S,,. The notation S, stands for bounded operators.
For 0 < p < oo we define a class X, of all measurable weight functions v on R™ such that

1/p
Jvllx, = (Za;’) < 0. (3.2)

keZ

It is known that

1/p

0o T p/2
||vuxpw</0 NP/“”(/O rv<y>|2dy) da:> , 0<p< oo

If p = oo, then Xo is a collection of all measurable v on R such that supyez 0r < co. On the
strength of Theorem 1.3 we have .Z € S, if and only if v € X ..
We say that an operator 7" is bounded from X, into S, if and only if the inequality

ITls, < epllvlx,

holds, where the least possible constant ¢, < oo is equal to ||T||x,—s,-

Theorem 3.1. |10, Proposition 1.3] Let 1 < pg,p1 <00, 0<0<1,1/p=(1-0)/po+0/p1. If
T is a bounded operator from X, into Sy, and from X, into Sy, then it is also bounded from X,
into S, and

—0 0
I70x,—s, < ITIK_s, ITII%,, s, -

We prove first a result for Laplace transformation.
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Theorem 3.2. Let £ : L? — L? be compact.
(i) If £ €8, for 2 < p < oo, then v € X, with 2 < p < oo.
(ii) If £ €Sy for 0 < p <2, then v € Xo.
(ili) £ €8, for 0 < p < oo ifv e X, where 0 < p < co.
Proof. (i) Suppose £ € S,. By (3.1)

2/p 2/p
H«i”llsp (ZSP ) :(Z#%%)) = [lAlls, ,,

neN neN

Further, by |7, Ch. 3, § 7.5] we have

LA > ST (AL, f) P2, 1< p/2 < oo,

Sp/2
keZ

where { fi},c7 is an orthonormal system in L? and (-,-) denotes the L? inner product. Taking

ok —1/2
fk(y)=</2 !v(Z)|2d2> v(Y)X[2r-1,24 (Y)

k—1

we obtain (i):

) * ey "
Ms/;_Z(Q“ Yo(a) ’Md)

keZ 2kt

. ol0)d p/2 B
— 2y (/Qk fr@(a) /Zk_l f’“g)f;i ydx) > 9723 ol

kEZ

keZ

The statement (ii) is a corollary of (i) and [7, Ch. 3, § 7.2].
(iii) Assume v € X, 0 < p < 0o. For 0 < p <1 we have

1218, <3 120,15, -
keZ
where
Dy i={(z,y): v e RT, 2571 <y < 2}
and Zp, f := Z(fxp,). We write

ok

Zo,fw0) = [ sr) ([ (=) )y

= [ o ( [ (—e—m*)>dy+ " oo ([

k

[e.9]

k

d, (—e—“*)) dy

_ /;kl d. —e‘“k) ( 2:1 f(y)v(y)dy> +e 2 /ilf(y)v(y)dy

2k k

2
,gcz _ kA
_ m A1 ( fy )dz+e 2 / F()o(y)dy
2k 1 2k 1 2k—1

= RpPpf(x) + Qrf(x).

(3.5)














