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BICA TEGORIE S
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Abstra ct. A type-theoretic forma lisati on of bicategories is intro duced, and it
is shown th at small E-cat egories, together with their functor categories, form
such an E-bica tegory. Th is is carried out using only basic recursive de�ni-
tio ns, in the version of predicativ e type theory with a hierarchy of univ erses
implemented by Agda. T his relat es to earlier work by Huet and Sa•�bi, who
construc ted a large category of small categories in Coq, but wit h the use of
ind ucti ve fami lies. Th e construct ion presented here may be considered more
natural , part icula rly from the point of view of higher-dimensional category
theory.

This paper presents a formalisation of some parts of category theory, including a
�r st step towards higher-dimensional category theory. The formalisation is carried
out in Agda, a type-theoretic framework with a hierarchy of universes implemented
at Chalmers University of Technology, Gothenburg. Agda and Al fa (th e version
with a graphical interface) are intended to replace the earlier ALF system (see
[2, 3, 11]). Furth er, not all features of the framework were used; restri cti ng myself
to use only basic recursive de� niti ons excluded both Id-types and the Equal hom
construction of [7].

One of the drivin g ideas behind th is work is the idea from category theory that
we should study thi ngs only up to isomorphism. The de�n ition of an E-category
takes thi s one step furt her in that we have no notion at all of equalit y of objects,
and on arrows only for those between the same two objects (a notion of equalit y
for all arrows of course givesan equalit y relation on objects by comparing identit y
arrows1{ similarly, an equality of functors 1 ! C is the same as an equalit y on
objects of C, so we can not allow equalit y on functors either). These considerations
are also important in the study of weak higher-dimensional categorical st ructur es,
so it is �tti ng that such str uctures should arise.

For related work, there is a short survey included in [12]. The work in [7] was
an important motivation for the current work. It is also interesti ng to look at
[8], which characterizes E-categories as a parti cular class of bicategories (namely
those whose hom-categories are groupoids). In the light of that description, we
might suspect that the E-bicategories presented here form a particul ar class of
tri categories, though thi s idea has not been pursued furth er.

The formalisation work has required great care to be taken with the tools. In
fact, a �r st attempt foundered: the formulation of E-bicategory grew beyond what
the interact ive tools could handle while remaining responsive. This was at least
partly due to accepting the mechanically obtained solutions for some`holes', which
tended to be rather longer than necessary. The second attempt made extensive use
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of the language's let construct, and also divi ded the formalisation into more and
smaller parts.

1. Basic No ti ons

We star t with a very brief intro duction to some notions that we wil l use. They
are standard notions, and the formalisations used were pre-existing.

The notations used wil l, for the sake of readabilit y, di�er signi�can tly from those
usedin the proof script.

1.1. Setoi ds. In Bishop-style const ructiv e mathematics, these play the same rôle
asdo sets in classical mathematics. A setoid consists of a small type together with a
notion of equality on that type. Such a notion of equalit y is a record type consisti ng
of a binary relation together wit h proof objects for its re
 exivit y, symmetry, and
transitivi ty. Whentalk ing about equalit y th is wil l, unlessotherwise indicated, mean
equality in the appropriate setoid.

We must also consider maps between setoids. These should of course take equal
valuesfor equal inputs (in set theory, thi s is a more-or-lesstr ivial conditi on, but in
th is context , it is really saying that it respects the equivalencerelation we thi nk of
as equalit y). Thi s notion of map is formalised, again as a record type.

1.2. E-C at egor ies. The notion of an E-category is a type-theoret ic formulation
of categories,originally due to P. Aczel (who intr oduced it in [1]). An E-category
consists of a small type of objects, together with a setoid of arrows for every pair
of objects, identi ty arrows, and a composition map (so, parti cularly, compositi on
respects equalit y of arrows), satisfying the usual axioms for a category (see for
example[5]). It is worth noticing that we have no notion of equal objects, but only
of equal arrows between the same objects.

2. E-Func to rs

We now start extending the library of formalisations, �rst de� ning E-functors.
Given two categories A and B, a functor F : A ! B assigns to each a 2 ob A an
object F a of B, and to each f : a ! b in A an arrow F f : F a ! F b in B, in a way
that preserves both identit y arrows and composition. The formalised version, an E-
functor between E-categories A and B has an operation objectfunction , assigning
an object of B to each object of A, and for each pair x,y of objects of A, an exten-
sional map arrowfunction x y from A.hom x y to B.hom (objectfunction x)
(objectfunction y) . Further, there are proof objects for the functorialit y condi-
tions, that the image of an ident it y arrow equals the appropriate identit y arrows,
and that the imageof a composition equals the composit e of the images. We will
suppress objectfunction and arrowfunction and just write Fx and Ff for images
of objects and arrows under an E-functor F (but thi s is only for th is paper { the
proof assistant has no support for th is).

E-functors can of course be composed, in exactl y the same way as ordinary
functors. The constructi on is simple, composing the operations and maps from the
two E-functors given, and the required proof-objects are easily const ructed.

There is also an identit y E-functor Id on any E-category C, which of courseacts
by the identit y operation on objects, and identit y maps on arrows. Functorial it y is
immediate.

3. E-Natur al Tran sf or mations

The next objects of interest are natural transformations. Given categories A and
B, and functors F; G : A ! B, a natural transformation � : F ! G assigns to each
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x 2 ob A an arrow � x : F x ! Gx in B so as to make

F x
� x //

F f
��

Gx

Gf
��

F y
� y //Gy

commute for all arrows f : x ! y in A . Similarly, given E-categories A and B,
and E-functors F and G from A to B, an E-natural tr ansformation consists of an
assignment arrows of an element of B.hom Fx Gx to each object x of A, and a
proof that all squaressuch as the one above commute.

Two E-natural tr ansformationsfrom F to G are equal if they assign equal arrows
to every object. This gives us a setoid of E-natural tr ansformations.

Given E-categories A and B, E-functors F, G, and H from A to B, and E-natural
transformations a from F to Gand b from Gto H, we may composetheseto obtain
an E-natural t ransformation b � a from F to H, simply by composing components.
The proof of naturalit y is easy, but tedious, to constr uct.

There is also a second way of composing natural transformations, known as
horizontal composition (t hat of the previous paragraph being vertical). It can be
(usefully) thought of asthee�ec t of functor compositi on on natural transformations,
but perhaps a diagram is the clearest explanation:

C

F
&&

H

88
����
�� a D

G
&&

K

88
����
�� b E 7! C

K H

66

GF
((
Eb� a��

In constructing this natural transformation, there is a decision to be made, taking
the component at an object x of C to be either Kax � bFx or bHx � Gax (th ese are
of course equal). Having made a choice (picking, in this case, the former), proving
naturalit y is easy.

4. E-Func to r Catego ri es

Given any two categories C and D there is a category [C; D] of functors between
them. We can in the sameway, given E-categories Cand D, constr uct an E-category
[C,D] of E-functors between them. Its objects are the E-functors (note that these
indeed form a small type), its hom-setoids are the setoids of E-natural transforma-
tions, composition is the � rst one above, and identities are taken component-wise.
The axioms are then immediate from the axioms of D.

Wearenow alsoin posit ion to formulate and prove, aslemmas, that an E-natural
transformation is an iso (in the appropriate E-functor category) if and only if all of
its components are isos.

5. Pr oduct E-Catego r ies

One important way of constr ucting new categoriesis that of, from categories A
and B, forming their product category A � B, having as objects pairs of objects
from ob A � ob B, and whose arrows are pairs of arrows from A and B. This
is a categorical product in Cat . We mimic thi s constructi on, obtaining from E-
categories Aand Ba product E-category A� B. We can not, of course, expect it to be
a categorical product, but it comes nonetheless with a pairing, and a corresponding
product of functors.
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6. Some Par ticul ar E-Categories

At thi s point, we may aswell intr oducesome examples of E-categories, and some
associated constructions, parti cularly since we wil l need someof them.

The � rst example is the empty E-category. It has an empty type of objects, and
is somewhat t rivi al.

The second, and useful, example is the unit E-category, which we will denote by
1. It has a singleton type of objects, and singleton setoidsof arrows. The resulting
structure obviously satis�es the E-category axioms.

Having constr ucted the unit category, we now constr uct, for each E-category
C, canonical functors (in fact equivalences) E rightunitcatelim : C� 1 ! C and
E leftunitcatelim : 1 � C ! C; corresponding to the canonical isomorphisms
A � 1 �= A and 1 � A �= A , respecti vely.

7. E-Bic ategories

Classically, we may consider a (large) category Cat of all small categories. This,
however requires us to talk about equalit y of functors, which is problematic in the
current settin g. With the useof a more general form of recursive de� nit ions, such
a construct ion was carried out in [7]. We shall refrain from such2, and instead
construct a di�ere nt str ucture.

It is well known that Cat has more st ructure than just that of a category. In
fact, the str ucture formed is known as a 2-category. The slightly weaker notion
that we are going to be interested in is that of a bicategory ([4, 10], or, shorter, [9]).
The de�ni tions are formalised to give the notion of an E-bicategory.

An E-bicategory hasa (large) type obj of objects (or 0-cells), and for all objects
a and b, thereis an E-category hom a b (whoseobjects and arrows are called 1-cells
and 2-cells, respectively). Furth er, there is (for all objects a, b, and c) an E-functor

(comp a b c) : (hom b c) � (hom a b) ! hom a c ;

and for all objects a an E-functor (identity a) : 1 ! hom a a: Finally, there are
famil ies of isomorphisms, replacing the category axioms. Thus, for all objects a, b,
c, and d, there is an E-natural isomorphism associativity a b c d

((hom d c) � (hom b c)) � (hom a b)

comp� Id

��

�= //(hom d c) � ((hom b c) � (hom a b))

Id � comp
��

(hom c d) � (hom a c)

comp

��
(hom b d) � (hom a b) comp

//

associativity

4<rrrrrrrrrrrrrrrrrrrr

rrrrrrrrrrrrrrrrrrrr

hom a d

2Using the id ata construc tion of Agda, an equivalent construct ion is easily carri ed out.
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and for all objects a and b there are E-natural isomorphisms rightid a b and
leftid a b

1 � (hom a b)

�=

,,

identity � Id
��

(hom a b) � 1

�=

ss

Id � identity
��

(hom a a) � (hom a b)

comp
��

leftidks (hom a b) � (hom b b)
rightid +3

comp
��

hom a b hom a b

These must then satisfy some coherence axioms (more about which later). The
formalisation givesan object at the next level of our hierarchy of universes.

The attenti ve reader might spot a `white lie' in the diagramsabove: the arrows
marked as isomorphisms. Recall that we have no notion of isomorphism for cate-
gories (since that would require a notion of equality for functors). The indicated
arrows are not canonical isomorphisms, but canonical equivalences of E-categories.

The formalised de�n ition of an E-bicategory becomesvery long, and it is reason-
ably clear that this is rather an unpleasant way of writin g down the de�n ition of
a bicategory. Alr eady the associativi ty and unit morphisms are fairly complicated
compared to their diagrammatic descriptions, but are as nothing compared to the
excessive verbosity of the two coherence axioms. These coherence axioms can also
be more succinctly expressed, most commonly by saying that, for all choices of
f ; g; h; and k from appropriate hom-categories, the following two diagrams(wr itin g
a, r , and l for appropriate components of associativity , rightid , and leftid ,
respecti vely, and id for identit y E-natural transformations) must commute:

((kh)g)f

a

tthhhhhhhhhhhhhhhhhhhh
a� id

**VVVVVVVVVVVVVVVVVVVV

(kh)(gf )

a
&&LLL

LLL
LLL

L (k(hg)) f

a
xxrrr

rrr
rrr

r

k(h(gf )) k((hg)f )
id � a

oo

(gI )f a //

r � id ""D
DD

DD
DD

D g(I f )

id � l||zz
zz

zz
zz

gf

8. The E-Bica tego r y of E-Catego r ies

We wish to show that there is an E-bicategory of E-categories, with the functor
categories as hom-categories. This is where the largest part of the work happens.
Having decided what the � rst two �elds should be, we now need to construct the
others, one by one.

Fir st out is the composition E-functor ,

comp A B C: [B; C] � [A; B] ! [A; C] ;

de�n ed on objects, that is pairs (F; G) of E-functors F : B ! C and G: A ! B, by
functor composition. On arrows, it acts by horizontal composition. We must also
provide proof of functoriali ty: that horizontal composition respects equality, and
that identities are preserved are both st raight forward to prove. The � nal property
to be shown is that compositi on is preserved. Thi s is exactly the interchange law.
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The proof is long, and not part icularly enlightening (but then again, a `standard'
proof is not enlightening either).

Next is the collection of identi ty 1-cells, E-functors

identity A : 1 ! [A; A] ;

simply picking out the identit y E-functor, together with its identi ty E-natural trans-
formation. The required proof objects are then easily constructed.

We now need to construct the associativi ty morphisms. These are E-natural
transformations between E-functor categories, so have E-natural transformations
as components. Conveniently , their components are simply the relevant identit y
morphisms, and their naturalit y is easily proved. Proving naturali ty for the asso-
ciativi ty morphism itself is slightly more complicated. The entire constructi on is
then essenti ally repeated, to construct the inverserequired for the proof that the
associativit y morphism is an E-natural isomorphism.

The constructions of the right and left unit morphisms are simil ar to that of
the preceding morphism. Again, their components are E-natural transformations
having the identi ty morphisms as components, and easy proofs of naturalit y. The
component-wise inverses are easily constructed. The naturalit y of the identi ty mor-
phisms is now easily proved, and having shown asa lemma that an E-natural trans-
formation is an iso if and only if all its components are, proofs that the identit y
morphisms are isos are obtained immediately.

The only th ings that remain are proof objects for the axioms. Theseare surpr is-
ingly easily const ructed, since the relevant arrows all equal identit y arrows. This,
of course, doesnot enti rely prevent the formalisation from growing long.

Having constructed all the necessary pieces, it is time to put them together. We
obtain an E-bicategory ECat of E-categories.

9. Adj oin t E-Fu nctors

Having obtained a bicategory-lik e str ucture, the notion of an adjoint pair is
now easily formalised. The de�n ition as given in [6] �ts into the type-theoretical
formulation unchanged. Two 1-cells f : a ! b and g : b ! a form an adjoint pair if
there are 2-cells � : fg ! 1b and � : 1a :! gf (where 1� denotes the 1-cell chosen
by identity ) such that the composite 2-cells

f
r � 1

//f � 1a
id � � //f � (g � f ) a � 1

//(f � g) � f � � id //1b � f l //f

and

g l � 1
//1a � g

� � id //(g � f ) � g a //g � (f � g) id � � //g � 1b
r //g

are both equal to ident it y 2-cells. In ECat th is de� niti on is equivalent to a more ad-
hoc formalised de� nit ion more closely resembling the usual unit{c o-unit de� niti on
of adjoint functors.

10. Po l ymorph ism and Mo nomorphi sm

There are only two major di�erences between notations in this article, and
in the proof script. The � rst one is the suppression of objectfunction and
arrowfunction when applyin g functors, as discussed earlier. The second is that
we when using families (such as comp), parti cularly in diagrams, have suppressed
the � rst few arguments, in a style reminiscent of a polymorphic type theory. In
some places, th is notational sleight of hand has allowed the use of in� x operators,
rather than cumbersomefunctions of � ve or more arguments.

Current development on Agda, the proof assistant used, hasintr oduced a form of
hidden arguments for such purposes. Somelimited experiments show that while thi s
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greatly improvesmatt ers, it doesnot do all onemight hope for. Sinceit is probably
only reasonable for a system to �nd unique solutions for hidden variables, there are
some areasof particular weakness. For example, where a hidden variable is to be
solved by an extensional function, the system can usually �nd the mapping part
uniquely, but since we can not expect there to be a unique proof of extensionalit y
to go with it, th is hidden variable can not be solved for. Similar problems exist for
E-natural t ransformations, and probably many other structures.

The usefulness of these hidden variables is probably most obvious when con-
sidering equational reasoning (and there is quite a lot of equational reasoning in
th is formalisation). For example, in a setoid, the proof object for tr ansitivit y is a
function taking as arguments thr ee objects a, b, and c; a proof of the equalit y of
a and b; and a proof of the equality of b and c; producing a proof that a equals
c. We might na•�vely hope to be able to suppress the � rst three arguments. While
some thought should convince us that the secondargument can not be suppressed,
it turns out that we can not generally suppressany of them. It is not even possible
always to suppressthe only argument of the re
 exivit y proof object! Even though it
is possible to provide thesehidden arguments whereAgda is unable to derive them,
the situations where this is necessary are su�cien tly common in th is formalisation
for the gain to be comparatively small.
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BasicTypeTheory.agda (f r om E. Palmgr en' s li brary)

-- {\L arg e \b f Basic Type Theory}

--

--

Fam (A::S et) :: Type
= A - > Set

-- {\e m Synta cti c sugar fo r th e $\Pi$ -co nstr uct ion}

Pi (A: :Set)(B ::F am A) : : Set
= (x: :A) -> B x

ForAll (A::Se t)( B::F am A) :: Set
= (x: :A) -> B x

-- {\e m Synta cti c sugar re lati ng to t he $\Si gma$-co nst ruc tion }

Si gma (A: :Set )(B ::Fa m A) : : Set
= sig {_1 :: A;

_2 :: B _1;}

Exists (A::Se t)( B::F am A) :: Set
= sig {_1 :: A;

_2 :: B _1;}

pair ( A:: Set) (B: :Fam A)(a: :A)( b:: B a) :: Sig ma A B
= str uct {

_1 = a;
_2 = b;}

pairEx ist s (A::S et)( B:: FamA)( a:: A)(b ::B a) :: Exis ts A B
= str uct {

_1 = a;
_2 = b;}

split (A: :Set )
(B::Fa m A)
(C::Fa m ( Sigma A B))
(c ::Si gma A B)
(d ::(x ::A ) -> (y ::B x) -> C (p air A B x y))

:: C c
= d c._1 c._ 2

splitE xis ts ( A:: Set)
(B::Fa m A)
(C::Fa m ( Exis ts A B))
(c ::Ex ist s A B)
(d ::(x ::A ) -> (y ::B x) -> C (p air Exis ts A B x y))

:: C c
= d c._1 c._ 2

Cart ( A:: Set) (B: :Set ) : : Set
= sig{ _1 :: A;

_2 :: B;}

pairCa rt (A:: Set)(B: :Set)( a::A )(b ::B) :: Cart A B
= stru ct {

_1 = a;
_2 = b;}

pr oj1 (A: :Set )(B ::Se t)( c:: Cart A B) : : A
= c._1

pr oj2 (A: :Set )(B ::Se t)( c:: Cart A B) : : B

= c._2

and ( A::S et) (B:: Set) :: Set
= Cart A B

-- {\ em Disj oint bi nary sums}

Sum ( A::S et) (B:: Set) :: Set
= data in l (x ::A ) | inr (y ::B)

or (A::Se t)( B::S et) :: Set
= SumA B

when (A:: Set)
(B::Se t)
(C::Fa m ( SumA B))
(c ::Su m A B)
(d ::(x ::A ) -> C (in l@_ x))
(e ::(y ::B ) -> C (in r@_ y))

:: C c
= case c of {

(i nl x) - > d x;
(i nr y) - > e y;}

-- {\ em I f and only if}

if f ( A::S et) (B:: Set) :: Set
= Cart (A -> B) (B -> A)

-- {\ em The empty set}

empty :: Set
= data

Absur d :: Set
= empty

el empty ( A:: Set) (x: :empty) :: A
= case x of { }

not ( A::S et) :: Set
= A -> Absurd

-- {\ em A unit set}

Unit :: Set
= data el t

True :: Set
= Unit

-- {\ em Bool eans}

Bool :: Set
= data ff | t t

-- {\ em Natu ral numbers }

Nat : : Set
= data zero | succ (x:: Nat)

re c ( C::( z:: Nat) -> Set)
(t ::Na t)
(f ::C zer o@_)
(g ::(x ::N at) -> (y:: C x) -> C (su cc@_x) )

:: C t
= case t of {

(z ero ) -> f;
(s ucc x) -> g x (re c C x f g) ;}
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-- {\e m A basic dependent type }

L (z:: Nat) :: Set
= case z of {

(z ero) -> empty;
(s ucc x) -> Nat; }

-- {\e m Deriv ing fir st pro ject ion fro m split }

pr 1 (A::S et)( B:: FamA)( c:: Sigma A B) :: A
= spl it A B (\(h ::S igma A B) -> A) c (\( x:: A) - > \ (y:: B x) - > x)

pr 2 (A::S et)( B:: FamA)( c:: Sigma A B) :: B (p r1 A B c)
= spl it

A
B
(\ (h:: Sig ma A B) -> B ( pr1 A B h) )
c
(\ (x:: A) -> \ (y: :B x) - > y)

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
wide

nd
hi ding on
con "z ero " as "0 "
con "s ucc" as "S"
var "Nat" as "N" wit h symbolfo nt
var "Prod " in fix 7 as " " with symbolf ont
var "Sum" inf ix as " +"
var "Fun" inf ix righ tas soc as "" with symbolfon t
var "a ppl y" hide 2
var "p air " hi de 2 tu ple
var "p r1" hid e 2
var "p r2" hid e 2
var "r ec" hid e 1
var "when" hi de 3
var "e mpty" as " " wi th symbolf ont
var "e lempty" as "!"
var "Pi" as " P" with symbolfon t
var "Sigma" as " S" with symbolfon t
var "s pli t" hide 3
var "Cart " in fix as "" wit h symbolfon t
con "s igma" as " s" with symbolfon t
con "e mb" as "e" wit h symbolfo nt
var "Power" as " Rw"
var "Member" hid e 2
var "Subclass " hide 3 i nfi x as "" wit h symbolfo nt
var "i ff" inf ix as " " with symbol font
var "Can" as "G" wit h symbolfo nt
var "i nd"
var "f am"
var "R" as "R"
var "a nd" inf ix as " " with symbol font
var "MemberSE" hide 3 i nfi x as "e " wi th symbolf ont
var "MemberE" hi de 2 in fix as "e" wit h symbolfo nt
var "EqualE" hid e 2 inf ix as " =="
var "SubsetsE" hide 2 i nfi x as "" wit h symbolfo nt
var "Equalset sSE" hi de 3 i nfix as "=="
var "SubsetSE" hide 3 i nfi x as "" wit h symbolfo nt
var "E"
var "Es"
var "Rs" infi x as "<" with symbol font
var "Ex" infi x as "<<" wit h symbolfon t
var "Exs" inf ix as " <<" wi th symbolfo nt
var "p roj 1" hide 2
var "p roj 2" hide 2

var "ForAll" hid e 1 quanti fier domain on as "\" " with symbolf ont
var "Exis ts" hid e 1 quanti fier domain on as "$" wi th symbolfo nt
con "c ros s" infi x as "" wi th symbolfo nt
var "o r" inf ix as " " wi th symbolf ont
var "n ot" as "" wit h symbolfon t
var "Absurd" as "^" wit h symbolfo nt
var "p air Exi sts" hi de 2 tu ple
var "p air Cart" hide 2 t upl e
#-}

SE.agda (f r om E. Palmgr en' s li brary)
-- #inc lud e " Basi cTypeTheor y.ag da"

-- Sets with equali ty and substit uti on prop erti es

--

-- {\e m The type of equiva lenc e r ela tion s on X}

--

EQ (X: :Set) :: Type
= sig{ eq :: X -> X -> Set;

re f :: (x ::X) -> eq x x;
sym :: (x ::X) -> (y ::X) -> eq x y -> eq y x;
tr a :: (x ::X) -> (y ::X) -> (z: :X) -> eq x y -> eq y z -> eq x z; }

-- The ty pe of sets wit h equal ity

-- "base" is the underl yin g base set wit h no speci al equality

-- assumed.

-- "er " i s an equiv alen ce rela tio n on base

--

SE :: Type
= sig{ base :: Set;

er :: EQ base;}

Equal (A: :SE)(x: :A. base)(y ::A. base) :: Set
= A.er .eq x y

re flex ive (A::SE )(x ::A. base) : : Equal A x x
= A.er .re f x

symmetric (A::SE )(x ::A. base)(y ::A .ba se)( pf: :Equal A x y)
:: Equal A y x
= A.er .sy m x y pf

tr ansi tiv e ( A::S E)
(x ::A. base)
(y ::A. base)
(z ::A. base)
(p f1:: Equal A x y)
(p f2:: Equal A y z)

:: Equal A x z
= A.er .tr a x y z pf 1 pf 2

tr ansi tiv e3 (A:: SE)
(x ::A .bas e)
(y ::A .bas e)
(z ::A .bas e)
(u ::A .bas e)
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(p f1:: Equal A x y)
(p f2:: Equal A y z)
(p f3:: Equal A z u)

:: Equal A x u
= A.er.tr a x y u pf 1 (A.er .tr a y z u pf2 pf 3)

--

-- A set wit h equal ity is substi tuti ve if

-- th e subst itu itio n r ule hol ds for it.

-- In Agda we have to deri ve thi s pr operty

-- even for nat ural numbers and fini te sets .

--

Substi tut iveRel (X:: Set)(R ::X -> X -> Set) : : Type
= (C: :Fam X) -> (a: :X) -> (b: :X) -> (p:: R a b) -> (q:: C a) - > C b

Substi tut ive (D: :SE) :: Type
= (C: :Fam D.base) - >

(a ::D. base) ->
(b ::D. base) ->
(p ::D. er. eq a b) ->
(q ::C a) ->
C b

subst_ and_ref l_i s_equiv (X: :Set)
(R::X -> X - > Set)
(s ub: :Substi tuti veRel X R)
(r efl ::(x ::X ) -> R x x)

:: EQ X
= str uct {

eq = R;
re f = ref l;
sym =

\(x ::X ) - >
\(y ::X ) - >
\(h ::e q x y) ->
sub (\ (z: :X) -> R z x) x y h ( ref l x) ;

tr a =
\( x::X ) - >
\( y::X ) - >
\( z::X ) - >
\( h::e q x y) ->
\( h':: eq y z) ->
sub (\ (u: :X) -> R x u) y z h' h;}

-- Restri ct an SE to a subset

re stri ctS E (A::S E)(P ::F am A.base) :: SE
= str uct {

base =
si g{el :: A.base;

in subset :: P el ;};
er =

st ruct {
eq = \(x: :ba se) -> \(y: :ba se) -> A.er.eq x. el y.el ;
re f = \(x ::b ase) -> A.er.r ef x.el ;
sym = \(x ::b ase) -> \(y ::b ase) -> \( h::e q x y) -> A.er .sy m x. el y.e l h;
tr a =

\( x::b ase) ->
\( y::b ase) ->
\( z::b ase) ->
\( h::e q x y) ->
\( h':: eq y z) ->
A.er.t ra x.el y. el z.el h h';} ;}

--

-- Unit SE and empty SE

--

UNIT : : SE
= stru ct {

base = Unit;
er =

st ruct {
eq = \ (h: :bas e) -> \ (h' ::b ase) -> True;
re f = \(x ::ba se) -> elt @_;
sym = \(x ::ba se) -> \(y ::b ase) -> \(h ::e q x y) -> elt@_;
tr a =

\(x ::b ase) ->
\(y ::b ase) ->
\(z ::b ase) ->
\(h ::e q x y) ->
\(h ':: eq y z) ->
elt @_;};}

subst UNIT :: Substi tuti ve UNIT
= \(C: :Fa m UNIT. base) - >

\( a::U NIT.bas e) ->
\( b::U NIT.bas e) ->
\( p::U NIT.er. eq a b) ->
\( q::C a) ->
case a of { ( elt ) -> case b of { (elt ) - > q; };}

EMPTY :: SE
= stru ct {

base = empty ;
er =

st ruct {
eq = \ (h: :bas e) -> \ (h' ::b ase) -> True;
re f = \(x ::ba se) -> elt @_;
sym = \(x ::ba se) -> \(y ::b ase) -> \(h ::e q x y) -> elt@_;
tr a =

\(x ::b ase) ->
\(y ::b ase) ->
\(z ::b ase) ->
\(h ::e q x y) ->
\(h ':: eq y z) ->
elt @_;};}

subst EMPTY : : Subst itut ive EMPTY
= \(C: :Fa m EMPTY.ba se) ->

\( a::E MPTY.base) ->
\( b::E MPTY.base) ->
\( p::E MPTY.er .eq a b) - >
\( q::C a) ->
el empty ( C b) a

--

-- Equal boolean values

--

equal Bool (x ::Bo ol) (y:: Bool) : : Set
= case x of {

(f f) ->
case y of {

(f f) - > True;
(t t) - > Absur d;} ;

(t t) ->
case y of {
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(f f) -> Absurd;
(t t) -> True ;};}

substBool (C: :Fa m Bool) (a: :Bool)( b::B ool )(p: :eq ualBool a b)(q ::C a)
:: C b
= case a of {

(f f) - >
case b of {

(f f) -> q;
(t t) -> elempty (C tt@_) p;};

(t t) - >
case b of {

(f f) -> elempty (C ff@_) p;
(t t) -> q;}; }

BOOL : : SE
= str uct {

base = Bool;
er =

st ruct {
eq = equalBo ol;
re f =

\( x::b ase) ->
case x of {

(f f) - > elt@_;
(t t) - > elt@_;};

sym =
\( x::b ase) ->
\( y::b ase) ->
\( h::e q x y) ->
case x of {

(f f) - >
case y of {

(f f) - > h;
(t t) - > h;};

(t t) - >
case y of {

(f f) - > h;
(t t) - > h;}; };

tr a =
\( x::b ase) ->
\( y::b ase) ->
\( z::b ase) ->
\( h::e q x y) ->
\( h':: eq y z) ->
case x of {

(f f) - >
case y of {

(f f) - > h';
(t t) - > elempty (eq ff@_ z) h; };

(t t) - >
case y of {

(f f) - > elempty (eq tt@_ z) h;
(t t) - > h';} ;};} ;}

substB :: Substi tuti ve BOOL
= substBool

-- Cartes ian pro duct of set wi th equalit y

() (A: :SE)(B: :SE) :: SE
= str uct {

base = Cart A.ba se B.ba se;
er =

str uct {
eq =

\( w::b ase) ->
\( z::b ase) ->
and (A.er .eq w._1 z._1) (B.er. eq w._2 z. _2);

re f =
\( x:: base) - >
st ruc t {

_1 = A.er .re f x. _1;
_2 = B.er .re f x. _2; };

sym =
\( x:: base) - >
\( y:: base) - >
\( h:: eq x y) ->
st ruc t {

_1 = A.er .sy m x. _1 y._1 h. _1;
_2 = B.er .sy m x. _2 y._2 h. _2;} ;

tr a =
\( x:: base) - >
\( y:: base) - >
\( z:: base) - >
\( h:: eq x y) ->
\( h': :eq y z) ->
st ruc t {

_1 = A.er .tr a x. _1 y._1 z. _1 h._1 h'. _1;
_2 = B.er .tr a x. _2 y._2 z. _2 h._2 h'. _2; };} ;}

substCART(A::SE )(B ::SE )(s ::Su bst itut ive A)(t:: Substit uti ve B)
:: Substi tuti ve (A B)
= \(C: :Fa m (A B).ba se) ->

\(a ::( A B).b ase) ->
\(b ::( A B).b ase) ->
\(p ::( A B).e r.e q a b) ->
\(q ::C a) ->
let D (x: :A.b ase) :: Set

= (y:: B.base) ->
(v ::B .bas e) ->
C

(s truc t {
_1 = x;
_2 = y;}) ->

B.er. eq y v ->
C

(s truc t {
_1 = x;
_2 = v;})

in le t l emma1 : : D a._ 1
= \(y: :B. base) - >

\( v::B .ba se) ->
\( h::C

(s tru ct {
_1 = a._1 ;
_2 = y;}) ) - >

\( h':: B.er.eq y v) - >
t

(\( h0: :B. base) - >
C

(s truc t {
_1 = a._1 ;
_2 = h0;} ))

y
v
h'
h

in le t l emma2 : : A.er. eq a._1 b. _1 - > D a._ 1 - > D b._ 1
= s D a._ 1 b. _1

in l et l emma3 : : D b._ 1
= lemma2 p._1 le mma1

in le mma3
a. _2
b. _2
(s

(\ (h:: A.base) ->
C
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(s truc t {
_1 = h;
_2 = a._2 ;}))

a. _1
b. _1
p. _1
q)

p. _2

DisjSu m ( A::S E)( B::S E) :: SE
= stru ct {

base = Sum A.base B.bas e;
er =

st ruct {
eq =

\( h::b ase) - >
\( h':: base) ->
case h of {

(i nl x) - >
case h' of {

(i nl x') -> A.er .eq x x';
(i nr y) - > Absur d;} ;

(i nr y) - >
case h' of {

(i nl x) - > Absur d;
(i nr y') -> B.er .eq y y';} ;};

re f =
\( x::b ase) - >
case x of {

(i nl x') -> A.er .ref x' ;
(i nr y) - > B.er. ref y;} ;

sym =
\( x::b ase) - >
\( y::b ase) - >
\( h::e q x y) ->
case x of {

(i nl x') ->
case y of {

(i nl x0) -> A.er .sy m x' x0 h;
(i nr y') -> h;};

(i nr y') ->
case y of {

(i nl x') -> h;
(i nr y0) -> B.er .sy m y' y0 h;} ;};

tr a =
\( x::b ase) - >
\( y::b ase) - >
\( z::b ase) - >
\( h::e q x y) ->
\( h':: eq y z) ->
case x of {

(i nl x') ->
case y of {

(i nl x0) ->
case z of {

(i nl x1) -> A.er .tra x' x0 x1 h h';
(i nr y') -> h';} ;

(i nr y') -> elempty (eq (i nl@_ x' ) z) h; };
(i nr y') ->

case y of {
(i nl x') -> elempty (eq (i nr@_ y' ) z) h;
(i nr y0) ->

case z of {
(i nl x') -> h';
(i nr y1) -> B.er .tra y' y0 y1 h h';}; };} ;};}

substDisj Sum(A: :SE) (B: :SE)(s: :Substi tut ive A)( t:: Substit utiv e B)
:: Substi tuti ve (Dis jSu m A B)
= \(C: :Fa m (Disj SumA B).ba se) ->

\( a::( Dis jSum A B).b ase) - >
\( b::( Dis jSum A B).b ase) - >
\( p::( Dis jSum A B).e r.e q a b) ->
\( q::C a) ->
case a of {

(in l x) - >
case b of {

(i nl x') -> s (\ (h: :A.b ase) -> C (inl @_h)) x x' p q;
(i nr y) - > el empty (C ( inr @_y)) p;};

(in r y) - >
case b of {

(i nl x) - > el empty (C ( inl @_x)) p;
(i nr y') -> t (\ (h: :B.b ase) -> C (inr @_h)) y y' p q;} ;}

--

-- The set of fu nct ions fr om A to B which r espects

-- equali ty

--

(= =>) (A: :SE)(B: :SE) :: Set
= sig{ op :: A.base -> B.ba se;

ext ::
(x ::A. base) - > ( y:: A.base) -> A.er.eq x y -> B.er. eq ( op x) ( op y);}

id fun c (A::S E) : : A.bas e - > A.base
= \(h: :A. base) - > h

id SE (A:: SE) :: (A ==> A)
= stru ct {

op = idfu nc A;
ext = \(x ::A .bas e) -> \ (y: :A. base) - > \( h:: A.er .eq x y) - > h;}

oSE ( A::S E)( B::S E)( C::S E)( f::( B ==> C))( g:: (A ==> B)) :: (A ==> C)
= stru ct {

op = \(x: :A. base) - > f. op (g. op x);
ext =

\( x::A .ba se) ->
\( y::A .ba se) ->
\( h::A .er .eq x y) - >
f. ext (g. op x) ( g.o p y) (g .ext x y h) ;}

HomSE(A: :SE)(B: :SE) :: SE
= stru ct {

base = (A ==> B);
er =

st ruct {
eq =

\( f::b ase) -> \( g::b ase) -> (x ::A .bas e) -> B.er .eq (f. op x) ( g.o p x) ;
re f = \(f ::ba se) -> \(x ::A .bas e) -> B.er .ref (f .op x);
sym =

\( f::b ase) ->
\( g::b ase) ->
\( p::e q f g) ->
\( x::A .ba se) ->
B.er.s ym (f.o p x) (g .op x) (p x);

tr a =
\( f::b ase) ->
\( g::b ase) ->
\( h::b ase) ->
\( p::e q f g) ->
\( q::e q g h) ->
\( x::A .ba se) ->
B.er.t ra (f.o p x) (g .op x) (h. op x) ( p x) (q x) ;};}

subst _domain _ext (A::SE )
(B::S E)
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(p ::Su bst itut ive A)
(f ::A. base -> B.base)

:: (A ==> B)
= str uct {

op = f ;
ext =

\( x::A .ba se) ->
\( y::A .ba se) ->
\( h::A .er .eq x y) ->
p (\(z ::A .bas e) -> B.er .eq (op x) (op z) ) x y h (B. er. ref (op x) );}

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
wide

nd
hi ding on
var "Exis tsUniqu e" quantif ier domain on as " $!" wit h symbolfo nt
var "Fix" hid e 2
var "Nodeq" i nfi x as "=="
var "e qualNsy m" hide 2
var "e qualNtr a" hide 3
var "AddNcongl" hide 3
var "AddNcongr" hide 3
var "e qualN" inf ix as " ==_N"
var "e qualBoo l" infi x as " ==_B"
var "True _of_ State" mixfix as "_ , _ |= _"
var "True _of_ Path" mixf ix as " _ , _ | = _"
con "i mp" inf ix as " ->"
con "a nd" inf ix as " " with symbol font
con "o r" infi x as "" wi th symbolf ont
con "v ar" mixfix as "(_ )"
var "Disj Sum" in fix as " " wit h symbolfo nt
var "o SE" hid e 3 inf ix 9 as "o "
var "Equal" dist fix3 b as " ==="
var "r efl exiv e" hide 1
var "s ymmetri c" hide 3
var "t ran siti ve" hid e 4
var "t ran siti ve3" hi de 5
#- }

E categories.agda (f r om E. Palmgr en's li brary)
-- #inc lud e "SE.agda"

E_cate gor y :: Type
= sig {obj :: Set;

hom :: (a ::ob j) -> ( b:: obj) -> SE;
Hom (a ::o bj)( b:: obj) :: Set

= (ho m a b). base;
id :: (a: :obj ) - > Hom a a;
comp : :

(a ::o bj) -> (b:: obj ) -> (c ::ob j) -> Homb c -> Homa b -> Homa c;
le ft_u nit ::

(a ::o bj) ->
(b ::o bj) ->
(f ::H om a b) ->
Equal (ho m a b) (co mp a b b (i d b) f ) f;

ri ght_ uni t ::
(a ::o bj) ->
(b ::o bj) ->
(f ::H om a b) ->
Equal (ho m a b) (co mp a a b f (id a) ) f;

assoc ::
(a ::o bj) ->
(b ::o bj) ->

(c ::ob j) ->
(d ::ob j) ->
(f ::Ho m c d) ->
(g ::Ho m b c) ->
(h ::Ho m a b) ->
Equal

(h om a d)
(c omp a b d (comp b c d f g) h)
(c omp a c d f (c omp a b c g h));

cong : :
(a ::ob j) ->
(b ::ob j) ->
(c ::ob j) ->
(f ::Ho m b c) ->
(f '::H om b c) ->
(g ::Ho m a b) ->
(g '::H om a b) ->
Equal (ho m b c) f f' ->
Equal (ho m a b) g g' ->
Equal (ho m a c) (comp a b c f g) (comp a b c f' g') ;}

Hom (C::E _catego ry) (a:: C.obj)( b:: C.obj) :: Set
= (C.h om a b) .ba se

compose ( C:: E_categ ory)
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(f ::Ho m C b c)
(g ::Ho m C a b)

:: HomC a c
= C.comp a b c f g

congruence ( C::E _catego ry)
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(f ::(C .ho m b c). base)
(f '::( C.hom b c) .ba se)
(g ::(C .ho m a b). base)
(g '::( C.hom a b) .ba se)
(p 1::E qual ( C.hom b c) f f ')
(p 2::E qual ( C.hom a b) g g')

:: Equal (C.h om a c) (C.co mp a b c f g) (C.c omp a b c f' g')
= C.cong a b c f f' g g' p1 p2

associ ati ve (C:: E_categ ory )
(a ::C .obj )
(b ::C .obj )
(c ::C .obj )
(d ::C .obj )
(f ::( C.hom c d). base)
(g ::( C.hom b c). base)
(h ::( C.hom a b). base)

:: Equal
(C.hom a d)
(C.comp a b d (C.comp b c d f g) h)
(C.comp a c d f (C.c omp a b c g h))

= C.assoc a b c d f g h

Tr iang le (C: :E_cate gory )(a ::C. obj )(b: :C. obj )(c: :C. obj) :: Set
= sig{ top :: HomC a b;

le ft : : Hom C a c;
ri ght :: HomC b c; }

CommutesTri (C:: E_categ ory )
(a ::C .obj )
(b ::C .obj )
(c ::C .obj )
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(t ri:: Tri angl e C a b c)
:: Set
= Equal ( C.hom a c) tri .le ft (compose C a b c t ri. righ t t ri. top)

In vers eArrows (C::E_ cat egory)
(a ::C. obj )
(b ::C. obj )
(f ::Ho m C a b)
(g ::Ho m C b a)

:: Set
= and

(Equal (C.hom b b) ( compose C b a b f g) (C. id b))
(Equal (C.hom a a) ( compose C a b a g f) (C. id a))

ComposeTri (C::E _cat egory)
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(d ::C. obj )
(t ri1: :Tr iang le C a b d)
(t ri2: :Tr iang le C b c d)
(c 1::C ommutes Tri C a b d tr i1)
(c 2::C ommutes Tri C b c d tr i2)
(e ::Eq ual (C. hom b d) t ri1. rig ht tri2 .le ft)

:: CommutesTri
C
a
c
d
(s truc t {

to p = compose C a b c t ri2 .top tr i1. top;
le ft = tr i1. left ;
ri ght = t ri2 .rig ht; })

= tra nsit ive
(C.hom a d)
tr i1.l eft
(c ompose C a b d (co mpose C b c d tri 2.r ight tr i2.t op) tr i1.t op)
(c ompose C a c d tri 2.r igh t (c ompose C a b c tr i2.t op tri 1.to p))
(t rans iti ve

(C.hom a d)
tr i1.l eft
(c ompose C a b d tr i1.r igh t tr i1. top)
(c ompose C a b d (c ompose C b c d tri 2.r ight tr i2. top) tr i1.t op)
c1
(c ongruence

C
a
b
d
tr i1.r igh t
(c ompose C b c d tr i2.r igh t tr i2. top)
tr i1.t op
tr i1.t op
(t rans iti ve

(C.hom b d)
tr i1.r igh t
tr i2.l eft
(c ompose C b c d tr i2.r igh t tr i2. top)
e
c2)

(r efle xiv e (C.ho m a b) tri 1.to p)) )
(C.ass oc a b c d tri 2.r igh t tr i2. top tri 1.to p)

Mono ( C:: E_categ ory) (a: :C.o bj) (b: :C.o bj) (f:: HomC a b) :: Set
= (x: :C.o bj) ->

(g ::Ho m C x a) - >
(h ::Ho m C x a) - >
Equal (C. hom x b) ( compose C x a b f g) (co mpose C x a b f h) ->
Equal (C. hom x a) g h

Monos_compose (C::E _cat egory)
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(f ::Ho m C a b)
(g ::Ho m C b c)
(m1::M ono C a b f)
(m2::M ono C b c g)

:: Mono C a c (c ompose C a b c g f)
= \(x: :C. obj) ->

\( g':: HomC x a) ->
\( h':: HomC x a) ->
\( p::E qual

(C.hom x c)
(c ompose C x a c (c ompose C a b c g f ) g')
(c ompose C x a c (c ompose C a b c g f ) h')) ->

m1
x
g'
h'
(m2

x
(c ompose C x a b f g')
(c ompose C x a b f h')
(t ran siti ve

(C.ho m x c)
(c ompose C x b c g (compose C x a b f g' ))
(c ompose C x a c (c ompose C a b c g f) h')
(c ompose C x b c g (compose C x a b f h' ))
(t ran siti ve

(C.ho m x c)
(c ompose C x b c g (compose C x a b f g' ))
(c ompose C x a c (c ompose C a b c g f) g')
(c ompose C x a c (c ompose C a b c g f) h')
(s ymmetri c

(C. hom x c)
(co mpose C x a c (co mpose C a b c g f ) g')
(co mpose C x b c g ( compose C x a b f g' ))
(as sociat ive C x a b c g f g') )

p)
(a ssociat ive C x a b c g f h' )))

Mon (C::E _catego ry) (x:: C.obj) :: Set
= sig{ dom :: C.obj;

ar r :: Hom C dom x;
is mono :: Mono C dom x arr ;}

mono_i ncl (C::E_ cat egory)( x::C .ob j)(M ::M on C x) (N: :Mon C x) : : Set
= sig{ mediato r : : Hom C M.dom N.dom;

commutes ::
CommutesTri

C
M.dom
N.dom
x
(s tru ct {

to p = mediat or;
le ft = M.arr ;
ri ght = N.ar r;}) ;}

mono_i ncl _re f (C::E _cat egory)( x:: C.obj)( M:: Mon C x)
:: mono_i ncl C x M M
= stru ct {

media tor = C.id M.dom;
commutes =

symmetric
(C.hom M.dom x)
(c ompose C M.dom M.dom x M.arr mediat or)
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M.arr
(C.ri ght_ uni t M.dom x M.ar r);}

mono_i ncl _tra (C::E_ cat egory)
(x ::C. obj )
(M::Mo n C x)
(N::Mo n C x)
(P::Mo n C x)
(p 1::m ono_inc l C x M N)
(p 2::m ono_inc l C x N P)

:: mono_i ncl C x M P
= str uct {

mediat or = compose C M.dom N.dom P.dom p2.media tor p1. mediato r;
commutes =

ComposeTri
C
M.dom
N.dom
P.dom
x
(s tru ct {

to p = p1. mediato r;
le ft = M.arr ;
ri ght = N.ar r;})

(s tru ct {
to p = p2. mediato r;
le ft = N.arr ;
ri ght = P.ar r;})

p1.co mmutes
p2.co mmutes
(r efl exiv e ( C.hom N.dom x) N.arr) ;}

mono_equality (C::E_ cat egory)( x:: C.obj)( M::Mon C x) (N: :Mon C x) :: Set
= and (mono_incl C x M N) (mono_i ncl C x N M)

in cl_medi ator _is _mono ( C::E _categ ory)
(x: :C. obj )
(M: :Mon C x)
(N: :Mon C x)
(p: :mono_incl C x M N)

:: Mono C M.dom N.dom p.media tor
= \(x '::C .ob j) - >

\( g::H om C x' M.dom) ->
\( h::H om C x' M.dom) ->
\( h':: Equal

(C.hom x' N.dom)
(c ompose C x' M.dom N.dom p.media tor g)
(c ompose C x' M.dom N.dom p.media tor h)) ->

M.ismono
x'
g
h
(t rans iti ve

(C.hom x' x)
(c ompose C x' M.dom x M.ar r g)
(c ompose C x' M.dom x ( compose C M.dom N.dom x N.arr p.mediat or) g)
(c ompose C x' M.dom x M.ar r h)
(c ongruence

C
x'
M.dom
x
M.arr
(c ompose C M.dom N.dom x N.arr p. mediato r)
g
g
p. commute s
(r efle xiv e (C.ho m x' M.dom) g) )

(t rans iti ve

(C.ho m x' x)
(c ompose C x' M.dom x ( compose C M.dom N.do m x N.arr p.media tor) g)
(c ompose C x' M.dom x ( compose C M.dom N.do m x N.arr p.media tor) h)
(c ompose C x' M.dom x M.ar r h)
(t ran siti ve

(C. hom x' x)
(co mpose

C
x'
M.dom
x
(c ompose C M.dom N.dom x N.arr p. mediato r)
g)

(co mpose
C
x'
N.dom
x
N.arr
(c ompose C x' M.dom N.dom p.media tor g))

(co mpose
C
x'
M.dom
x
(c ompose C M.dom N.dom x N.arr p. mediato r)
h)

(as sociat ive C x' M.dom N.dom x N.arr p. mediato r g)
(tr ansiti ve

(C.hom x' x)
(c ompose

C
x'
N.dom
x
N.arr
(c ompose C x' M.dom N.dom p.media tor g))

(c ompose
C
x'
N.dom
x
N.arr
(c ompose C x' M.dom N.dom p.media tor h))

(c ompose
C
x'
M.dom
x
(c ompose C M.dom N.dom x N.arr p. mediato r)
h)

(c ongruence
C
x'
N.dom
x
N.arr
N.arr
(c ompose C x' M.dom N.dom p.media tor g)
(c ompose C x' M.dom N.dom p.media tor h)
(r efle xiv e (C.ho m N.dom x) N.arr)
h' )

(s ymmetri c
(C.hom x' x)
(c ompose

C
x'
M.dom
x

15



(c ompose C M.dom N.dom x N.arr p. mediato r)
h)

(c ompose
C
x'
N.dom
x
N.arr
(c ompose C x' M.dom N.dom p.media tor h))

(a ssociat ive C x' M.dom N.dom x N.arr p. mediato r h))))
(s ymmetri c

(C.hom x' x)
(c ompose C x' M.dom x M.ar r h)
(c ompose

C
x'
M.dom
x
(c ompose C M.dom N.dom x N.arr p. mediato r)
h)

(c ongruence
C
x'
M.dom
x
M.arr
(c ompose C M.dom N.dom x N.arr p. mediato r)
h
h
p. commute s
(r efle xiv e ( C.hom x' M.dom) h) ))) )

in cl_medi ator _is _uni que (C: :E_cat egory)
(x ::C .obj )
(M::M on C x)
(N::M on C x)
(p ::m ono_inc l C x M N)
(q ::m ono_inc l C x M N)

:: Equal (C. hom M.dom N.do m) p.media tor q.media tor
= N.i smono

M.dom
p. mediato r
q. mediato r
(t rans iti ve

(C.hom M.dom x)
(c ompose C M.dom N.dom x N.arr p. mediato r)
M.arr
(c ompose C M.dom N.dom x N.arr q. mediato r)
(s ymmetri c

(C.hom M.dom x)
M.arr
(c ompose C M.dom N.dom x N.arr p. mediato r)
p. commute s)

q. commute s)

Equal_ subobje cts _are_is omorphi c ( C::E _catego ry)
(x ::C. obj )
(M::Mo n C x)
(N::Mo n C x)
(p ::mo no_equalit y C x M N)

:: In vers eArrows C M.dom N.do m p. _1. mediato r p. _2. mediato r
= str uct {

_1 =
inc l_medi ator _is _uni que

C
x
N
N
(mono_inc l_t ra C x N M N p._2 p._ 1)

(mono_inc l_re f C x N);
_2 =

in cl_medi ator _is _unique
C
x
M
M
(mono_inc l_tr a C x M N M p._1 p._ 2)
(mono_inc l_re f C x M);}

Subobj (C::E _cat egory)( x:: C.obj) :: SE
= stru ct {

base = Mon C x;
er =

st ruct {
eq = \ (M: :bas e) -> \ (N: :ba se) -> mono_equali ty C x M N;
re f =

\( M:: base) - >
st ruc t {

_1 = mono_in cl_r ef C x M;
_2 = mono_in cl_r ef C x M;} ;

sym =
\( M:: base) - >
\( N:: base) - >
\( p:: eq M N) ->
st ruc t {

_1 = p._2 ;
_2 = p._1 ;};

tr a =
\( M:: base) - >
\( N:: base) - >
\( P:: base) - >
\( p1: :eq M N) ->
\( p2: :eq N P) ->
st ruc t {

_1 = mono_in cl_t ra C x M N P p1._ 1 p2._1 ;
_2 = mono_in cl_t ra C x P N M p2._ 2 p1._2 ;}; };}

Termin al (C: :E_cate gory )(t ::C. obj ) :: Set
= sig{ constru cti on : : ( a:: C.obj) -> Hom C a t;

unique ness ::
(a ::C. obj ) ->
(f ::Ho m C a t ) - >
(g ::Ho m C a t ) - >
Equal (C. hom a t ) f g;}

Pdiagr am (C: :E_cate gory )(a ::C. obj )(p: :C. obj )(b: :C. obj) :: Set
= sig{ pr1 :: HomC p a;

pr 2 :: Hom C p b;}

Product ( C:: E_categ ory)
(a ::C. obj )
(p ::C. obj )
(b ::C. obj )
(d iag: :Pdiagr am C a p b)

:: Set
= sig{ constru cti on : :

(q ::C. obj ) -> (d iag2 ::P diag ram C a q b) -> Hom C q p;
univer sal ::

(q ::C. obj ) ->
(d iag2 ::P diag ram C a q b) - >
and

(Equal
(C. hom q a)
(co mpose C q p a dia g.p r1 ( constru cti on q di ag2))
dia g2. pr1 )

(Equal
(C. hom q b)
(co mpose C q p b dia g.p r2 ( constru cti on q di ag2))

16



di ag2. pr2 );
unique ::

(q ::C .obj ) - >
(d iag 2::P dia gram C a q b) ->
(f ::H om C q p) - >
(f ':: HomC q p) ->
(p f1: :and

(Equal (C.ho m q a) (compose C q p a diag .pr 1 f) di ag2. pr1 )
(Equal (C.ho m q b) (compose C q p b diag .pr 2 f) di ag2. pr2 )) - >

(p f2: :and
(Equal (C.ho m q a) (compose C q p a diag .pr 1 f' ) diag2 .pr 1)
(Equal (C.ho m q b) (compose C q p b diag .pr 2 f' ) diag2 .pr 2)) ->

Equal (C. hom q p) f f'; }

Square (C::E_ cat egory)( a::C .ob j)( b::C .ob j)(c ::C .obj )(d ::C .obj ) : : Set
= sig {lef t : : Hom C a c;

rig ht :: HomC b d;
upper :: HomC a b;
lower :: HomC c d;}

Commutes (C:: E_categ ory )
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(d ::C. obj )
(s q::S quare C a b c d)

:: Set
= Equal

(C.hom a d)
(c ompose C a c d sq. lower sq.l eft )
(c ompose C a b d sq. rig ht sq.u pper)

Commutes2Tria ngl es ( C:: E_categ ory )
(x: :C. obj )
(a: :C. obj )
(ab ::C .ob j)
(b: :C. obj )
(f: :Hom C x a)
(fg ::H om C x ab)
(g: :Hom C x b)
(p1 ::H om C ab a)
(p2 ::H om C ab b)

:: Set
= and

(Equal (C.hom x a) ( compose C x ab a p1 fg) f)
(Equal (C.hom x b) ( compose C x ab b p2 fg) g)

Pullba ck (C:: E_categ ory )
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(d ::C. obj )
(s q::S quare C a b c d)

:: Set
= sig {commutes : : Commutes C a b c d sq;

constr uct ion ::
(x ::C .obj ) - >
(f ::H om C x b) - >
(g ::H om C x c) - >
(p f:: Commute s

C
x
b
c
d
(s truc t {

le ft = g;
ri ght = sq.ri ght ;
upper = f ;

lo wer = sq.l ower;}) ) ->
Hom C x a;

univer sal ::
(x ::C. obj ) ->
(f ::Ho m C x b) - >
(g ::Ho m C x c) - >
(p f::C ommutes

C
x
b
c
d
(s tru ct {

le ft = g;
ri ght = sq.r ight ;
upper = f ;
lo wer = sq.l ower;}) ) ->

Commutes2Tria ngl es
C
x
b
a
c
f
(c onstruc tio n x f g pf)
g
sq.up per
sq.le ft;

unique ::
(x ::C. obj ) ->
(f ::Ho m C x b) - >
(g ::Ho m C x c) - >
(p f::C ommutes

C
x
b
c
d
(s truc t {

le ft = g;
ri ght = sq.r ight ;
upper = f ;
lo wer = sq.l ower;}) ) ->

(f g::H om C x a) ->
(f g':: HomC x a) ->
(c pf:: Commutes2Trian gle s C x b a c f fg g sq.up per sq. lef t) - >
(c pf': :Commutes2Tria ngl es C x b a c f fg ' g sq. upper sq.l eft) ->
Equal (C. hom x a) fg fg ';}

pullba cks_pr eser ve_monos ( C::E _catego ry)
(a ::C. obj )
(b ::C. obj )
(c ::C. obj )
(d ::C. obj )
(s q::S quare C a b c d)
(i spb: :Pullba ck C a b c d sq)
(i smono:: Mono C c d sq. lower)

:: Mono C a b sq.upp er
= \(x: :C. obj) ->

\(g ::H om C x a) ->
\(h ::H om C x a) ->
\(p f:: Equal

(C.ho m x b)
(c ompose C x a b sq.upp er g)
(c ompose C x a b sq.upp er h)) ->

let mutua l eq1
:: Equal

(C.hom x d)
(c ompose C x b d sq.rig ht (compose C x a b sq.u pper g) )
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(c ompose C x b d sq. rig ht ( compose C x a b sq.u pper h) )
= congrue nce

C
x
b
d
sq.ri ght
sq.ri ght
(c ompose C x a b sq.upp er g)
(c ompose C x a b sq.upp er h)
(r efl exiv e ( C.hom b d) sq. righ t)
pf

eq3
:: Equal

(C.hom x c)
(c ompose C x a c sq. lef t g)
(c ompose C x a c sq. lef t h)

= ismono
x
(c ompose C x a c sq.lef t g)
(c ompose C x a c sq.lef t h)
(t ran siti ve

(C.ho m x d)
(c ompose C x c d sq.low er (compose C x a c sq.l eft g))
(c ompose C x a d (c ompose C a c d sq.low er sq.l eft ) h)
(c ompose C x c d sq.low er (compose C x a c sq.l eft h))
(t ran siti ve

(C.ho m x d)
(c ompose C x c d sq.low er (co mpose C x a c sq.l eft g))
(c ompose

C
x
a
d
(c ompose C a b d sq.rig ht sq. upper)
h)

(c ompose C x a d (c ompose C a c d sq.low er sq.l eft ) h)
(t ran siti ve

(C.ho m x d)
(c ompose

C
x
c
d
sq. lower
(co mpose C x a c sq. lef t g) )

(c ompose
C
x
b
d
sq. rig ht
(co mpose C x a b sq. upper h))

(c ompose
C
x
a
d
(co mpose C a b d sq. rig ht sq.u pper )
h)

(t ran siti ve
(C. hom x d)
(co mpose

C
x
c
d
sq. lower
(co mpose C x a c sq. lef t g) )

(c ompose
C
x
b
d
sq.rig ht
(c ompose C x a b sq.upp er g))

(c ompose
C
x
b
d
sq.rig ht
(c ompose C x a b sq.upp er h))

(t rans iti ve
(C.hom x d)
(c ompose

C
x
c
d
sq.low er
(c ompose C x a c sq.lef t g))

(c ompose
C
x
a
d
(c ompose C a c d sq.low er sq.l eft )
g)

(c ompose
C
x
b
d
sq.rig ht
(c ompose C x a b sq.upp er g))

(s ymmetri c
(C.hom x d)
(c ompose

C
x
a
d
(c ompose C a c d sq.low er sq.l eft )
g)

(c ompose
C
x
c
d
sq.low er
(c ompose C x a c sq.lef t g))

(a ssociat ive C x a c d sq. lower sq.le ft g))
(t rans iti ve

(C.hom x d)
(c ompose

C
x
a
d
(c ompose C a c d sq.low er sq.l eft )
g)

(c ompose
C
x
a
d
(c ompose C a b d sq.rig ht sq.u pper)
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g)
(c ompose

C
x
b
d
sq.rig ht
(c ompose C x a b sq. upper g))

(c ongruence
C
x
a
d
(c ompose C a c d sq. lower sq.l eft )
(c ompose C a b d sq. rig ht sq.u pper)
g
g
is pb.c ommutes
(r efle xiv e (C.ho m x a) g))

(a ssociat ive
C
x
a
b
d
sq.rig ht
sq.upp er
g) ))

eq1)
(sy mmetri c

(C.hom x d)
(c ompose

C
x
a
d
(c ompose C a b d sq. rig ht sq.u pper)
h)

(c ompose
C
x
b
d
sq.rig ht
(c ompose C x a b sq. upper h))

(a ssociat ive C x a b d sq.r igh t sq.up per h)) )
(c ongruence

C
x
a
d
(co mpose C a b d sq. rig ht sq.u pper )
(co mpose C a c d sq. lower sq.l eft)
h
h
(sy mmetri c

(C.hom a d)
(c ompose C a c d sq. lower sq.l eft )
(c ompose C a b d sq. rig ht sq.u pper)
is pb.c ommutes )

(re fle xiv e (C.ho m x a) h)))
(a ssociat ive C x a c d sq. lower sq.l eft h))

in i spb. uni que
x
(c ompose C x a b sq.upp er g)
(c ompose C x a c sq.lef t g)
(t ran siti ve

(C.ho m x d)
(c ompose C x c d sq.low er (co mpose C x a c sq.l eft g))

(c ompose C x a d (c ompose C a b d sq. rig ht sq.u pper) g)
(c ompose C x b d sq.rig ht (compose C x a b sq.u pper g) )
(t rans iti ve

(C.hom x d)
(c ompose C x c d sq.low er (compose C x a c sq.l eft g))
(c ompose C x a d (c ompose C a c d sq. lower sq.l eft ) g)
(c ompose C x a d (c ompose C a b d sq. rig ht sq.u pper) g)
(s ymmetri c

(C.hom x d)
(c ompose C x a d (c ompose C a c d sq. lower sq.l eft ) g)
(c ompose C x c d sq.low er (compose C x a c sq.l eft g))
(a ssociat ive C x a c d sq. lower sq.le ft g))

(c ongruence
C
x
a
d
(c ompose C a c d sq.low er sq.l eft )
(c ompose C a b d sq.rig ht sq.u pper)
g
g
is pb.c ommutes
(r efle xiv e (C.ho m x a) g)) )

(a ssociat ive C x a b d sq. righ t sq.up per g))
g
h
(s truc t {

_1 = r efl exiv e ( C.hom x b) (co mpose C x a b sq. upper g);
_2 = r efl exiv e ( C.hom x c) (co mpose C x a c sq. lef t g) ;})

(s truc t {
_1 =

symmetric
(C.ho m x b)
(c ompose C x a b sq.upp er g)
(c ompose C x a b sq.upp er h)
pf ;

_2 =
symmetric

(C.ho m x c)
(c ompose C x a c sq.lef t g)
(c ompose C x a c sq.lef t h)
eq3;} )

has_pullb acks (C::E _cat egory)
:: (a: :C. obj) ->

(b ::C. obj ) - >
(x ::C. obj ) - >
(f ::Ho m C a x) - >
(g ::Ho m C b x) - >
Set

= \(a: :C. obj) ->
\( b::C .ob j) - >
\( x::C .ob j) - >
\( f::H om C a x) ->
\( g::H om C b x) ->
si g{c :: C.obj;

p :: Hom C c a;
q :: Hom C c b;
is pb : :

Pullba ck
C
c
b
a
x
(s truc t {

le ft = p;
ri ght = g;
upper = q;
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lo wer = f ;}) ;}

has_te rmi nal (C: :E_cate gor y) : : Set
= sig {ter m : : C.obj ;

ist :: Termin al C te rm; }

Cartes ian (C: :E_cate gor y) :: Set
= sig {p1 :: has_ter minal C;

p2 ::
(a ::C .obj ) - >
(b ::C .obj ) - >
(x ::C .obj ) - >
(f ::H om C a x) - >
(g ::H om C b x) - >
has_pullb acks C a b x f g; }

has_bi nar y_pr oducts (C: :E_cate gor y) : : ( a::C .ob j) - > ( b:: C.obj) -> Set
= \(a ::C. obj ) ->

\( b::C .ob j) ->
si g{ax b : : C.obj ;

p1 :: HomC axb a;
p2 :: HomC axb b;
isp rod uct ::

Product
C
a
axb
b
(s truc t {

pr 1 = p1;
pr 2 = p2; });}

Cartes ian _has_bi nary _pr oducts (C: :E_cate gory )
(p c:: Cart esi an C)
(a ::C .obj )
(b ::C .obj )

:: has_bi nar y_pr oducts C a b
= let bang ( x::C .ob j) : : Hom C x pc. p1.t erm

= pc. p1.i st. constru ctio n x
in le t pb : : has_pullb acks C a b pc. p1. ter m (b ang a) (ba ng b)

= pc.p 2 a b pc.p 1.te rm (bang a) ( bang b)
in st ruc t {

axb = pb. c;
p1 = pb.p ;
p2 = pb.q ;
is product =

st ruc t {
constr uct ion =

\( q::C .ob j) - >
\( diag 2:: Pdiagra m C a q b) ->
pb.isp b.c onst ruc tion

q
dia g2. pr2
dia g2. pr1
(pc .p1 .is t.un iqu eness

q
(c ompose C q a pc.p1 .te rm ( bang a) di ag2.pr1 )
(c ompose C q b pc.p1 .te rm ( bang b) di ag2.pr2 ));

univer sal =
\( q::C .ob j) - >
\( diag 2:: Pdiagra m C a q b) ->
le t eq2

:: Commutes2Tria ngl es
C
q
b
pb.c
a
di ag2. pr2

(c onstruc tio n q dia g2)
di ag2.pr1
pb.q
pb.p

= pb. ispb .un iver sal
q
di ag2. pr2
di ag2. pr1
(p c.p1 .is t.un iqu eness

q
(c ompose C q a pc.p 1.te rm (bang a) di ag2.pr1 )
(c ompose C q b pc.p 1.te rm (bang b) di ag2.pr2 ))

in struc t {
_1 = eq2. _2;
_2 = eq2. _1; };

unique =
\( q:: C.obj) ->
\( dia g2:: Pdi agram C a q b) ->
\( f:: HomC q axb) - >
\( f': :Hom C q axb) ->
\( pf1 ::an d

(Equal
(C.hom q a)
(c ompose C q axb a p1 f )
di ag2. pr1 )

(Equal
(C.hom q b)
(c ompose C q axb b p2 f )
di ag2. pr2 )) - >

\( pf2 ::an d
(Equal

(C.hom q a)
(c ompose C q axb a p1 f ')
di ag2. pr1 )

(Equal
(C.hom q b)
(c ompose C q axb b p2 f ')
di ag2. pr2 )) - >

pb.is pb.u niq ue
q
di ag2. pr2
di ag2. pr1
(p c.p1 .is t.u niqu eness

q
(c ompose C q a pc.p 1.te rm (bang a) di ag2.pr 1)
(c ompose C q b pc.p 1.te rm (bang b) di ag2.pr 2))

f
f'
(s truc t {

_1 = pf1. _2;
_2 = pf1. _1; })

(s truc t {
_1 = pf2. _2;
_2 = pf2. _1; });} ;}

subobj _in ter sect ion (C: :E_cate gor y)
(p c:: Cart esi an C)
(x ::C .obj )
(M::M on C x)
(N::M on C x)

:: Mon C x
= let pb :: has_pull backs C M.dom N.dom x M.arr N.arr

= pc.p 2 M.dom N.dom x M.ar r N.arr
in st ruc t {

dom = pb. c;
ar r = compose C dom N.dom x N.arr pb. q;
is mono =

Monos_compose
C
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dom
N.dom
x
pb.q
N.arr
(p ullb acks_pr eserve_ monos

C
dom
N.dom
M.dom
x
(s truc t {

le ft = pb.p;
ri ght = N.arr ;
upper = pb.q;
lo wer = M.arr ;})

pb.isp b
M.ismono)

N.ismono; }

in ters ect ion_ lemma1 (C: :E_cate gor y)
(p c::C art esia n C)
(x ::C. obj )
(M::Mo n C x)
(N::Mo n C x)

:: mono_i ncl C x (su bobj_in ter sect ion C pc x M N) M
= stru ct {

mediat or = (p c.p 2 M.dom N.dom x M.arr N.arr) .p;
commutes =

symmetric
(C.ho m (s ubobj_i nte rsec tio n C pc x M N). dom x)
(c ompose C ( subobj_ inte rse cti on C pc x M N).dom M.dom x M.ar r media tor)
(s ubobj_i nte rsec tio n C pc x M N). arr
(p c.p 2 M.dom N.dom x M.arr N.arr) .is pb.c ommutes ;}

in ters ect ion_ lemma2 (C: :E_cate gor y)
(p c::C art esia n C)
(x ::C. obj )
(M::Mo n C x)
(N::Mo n C x)

:: mono_i ncl C x (su bobj_in ter sect ion C pc x M N) N
= stru ct {

mediat or = (p c.p 2 M.dom N.dom x M.arr N.arr) .q;
commutes =

re flex ive
(C.ho m (s ubobj_i nte rsec tio n C pc x M N). dom x)
(c ompose C ( subobj_ inte rse cti on C pc x M N).dom N.dom x N.ar r media tor) ;}

in ters ect ion_ lemma3 (C: :E_cate gor y)
(p c::C art esia n C)
(x ::C. obj )
(P::Mo n C x)
(M::Mo n C x)
(N::Mo n C x)
(p f1:: mono_in cl C x P M)
(p f2:: mono_in cl C x P N)

:: mono_i ncl C x P ( subobj_ int ers ecti on C pc x M N)
= l et pb :: has_pull backs C M.dom N.dom x M.arr N.arr

= pc. p2 M.do m N.dom x M.ar r N.arr
in struc t {

media tor =
pb.isp b.c onstruc tio n

P.dom
pf 2.media tor
pf 1.media tor
(t rans iti ve

(C.hom P.dom x)
(c ompose C P.dom M.dom x M.arr pf 1.media tor)
P.arr

(c ompose C P.dom N.dom x N.ar r pf 2.media tor )
(s ymmetri c

(C.ho m P.dom x)
P.arr
(c ompose C P.dom M.dom x M.ar r pf 1.media tor )
pf 1.c ommutes )

pf 2.c ommutes );
commutes =

le t eq1
:: Equal

(C. hom P.dom N.dom)
(co mpose C P.dom pb. c N.dom pb.q medi ato r)
pf2 .media tor

= (pb. isp b.un ive rsal
P.dom
pf2 .media tor
pf1 .media tor
(tr ansiti ve

(C.hom P.dom x)
(c ompose C P.dom M.dom x M.arr pf 1.media tor)
P.arr
(c ompose C P.dom N.dom x N.arr pf 2.media tor)
(s ymmetri c

(C.hom P.dom x)
P.arr
(c ompose C P.dom M.dom x M.arr pf 1.media tor)
pf 1.co mmutes)

pf 2.co mmutes) )._ 1
in tr ansitiv e

(C.hom P.dom x)
P.arr
(c ompose C P.dom N.dom x N.arr pf 2.media tor)
(c ompose

C
P.dom
(s ubobj_i nter sectio n C pc x M N). dom
x
(s ubobj_i nter sectio n C pc x M N). arr
mediat or)

pf 2.co mmutes
(t rans iti ve

(C.hom P.dom x)
(c ompose C P.dom N.dom x N.arr pf 2.media tor)
(c ompose

C
P.dom
N.dom
x
N.arr
(c ompose

C
P.dom
(s ubobj_i nter sectio n C pc x M N). dom
N.dom
pb.q
mediat or) )

(c ompose
C
P.dom
(s ubobj_i nter sectio n C pc x M N). dom
x
(s ubobj_i nter sectio n C pc x M N). arr
mediat or)

(c ongruence
C
P.dom
N.dom
x
N.arr
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N.arr
pf 2.media tor
(c ompose C P.dom pb.c N.do m pb.q mediato r)
(r efl exiv e ( C.hom N.dom x) N.arr)
(s ymmetri c

(C.ho m P.dom N.dom)
(c ompose C P.dom pb.c N.do m pb.q mediato r)
pf 2.media tor
eq1))

(s ymmetri c
(C.ho m P.dom x)
(c ompose

C
P.dom
(s ubobj_i nte rsec tio n C pc x M N). dom
x
(s ubobj_i nte rsec tio n C pc x M N). arr
media tor)

(c ompose
C
P.dom
N.dom
x
N.arr
(c ompose

C
P.dom
(s ubobj_i nte rsec tio n C pc x M N). dom
N.dom
pb.q
media tor) )

(a ssociat ive
C
P.dom
(s ubobj_i nte rsec tio n C pc x M N). dom
N.dom
x
N.arr
pb.q
media tor) )); }

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
wide

nd
hi ding on
var "c ompose" hi de 4 in fix as "o"
var "Hom_ref" hi de 3
var "Hom_sym" hi de 5
var "Hom_tra" hi de 7
var "c ongruence" hid e 8
var "a ssociat ive " hi de 5
#- }

missingbits.agda
-- #inc lud e "E_catego rie s.ag da"

Is o (C::E _cat egory)( a:: C.obj)( b:: C.obj)( f::H om C a b) :: Set
= Exi sts (Hom C b a) (\ (h: :Hom C b a) -> In vers eArrows C a b f h)

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
wide

nd
hi ding on
var "I so" hi de 3
#- }

E functors.agda
-- #inc lud e " E_categ orie s.a gda"
-- #inc lud e " missing bits .ag da"

E_func tor (A::E_ cat egory)( B::E _catego ry) :: Set
= sig{ obj ectf unctio n :: A.obj -> B.obj;

ar rowf unction ::
(a ::A. obj ) ->
(b ::A. obj ) ->
(A.hom a b ==> ( B.hom ( obj ectf unction a) (ob jec tfun cti on b))) ;

ax_preser ve_i d : :
(a ::A. obj ) ->
Equal

(B. hom (o bjec tfu ncti on a) ( obj ectf unctio n a) )
((a rro wfuncti on a a) .op (A. id a))
(B. id (ob ject fun ctio n a));

ax_preser ve_composi tion ::
(a ::A. obj ) ->
(b ::A. obj ) ->
(c ::A. obj ) ->
(f ::Ho m A b c) - >
(g ::Ho m A a b) - >
Equal

(B. hom (o bjec tfu ncti on a) ( obj ectf unctio n c) )
((a rro wfuncti on a c) .op (co mpose A a b c f g))
(co mpose

B
(o bjec tfu ncti on a)
(o bjec tfu ncti on b)
(o bjec tfu ncti on c)
(( arro wfuncti on b c) .op f)
(( arro wfuncti on a b) .op g)) ;}

Arrowfunc tio n (A::E _cat egory)
(B::E_ cat egory)
(F ::E_ fun cto r A B)
(a ::A. obj )
(b ::A. obj )

:: HomA a b -> HomB ( F.o bjec tfu ncti on a) ( F.o bje ctfu nct ion b)
= (F.a rro wfuncti on a b) .op

Arrowf unctio next ensiona lit y (A::E _catego ry)
(B::E_ cat egory)
(F ::E_ fun cto r A B)
(a ::A. obj )
(b ::A. obj )

:: (c: :Hom A a b) - >
(d ::Ho m A a b) - >
(p r::E qual (A.ho m a b) c d) ->
Equal

(B.hom (F.obj ect func tio n a) (F .ob ject fun ctio n b))
(Arrow fun ctio n A B F a b c)
(Arrow fun ctio n A B F a b d)

= (F.a rro wfuncti on a b) .ex t

E_natu ral _tr ansf ormatio n ( A::E _categ ory)
(B::E_ cat egory)
(F ::E_ fun cto r A B)
(G::E_ fun cto r A B)
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:: Set
= sig {arr ows ::

(a ::A .obj ) - > Hom B (F. obj ectf unctio n a) (G.obj ect func tio n a) ;
ax_nat ura lity ::

(a ::A .obj ) - >
(b ::A .obj ) - >
(f ::H om A a b) - >
Equal

(B.hom (F.obj ect fun ctio n a) (G.ob ject fun ctio n b))
(c ompose

B
(F.obj ect fun ctio n a)
(F .obj ect fun ctio n b)
(G.obj ect fun ctio n b)
(a rrow s b)
(Arrow fun cti on A B F a b f ))

(c ompose
B
(F.obj ect func tio n a)
(G.obj ect func tio n a)
(G.obj ect func tio n b)
(Arrow fun ctio n A B G a b f )
(a rrow s a));}

E_natu ral _tra nsf ormatio n_SE (A::E _cat egory)
(B::E_ cat egory)
(F ::E_ fun ctor A B)
(G::E_ fun ctor A B)

:: SE
= str uct {

base = E_natu ral _tra nsf ormatio n A B F G;
er =

str uct {
eq =

\( h::b ase) ->
\( h':: base) - >
ForAll

A.obj
(\ (h0: :A. obj) ->
Equal

(B.hom (F.obj ect func tio n h0) ( G.objec tfu ncti on h0))
(h .arr ows h0)
(h '.ar rows h0));

re f =
\( x::b ase) ->
\( x':: A.obj) ->
re flex ive

(B.hom (F.obj ect func tio n x') ( G.objec tfu ncti on x'))
(x .arr ows x') ;

sym =
\( x::b ase) ->
\( y::b ase) ->
\( h::e q x y) ->
\( x':: A.obj) ->
symmetric

(B.hom (F.obj ect func tio n x') ( G.objec tfu ncti on x'))
(x .arr ows x')
(y .arr ows x')
(h x') ;

tr a =
\( x::b ase) ->
\( y::b ase) ->
\( z::b ase) ->
\( h::e q x y) ->
\( h':: eq y z) ->
\( x':: A.obj) ->
tr ansi tiv e

(B.hom (F.obj ect func tio n x') ( G.objec tfu ncti on x'))
(x .arr ows x')

(y .arr ows x' )
(z .arr ows x' )
(h x')
(h ' x' );} ;}

E_func tor cat egory ( A::E _catego ry) (B:: E_cate gory ) : : E_cat egory
= stru ct {

obj = E_functor A B;
hom = E_natu ral_ tra nsfo rmation _SE A B;
id =

\( a::o bj) ->
st ruct {

ar rows = \(a' ::A .obj ) - > B.id (a. obje ctf unct ion a') ;
ax_nat ura lity =

\(a ':: A.obj) ->
\(b ::A .ob j) - >
\(f ::H om A a' b) ->
tra nsi tiv e

(B.hom (a .ob ject fun ctio n a') ( a.o bjec tfu nct ion b))
(c ompose

B
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b)
(a .ob ject fun ctio n b)
(a rro ws b)
(Arro wfuncti on A B a a' b f))

(Arrow fun cti on A B a a' b f)
(c ompose

B
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b)
(Arro wfuncti on A B a a' b f)
(a rro ws a'))

(B.lef t_u nit
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b)
(Arro wfuncti on A B a a' b f))

(s ymmetri c
(B.hom (a .ob ject fun ctio n a') ( a.o bje ctfu nct ion b))
(c ompose

B
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b)
(Arro wfuncti on A B a a' b f)
(a rro ws a'))

(Arrow fun cti on A B a a' b f)
(B.rig ht_ uni t

(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b)
(Arro wfuncti on A B a a' b f))) ;};

comp =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( h::( hom b c).b ase) ->
\( h':: (ho m a b). base) - >
st ruct {

ar rows =
\( a': :A.o bj) ->
B.comp

(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(h .arr ows a' )
(h '.ar rows a');

ax_nat ura lity =
\( a': :A.o bj) ->
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\( b':: A.obj) ->
\( f::H om A a' b' ) - >
tr ansi tiv e

(B.hom (a .obj ect func tio n a') ( c.o bjec tfu ncti on b'))
(c ompose

B
(a .obj ect func tio n a' )
(a .obj ect func tio n b' )
(c .obj ect func tio n b' )
(a rrow s b')
(Arrow fun ctio n A B a a' b' f))

(c ompose
B
(a .obj ect func tio n a' )
(a .obj ect func tio n b' )
(c .obj ect func tio n b' )
(c ompose

B
(a .obj ect func tio n b')
(b .obj ect func tio n b')
(c .obj ect func tio n b')
(h .arr ows b')
(h '.ar rows b' ))

(Arrow fun ctio n A B a a' b' f))
(c ompose

B
(a .obj ect func tio n a' )
(c .obj ect func tio n a' )
(c .obj ect func tio n b' )
(Arrow fun ctio n A B c a' b' f)
(a rrow s a'))

(B.con g
(a .obj ect func tio n a' )
(a .obj ect func tio n b' )
(c .obj ect func tio n b' )
(a rrow s b')
(c ompose

B
(a .obj ect func tio n b')
(b .obj ect func tio n b')
(c .obj ect func tio n b')
(h .arr ows b')
(h '.ar rows b' ))

(Arrow fun ctio n A B a a' b' f)
(Arrow fun ctio n A B a a' b' f)
(r efle xiv e

(B.hom (a .obj ect fun ctio n b') ( c.o bjec tfu ncti on b') )
(a rrow s b'))

(r efle xiv e
(B.hom (a .obj ect fun ctio n a') ( a.o bjec tfu ncti on b') )
(Arrow fun ctio n A B a a' b' f)) )

(t rans iti ve
(B.hom (a .obj ect fun ctio n a') ( c.o bjec tfu ncti on b') )
(c ompose

B
(a .obj ect func tio n a')
(a .obj ect func tio n b')
(c .obj ect func tio n b')
(c ompose

B
(a .obj ect func tio n b')
(b .obj ect func tio n b')
(c .obj ect func tio n b')
(h .arr ows b')
(h '.ar rows b' ))

(Arrow fun ctio n A B a a' b' f))
(B.comp

(a .obj ect func tio n a')
(b .obj ect func tio n b')

(c .ob ject fun ctio n b')
(h .ar rows b' )
(B.co mp

(a. obj ect func tio n a' )
(a. obj ect func tio n b' )
(b. obj ect func tio n b' )
(h' .ar rows b' )
(Ar rowfun ctio n A B a a' b' f)) )

(c ompose
B
(a .ob ject fun ctio n a')
(c .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(Arro wfuncti on A B c a' b' f)
(a rro ws a'))

(B.as soc
(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(h '.a rrow s b')
(Arro wfuncti on A B a a' b' f) )

(t ran siti ve
(B.ho m (a .ob ject fun ctio n a') (c.o bje ctfu nct ion b') )
(B.co mp

(a .ob ject fun ctio n a')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(B.co mp

(a. obj ect func tio n a' )
(a. obj ect func tio n b' )
(b. obj ect func tio n b' )
(h' .ar rows b' )
(Ar rowfun ctio n A B a a' b' f)) )

(c ompose
B
(a .ob ject fun ctio n a')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(c ompose

B
(a. obj ect func tio n a' )
(b. obj ect func tio n a' )
(b. obj ect func tio n b' )
(Ar rowfun ctio n A B b a' b' f)
(h' .ar rows a' )))

(c ompose
B
(a .ob ject fun ctio n a')
(c .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(Arro wfuncti on A B c a' b' f)
(a rro ws a'))

(B.co ng
(a .ob ject fun ctio n a')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(h .ar rows b' )
(B.co mp

(a .ob ject fun ctio n a')
(a .ob ject fun ctio n b')
(b .ob ject fun ctio n b')
(h '.a rrow s b')
(Arro wfuncti on A B a a' b' f) )

(c ompose
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B
(a .obj ect func tio n a')
(b .obj ect func tio n a')
(b .obj ect func tio n b')
(Arrow fun ctio n A B b a' b' f)
(h '.ar rows a' ))

(r efle xiv e
(B.hom (b .obj ect fun ctio n b') ( c.o bjec tfu ncti on b') )
(h .arr ows b') )

(h '.ax _natura lit y a' b' f) )
(t rans iti ve

(B.hom (a .obj ect fun ctio n a') ( c.o bjec tfu ncti on b') )
(c ompose

B
(a .obj ect func tio n a')
(b .obj ect func tio n b')
(c .obj ect func tio n b')
(h .arr ows b')
(c ompose

B
(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(b .obj ect fun ctio n b')
(Arrow fun cti on A B b a' b' f)
(h '.ar rows a')))

(B.comp
(a .obj ect func tio n a')
(b .obj ect func tio n a')
(c .obj ect func tio n b')
(B.comp

(b .obj ect fun ctio n a')
(b .obj ect fun ctio n b')
(c .obj ect fun ctio n b')
(h .arr ows b' )
(Arrow fun cti on A B b a' b' f))

(h '.ar rows a' ))
(c ompose

B
(a .obj ect func tio n a')
(c .obj ect func tio n a')
(c .obj ect func tio n b')
(Arrow fun ctio n A B c a' b' f)
(a rrow s a'))

(s ymmetri c
(B.hom (a .obj ect fun ctio n a') ( c.o bjec tfu ncti on b') )
(B.comp

(a .obj ect func tio n a')
(b .obj ect func tio n a')
(c .obj ect func tio n b')
(B.comp

(b .obj ect fun ctio n a')
(b .obj ect fun ctio n b')
(c .obj ect fun ctio n b')
(h .arr ows b' )
(Arrow fun cti on A B b a' b' f))

(h '.ar rows a' ))
(c ompose

B
(a .obj ect func tio n a')
(b .obj ect func tio n b')
(c .obj ect func tio n b')
(h .arr ows b')
(c ompose

B
(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(b .obj ect fun ctio n b')
(Arrow fun cti on A B b a' b' f)
(h '.ar rows a')))

(B.as soc
(a .ob ject fun ctio n a')
(b .ob ject fun ctio n a')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(Arro wfuncti on A B b a' b' f)
(h '.a rrow s a')))

(t ran siti ve
(B.ho m (a .ob ject fun ctio n a') (c.o bje ctfu nct ion b') )
(B.co mp

(a .ob ject fun ctio n a')
(b .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(B.co mp

(b. obj ect func tio n a' )
(b. obj ect func tio n b' )
(c. obj ect func tio n b' )
(h. arr ows b')
(Ar rowfun ctio n A B b a' b' f))

(h '.a rrow s a'))
(c ompose

B
(a .ob ject fun ctio n a')
(b .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(c ompose

B
(b. obj ect func tio n a' )
(c. obj ect func tio n a' )
(c. obj ect func tio n b' )
(Ar rowfun ctio n A B c a' b' f)
(h. arr ows a') )

(h '.a rrow s a'))
(c ompose

B
(a .ob ject fun ctio n a')
(c .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(Arro wfuncti on A B c a' b' f)
(a rro ws a'))

(B.co ng
(a .ob ject fun ctio n a')
(b .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(B.co mp

(b .ob ject fun ctio n a')
(b .ob ject fun ctio n b')
(c .ob ject fun ctio n b')
(h .ar rows b' )
(Arro wfuncti on A B b a' b' f) )

(c ompose
B
(b .ob ject fun ctio n a')
(c .ob ject fun ctio n a')
(c .ob ject fun ctio n b')
(Arro wfuncti on A B c a' b' f)
(h .ar rows a' ))

(h '.a rrow s a')
(h '.a rrow s a')
(h .ax _nat ura lity a' b' f)
(r efl exiv e

(B.ho m
(a. obj ect func tio n a' )
(b. obj ect func tio n a' ))

(h '.a rrow s a')))
(t ran siti ve

(B.ho m (a .ob ject fun ctio n a') ( c.o bje ctfu nct ion b') )
(c ompose
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B
(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n b')
(c ompose

B
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(c .obj ect fun ctio n b')
(Arrow fun cti on A B c a' b' f)
(h .arr ows a' ))

(h '.ar rows a'))
(B.comp

(a .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(c .obj ect fun ctio n b')
(Arrow fun cti on A B c a' b' f)
(B.comp

(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(h .arr ows a' )
(h '.ar rows a')))

(c ompose
B
(a .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(c .obj ect fun ctio n b')
(Arrow fun cti on A B c a' b' f)
(a rrow s a'))

(B.ass oc
(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(c .obj ect fun ctio n b')
(Arrow fun cti on A B c a' b' f)
(h .arr ows a' )
(h '.ar rows a'))

(B.con g
(a .obj ect func tio n a')
(c .obj ect func tio n a')
(c .obj ect func tio n b')
(Arrow fun ctio n A B c a' b' f)
(Arrow fun ctio n A B c a' b' f)
(B.comp

(a .obj ect fun ctio n a')
(b .obj ect fun ctio n a')
(c .obj ect fun ctio n a')
(h .arr ows a' )
(h '.ar rows a'))

(a rrow s a')
(r efle xiv e

(B.hom
(c .obj ect fun ctio n a')
(c .obj ect fun ctio n b'))

(Arrow fun cti on A B c a' b' f))
(r efle xiv e

(B.hom
(a .obj ect fun ctio n a')
(c .obj ect fun ctio n a'))

(a rrow s a'))) ))) )); };
le ft_u nit =

\( a:: obj) ->
\( b:: obj) ->
\( f:: (hom a b).b ase) ->
\( x:: A.obj) ->
tr ansitiv e

(B.hom (a .ob ject fun ctio n x) (b .ob ject fun cti on x))
(( comp a b b (id b) f). arr ows x)

(c ompose
B
(a .obj ect func tio n x)
(b .obj ect func tio n x)
(b .obj ect func tio n x)
(( id b).a rrow s x)
(f .arr ows x))

(f .arr ows x)
(r efle xiv e

(B.hom (a .obj ect func tio n x) (b .ob ject fun ctio n x))
(( comp a b b (id b) f). arro ws x))

(B.lef t_u nit (a. obje ctf unct ion x) (b. obj ectf unction x) (f. arr ows x)) ;
ri ght_ uni t =

\( a::o bj) ->
\( b::o bj) ->
\( f::( hom a b).b ase) ->
\( x::A .ob j) - >
tr ansi tiv e

(B.hom (a .obj ect func tio n x) (b .ob ject fun ctio n x))
(( comp a a b f ( id a)). arro ws x)
(c ompose

B
(a .obj ect func tio n x)
(a .obj ect func tio n x)
(b .obj ect func tio n x)
(f .arr ows x)
(( id a).a rrow s x))

(f .arr ows x)
(r efle xiv e

(B.hom (a .obj ect func tio n x) (b .ob ject fun ctio n x))
(( comp a a b f ( id a)). arr ows x))

(B.rig ht_ unit (a .obj ect func tio n x) (b .ob ject fun ctio n x) (f .ar rows x) );
assoc =

\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( d::o bj) ->
\( f::( hom c d).b ase) ->
\( g::( hom b c).b ase) ->
\( h::( hom a b).b ase) ->
\( x::A .ob j) - >
tr ansi tiv e

(B.hom (a .obj ect func tio n x) (d .ob ject fun ctio n x))
(( comp a b d (co mp b c d f g) h). arro ws x)
(c ompose

B
(a .obj ect func tio n x)
(b .obj ect func tio n x)
(d .obj ect func tio n x)
(c ompose

B
(b .obj ect func tio n x)
(c .obj ect func tio n x)
(d .obj ect func tio n x)
(f .arr ows x)
(g .arr ows x))

(h .arr ows x))
(( comp a c d f ( comp a b c g h)). arro ws x)
(t rans iti ve

(B.hom (a .obj ect func tio n x) (d .ob ject fun ctio n x))
(( comp a b d (co mp b c d f g) h). arro ws x)
(c ompose

B
(a .obj ect func tio n x)
(b .obj ect func tio n x)
(d .obj ect func tio n x)
(( comp b c d f g).ar rows x)
(h .arr ows x))

(c ompose
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B
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(c ompose

B
(b. obj ect func tio n x)
(c. obj ect func tio n x)
(d. obj ect func tio n x)
(f. arr ows x)
(g. arr ows x))

(h .ar rows x) )
(r efl exiv e

(B.ho m (a .ob ject fun ctio n x) ( d.ob jec tfun cti on x))
(( comp a b d (co mp b c d f g) h). arr ows x))

(B.co ng
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(( comp b c d f g).a rrow s x)
(c ompose

B
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(f .ar rows x)
(g .ar rows x) )

(h .ar rows x)
(h .ar rows x)
(r efl exiv e

(B.ho m (b .ob ject fun ctio n x) ( d.ob jec tfun cti on x))
(( comp b c d f g).a rrow s x))

(r efl exiv e
(B.ho m (a .ob ject fun ctio n x) ( b.ob jec tfun cti on x))
(h .ar rows x) )))

(t rans iti ve
(B.ho m (a .ob ject fun ctio n x) (d .ob jec tfun cti on x))
(c ompose

B
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(c ompose

B
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(f .ar rows x)
(g .ar rows x) )

(h .ar rows x) )
(B.co mp

(a .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(f .ar rows x)
(B.co mp

(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(g .ar rows x)
(h .ar rows x) ))

(( comp a c d f ( comp a b c g h)). arr ows x)
(B.ass oc

(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(d .ob ject fun ctio n x)
(f .ar rows x)
(g .ar rows x)

(h .arr ows x))
(t rans iti ve

(B.hom (a .obj ect func tio n x) (d .ob ject fun ctio n x))
(B.comp

(a .obj ect func tio n x)
(c .obj ect func tio n x)
(d .obj ect func tio n x)
(f .arr ows x)
(B.comp

(a .obj ect func tio n x)
(b .obj ect func tio n x)
(c .obj ect func tio n x)
(g .arr ows x)
(h .arr ows x)) )

(c ompose
B
(a .obj ect func tio n x)
(c .obj ect func tio n x)
(d .obj ect func tio n x)
(f .arr ows x)
(( comp a b c g h).ar rows x))

(( comp a c d f ( comp a b c g h)). arro ws x)
(B.con g

(a .obj ect func tio n x)
(c .obj ect func tio n x)
(d .obj ect func tio n x)
(f .arr ows x)
(f .arr ows x)
(B.comp

(a .obj ect func tio n x)
(b .obj ect func tio n x)
(c .obj ect func tio n x)
(g .arr ows x)
(h .arr ows x))

(( comp a b c g h).ar rows x)
(r efle xiv e

(B.hom (c .obj ect fun ctio n x) (d .ob ject fun ctio n x))
(f .arr ows x))

(r efle xiv e
(B.hom (a .obj ect fun ctio n x) (c .ob ject fun ctio n x))
(( comp a b c g h).a rrow s x)))

(r efle xiv e
(B.hom (a .obj ect fun ctio n x) (d .ob ject fun ctio n x))
(( comp a c d f ( comp a b c g h)). arro ws x))) );

cong =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( f::( hom b c).b ase) ->
\( f':: (ho m b c). base) - >
\( g::( hom a b).b ase) ->
\( g':: (ho m a b). base) - >
\( h::E qual (h om b c) f f') ->
\( h':: Equal ( hom a b) g g' ) ->
\( x::A .ob j) - >
tr ansi tiv e

(B.hom (a .obj ect func tio n x) (c .ob ject fun ctio n x))
(( comp a b c f g).ar rows x)
(c ompose

B
(a .obj ect func tio n x)
(b .obj ect func tio n x)
(c .obj ect func tio n x)
(f .arr ows x)
(g .arr ows x))

(( comp a b c f' g'). arr ows x)
(B.con g

(a .obj ect func tio n x)
(b .obj ect func tio n x)
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(c .ob ject fun ctio n x)
(f .ar rows x)
(f .ar rows x)
(g .ar rows x)
(g .ar rows x)
(r efl exiv e

(B.ho m (b .ob ject fun ctio n x) ( c.ob jec tfun cti on x))
(f .ar rows x) )

(r efl exiv e
(B.ho m (a .ob ject fun ctio n x) ( b.ob jec tfun cti on x))
(g .ar rows x) ))

(t ran siti ve
(B.ho m (a .ob ject fun ctio n x) (c .ob jec tfun cti on x))
(c ompose

B
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(f .ar rows x)
(g .ar rows x) )

(c ompose
B
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(f '.a rrow s x)
(g '.a rrow s x))

(( comp a b c f' g') .arr ows x)
(B.co ng

(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(f .ar rows x)
(f '.a rrow s x)
(g .ar rows x)
(g '.a rrow s x)
(h x)
(h ' x))

(B.co ng
(a .ob ject fun ctio n x)
(b .ob ject fun ctio n x)
(c .ob ject fun ctio n x)
(f '.a rrow s x)
(f '.a rrow s x)
(g '.a rrow s x)
(g '.a rrow s x)
(r efl exiv e

(B.ho m (b .ob ject fun ctio n x) ( c.ob jec tfun cti on x))
(f '.a rrow s x))

(r efl exiv e
(B.ho m (a .ob ject fun ctio n x) ( b.ob jec tfun cti on x))
(g '.a rrow s x)))) ;}

E_func tor composi tion (A::E_ cat egory)
(B::E_ cat egory)
(C::E_ cat egory)
(f ::E_ fun cto r B C)
(g ::E_ fun cto r A B)

:: E_func tor A C
= str uct {

object fun ctio n = \(h ::A .ob j) - > f .obj ect func tio n (g .ob jec tfun cti on h);
ar rowf unction =

\( a:: A.obj) ->
\( b:: A.obj) ->
oSE

(A.hom a b)
(B.hom (g .ob ject fun ctio n a) (g .ob ject fun cti on b))
(C.hom (o bje ctfu nct ion a) (obj ect func tio n b))
(f .arr owfunction (g .obj ect func tio n a) (g .ob ject fun ctio n b))

(g .arr owfunct ion a b);
ax_preser ve_id =

\( a::A .ob j) - >
tr ansi tiv e

(C.hom (o bjec tfu ncti on a) ( obj ect func tio n a) )
(( arro wfuncti on a a) .op (A. id a))
(Arrow fun ctio n

B
C
f
(g .obj ect func tio n a)
(g .obj ect func tio n a)
(B.id (g. obje ctf unct ion a)) )

(C.id (ob ject fun ctio n a))
(Arrow fun ctio nextens ion alit y

B
C
f
(g .obj ect func tio n a)
(g .obj ect func tio n a)
(( g.ar rowfunc tio n a a). op (A.i d a))
(B.id (g. obje ctf unct ion a) )
(g .ax_ pre serv e_i d a) )

(f .ax_ pre serv e_i d (g .ob ject fun cti on a));
ax_pr eser ve_composi tion =

\( a::A .ob j) - >
\( b::A .ob j) - >
\( c::A .ob j) - >
\( f':: HomA b c) ->
\( g':: HomA a b) ->
tr ansi tiv e

(C.hom (o bjec tfu ncti on a) ( obj ect func tio n c) )
(( arro wfuncti on a c) .op (co mpose A a b c f' g') )
(Arrow fun ctio n

B
C
f
(g .obj ect func tio n a)
(g .obj ect func tio n c)
(Arrow fun ctio n A B g a c ( compose A a b c f' g' )))

(c ompose
C
(o bjec tfu ncti on a)
(o bjec tfu ncti on b)
(o bjec tfu ncti on c)
(( arro wfuncti on b c) .op f' )
(( arro wfuncti on a b) .op g' ))

(r efle xiv e
(C.hom (o bjec tfu ncti on a) (obj ect func tio n c) )
(( arro wfuncti on a c) .op (c ompose A a b c f' g') ))

(t rans iti ve
(C.hom (o bjec tfu ncti on a) (obj ect func tio n c) )
(Arrow fun ctio n

B
C
f
(g .obj ect func tio n a)
(g .obj ect func tio n c)
(Arrow fun ctio n A B g a c ( compose A a b c f' g' )))

(Arrow fun ctio n
B
C
f
(g .obj ect func tio n a)
(g .obj ect func tio n c)
(c ompose

B
(g .obj ect func tio n a)
(g .obj ect func tio n b)
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(g. obj ect func tio n c)
(Ar rowfun ctio n A B g b c f' )
(Ar rowfun ctio n A B g a b g' )))

(c ompose
C
(o bje ctfu nct ion a)
(o bje ctfu nct ion b)
(o bje ctfu nct ion c)
(( arr owfunct ion b c).op f' )
(( arr owfunct ion a b).op g' ))

(Arro wfuncti onexten sion ali ty
B
C
f
(g .ob ject fun ctio n a)
(g .ob ject fun ctio n c)
(Arro wfuncti on A B g a c ( compose A a b c f ' g' ))
(c ompose

B
(g .ob ject fun ctio n a)
(g .ob ject fun ctio n b)
(g .ob ject fun ctio n c)
(Arro wfuncti on A B g b c f ')
(Arro wfuncti on A B g a b g'))

(g .ax _preser ve_composit ion a b c f' g'))
(t ran siti ve

(C.ho m (o bje ctfu nct ion a) (ob ject fun ctio n c))
(Arro wfuncti on

B
C
f
(g .ob ject fun ctio n a)
(g .ob ject fun ctio n c)
(c ompose

B
(g. obj ect func tio n a)
(g. obj ect func tio n b)
(g. obj ect func tio n c)
(Ar rowfun ctio n A B g b c f' )
(Ar rowfun ctio n A B g a b g' )))

(c ompose
C
(o bje ctfu nct ion a)
(o bje ctfu nct ion b)
(o bje ctfu nct ion c)
(Arro wfuncti on

B
C
f
(g. obj ect func tio n b)
(g. obj ect func tio n c)
(Ar rowfun ctio n A B g b c f' ))

(Arro wfuncti on
B
C
f
(g. obj ect func tio n a)
(g. obj ect func tio n b)
(Ar rowfun ctio n A B g a b g' )))

(c ompose
C
(o bje ctfu nct ion a)
(o bje ctfu nct ion b)
(o bje ctfu nct ion c)
(( arr owfunct ion b c).op f' )
(( arr owfunct ion a b).op g' ))

(f .ax _preser ve_composit ion
(g .ob ject fun ctio n a)
(g .ob ject fun ctio n b)

(g .obj ect func tio n c)
(Arrow fun ctio n A B g b c f ')
(Arrow fun ctio n A B g a b g'))

(r efle xiv e
(C.hom (o bjec tfu ncti on a) (obj ect func tio n c) )
(c ompose

C
(o bjec tfu ncti on a)
(o bjec tfu ncti on b)
(o bjec tfu ncti on c)
(( arro wfuncti on b c).op f' )
(( arro wfuncti on a b).op g' )))) );}

E_idfu nct or (A:: E_categ ory ) :: E_func tor A A
= stru ct {

objec tfun cti on = \( h::A .ob j) - > h;
ar rowfunc tio n = \(a ::A. obj ) -> \( b:: A.obj) -> i dSE (A. hom a b);
ax_pr eser ve_id =

\( a::A .ob j) - >
re flex ive

(A.hom (o bjec tfu ncti on a) ( obj ect func tio n a) )
(A.id (ob ject fun ctio n a));

ax_pr eser ve_composi tion =
\( a::A .ob j) - >
\( b::A .ob j) - >
\( c::A .ob j) - >
\( f::H om A b c) ->
\( g::H om A a b) ->
re flex ive

(A.hom (o bjec tfu ncti on a) ( obj ect func tio n c) )
(c ompose

A
(o bjec tfu ncti on a)
(o bjec tfu ncti on b)
(o bjec tfu ncti on c)
(( arro wfuncti on b c) .op f)
(( arro wfuncti on a b) .op g) );}

NatTra nsI soI fComponents Iso
(C::E_ cat egory)( D::E _categ ory)
(F ::E_ fun ctor C D)(G::E _fu ncto r C D)
(a ::E_ nat ural _tr ansf ormati on C D F G)
(p ::Fo rAl l C.obj

(\ (h:: C.obj)- >
Is o D (F. obje ctf unction h) (G. obj ectf unction h) (a .arr ows h)) )

:: Iso (E_fun cto rcat egory C D) F G a
= stru ct

_1 =
st ruc t
ar rows =

\( a':: C.obj)- >
(p a') ._1

ax_natura lit y =
\( a':: C.obj)- >
\( b::C .ob j)->
\( f::( C.hom a' b).b ase) ->
le t Ga':: D.obj = G.obje ctf unct ion a'

Fa':: D.obj = F.o bje ctfu nct ion a'
Gb::D .obj = G.objec tfun cti on b
Fb::D .obj = F.ob jec tfun cti on b
Ff ::( D.hom Fa' Fb). base = (F. arro wfuncti on a' b).o p f
Gf::( D.hom Ga' Gb). base = (G. arro wfuncti on a' b).o p f
homset::S E = D.hom Ga' Fb

in homset.er .tr a
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a')))

(D.comp Ga' Fa' Fb Ff ( arr ows a') )
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(h omset.e r.tr a
(D.comp Ga' Gb Fb (a rro ws b) Gf)
(D.comp Ga' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.id Ga'))

(D.comp Ga' Ga' Fb
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a' )))

(h omset.e r.sy m
(D.comp Ga' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.id Ga'))

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.rig ht_ unit Ga' Fb (D.co mp Ga' Gb Fb ( arro ws b) Gf)) )

(D.con g Ga' Ga' Fb
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.id Ga')
(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a' ))
(h omset.e r.re f ( D.comp Ga' Gb Fb (arr ows b) Gf) )
(( D.hom Ga' Ga') .er .sym

(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a' ))
(D.id Ga')
(p a') ._2 ._1) ))

(h omset.e r.tr a
(D.comp Ga' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Fa' Ga' ( a.a rrow s a') ( arr ows a') ))

(D.comp Ga' Fa' Fb
(D.comp Fa' Gb Fb

(a rrow s b)
(D.comp Fa' Ga' Gb Gf ( a.a rrow s a')))

(a rrow s a'))
(D.comp Ga' Fa' Fb Ff ( arr ows a') )
(h omset.e r.tr a

(D.comp Ga' Ga' Fb
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a')))

(D.comp Ga' Fa' Fb
(D.comp Fa' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(a .arr ows a' ))

(a rrow s a'))
(D.comp Ga' Fa' Fb

(D.comp Fa' Gb Fb
(a rrow s b)
(D.comp Fa' Ga' Gb Gf ( a.a rrow s a')))

(a rrow s a'))
(h omset.e r.sy m

(D.comp Ga' Fa' Fb
(D.comp Fa' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(a .arr ows a' ))

(a rrow s a'))
(D.comp Ga' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(D.comp Ga' Fa' Ga' (a. arr ows a') (ar rows a')))

(D.ass oc Ga' Fa' Ga' Fb
(D.comp Ga' Gb Fb ( arro ws b) Gf)
(a .arr ows a')
(a rrow s a')))

(D.con g Ga' Fa' Fb
(D.comp Fa' Ga' Fb

(D.comp Ga' Gb Fb ( arro ws b) Gf)
(a .arr ows a') )

(D.comp Fa' Gb Fb
(a rrow s b)
(D.comp Fa' Ga' Gb Gf ( a.a rrow s a')))

(a rrow s a')

(a rro ws a')
(D.as soc Fa' Ga' Gb Fb (ar rows b) Gf (a. arr ows a') )
(( D.hom Ga' Fa') .er .ref (a rro ws a')) ))

(h omset.e r.t ra
(D.co mp Ga' Fa' Fb

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Ga' Gb Gf ( a.a rro ws a')) )

(a rro ws a'))
(D.co mp Ga' Fa' Fb

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff ))

(a rro ws a'))
(D.co mp Ga' Fa' Fb Ff ( arr ows a') )
(D.co ng Ga' Fa' Fb

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Ga' Gb Gf ( a.a rro ws a')) )

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff ))

(a rro ws a')
(a rro ws a')
(D.co ng Fa' Gb Fb

(a rro ws b)
(a rro ws b)
(D.co mp Fa' Ga' Gb Gf ( a.a rro ws a'))
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff )
(( D.hom Gb Fb).e r.r ef ( arr ows b))
(( D.hom Fa' Gb). er. sym

(D.co mp Fa' Fb Gb ( a.ar rows b) Ff )
(D.co mp Fa' Ga' Gb Gf ( a.a rro ws a'))
(a .ax _nat ura lity a' b f )))

(( D.hom Ga' Fa') .er .ref (a rrow s a')) )
(h omset.e r.t ra

(D.co mp Ga' Fa' Fb
(D.co mp Fa' Gb Fb

(a rro ws b)
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff ))

(a rro ws a'))
(D.co mp Ga' Fa' Fb

(D.co mp Fa' Fb Fb
(D.co mp Fb Gb Fb (a rrow s b) (a .ar rows b) )
Ff )

(a rro ws a'))
(D.comp Ga' Fa' Fb Ff ( arr ows a') )
(D.con g Ga' Fa' Fb

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff ))

(D.co mp Fa' Fb Fb
(D.co mp Fb Gb Fb (a rrow s b) (a .ar rows b) )
Ff )

(a rro ws a')
(a rro ws a')
(( D.hom Fa' Fb). er. sym

(D.co mp Fa' Fb Fb
(D.co mp Fb Gb Fb (a rrow s b) (a .ar rows b) )
Ff )

(D.co mp Fa' Gb Fb
(a rro ws b)
(D.co mp Fa' Fb Gb ( a.ar rows b) Ff ))

(D.as soc Fa' Fb Gb Fb ( arr ows b) (a. arro ws b) Ff))
(( D.hom Ga' Fa') .er .ref (a rrow s a')))

(D.con g Ga' Fa' Fb
(D.comp Fa' Fb Fb

(D.co mp Fb Gb Fb (a rrow s b) (a .ar rows b) )
Ff )
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Ff
(a rrow s a')
(a rrow s a')
(( D.hom Fa' Fb). er. tra

(D.comp Fa' Fb Fb
(D.comp Fb Gb Fb (a rrow s b) (a .ar rows b) )
Ff )

(D.comp Fa' Fb Fb ( D.id Fb) Ff )
Ff
(D.con g Fa' Fb Fb

(D.comp Fb Gb Fb (a rrow s b) (a .ar rows b) )
(D.id Fb)
Ff
Ff
(p b). _2. _2
(( D.hom Fa' Fb). er. ref Ff) )

(D.lef t_u nit Fa' Fb Ff) )
(( D.hom Ga' Fa') .er .ref (a rrow s a'))) )))

_2 =
st ruct
_1 = \ (x: :C.o bj) -> ( p x)._ 2._1
_2 = \ (x: :C.o bj) -> ( p x)._ 2._2

Component sOfNatI soAreIs o
(C::E _cat egory)( D:: E_categ ory )
(F ::E _fun cto r C D)( G::E_fu nct or C D)
(a ::E _nat ura l_tr ansformati on C D F G)
(p ::I so ( E_funct orc ateg ory C D) F G a)

:: ForAll C.obj
(\ (h:: C.obj)- >
Is o D (F. obje ctf unction h) (G. obj ectf unction h) (a .arr ows h))

= \(x ::C. obj )->
st ruct
_1 = p._1 .ar rows x
_2 =

st ruct
_1 = p._2 ._1 x
_2 = p._2 ._2 x

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
ta ll

nd
hi ding on
var "E_fu ncto r" mixf ix as " [_, _]"
var "Arro wfuncti on" hid e 2
var "Arro wfuncti onexten sion ali ty" hid e 5
var "E_natura l_t rans for mati on" hi de 2 in fix as "" with symbolfon t
var "E_natura l_t rans for mati on_SE" hid e 2
var "E_fu ncto rca tego ry" mixfix as "[_ ,_] "
var "E_fu ncto rco mpositi on" hid e 3 inf ix as " o" with symbolfon t
var "E_id func tor " as "1 " wi th symbolf ont
#- }

E productcategory.agda
-- #inc lud e "E_catego rie s.a gda"

-- #inc lud e "E_fu ncto rs. agda"

E_product cate gor y (A::E _catego ry) (B:: E_categ ory ) :: E_cat egory
= str uct {

obj = Cart A.obj B.obj;
hom = \(a ::ob j) -> \ (b: :ob j) - > ( A.hom a._1 b._ 1 (B.h om a._2 b. _2)) ;

id =
\( a::o bj) ->
st ruct {

_1 = A.id a._ 1;
_2 = B.id a._ 2;} ;

comp =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( h::( hom b c).b ase) ->
\( h':: (ho m a b). base) - >
st ruct {

_1 = A.co mp a._1 b._ 1 c._1 h._ 1 h'._1 ;
_2 = B.co mp a._2 b._ 2 c._2 h._ 2 h'._2 ;};

le ft_ unit =
\( a::o bj) ->
\( b::o bj) ->
\( f::( hom a b).b ase) ->
st ruct {

_1 = A.le ft_u nit a._ 1 b._1 f._ 1;
_2 = B.le ft_u nit a._ 2 b._2 f._ 2;} ;

ri ght _uni t =
\( a::o bj) ->
\( b::o bj) ->
\( f::( hom a b).b ase) ->
st ruct {

_1 = A.ri ght_ uni t a. _1 b._ 1 f. _1;
_2 = B.ri ght_ uni t a. _2 b._ 2 f. _2; };

assoc =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( d::o bj) ->
\( f::( hom c d).b ase) ->
\( g::( hom b c).b ase) ->
\( h::( hom a b).b ase) ->
st ruct {

_1 = A.as soc a._ 1 b. _1 c._ 1 d. _1 f._1 g. _1 h._1 ;
_2 = B.as soc a._ 2 b. _2 c._ 2 d. _2 f._2 g. _2 h._2 ;};

cong =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( f::( hom b c).b ase) ->
\( f':: (ho m b c). base) - >
\( g::( hom a b).b ase) ->
\( g':: (ho m a b). base) - >
\( h::E qual (h om b c) f f') ->
\( h':: Equal ( hom a b) g g' ) ->
st ruct {

_1 = A.co ng a._1 b._ 1 c._1 f._ 1 f '._1 g. _1 g'._ 1 h. _1 h'. _1;
_2 = B.co ng a._2 b._ 2 c._2 f._ 2 f '._2 g. _2 g'._ 2 h. _2 h'. _2;} ;}

E_product fun ctor (A::E_ cat egory)
(B::E _cat egory)
(C::E _cat egory)
(D::E _cat egory)
(F ::E _fun cto r A C)
(G::E _fun cto r B D)

:: E_functor (E_pro duct cat egory A B) (E_product cat egory C D)
= stru ct {

objec tfun cti on =
\( h::( E_productc ate gory A B).o bj) ->
st ruct {
_1 = F.ob ject fun cti on h._1 ;
_2 = G.ob ject fun cti on h._2 ;};

ar rowfunc tio n =
\( a::( E_productc ate gory A B).o bj) ->
\( b::( E_productc ate gory A B).o bj) ->
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st ruct {
op =

\( h::( (E_product cat egory A B). hom a b).b ase) ->
st ruct {
_1 = ( F.a rrow fun cti on a._1 b._ 1). op h._1 ;
_2 = ( G.arrow fun cti on a._2 b._ 2). op h._2 ;};

ext =
\( x::( (E_product cat egory A B). hom a b).b ase) ->
\( y::( (E_product cat egory A B). hom a b).b ase) ->
\( h::( (E_product cat egory A B). hom a b).e r.eq x y) ->
st ruct {

_1 = Arro wfuncti onexten sion ali ty A C F a._1 b._ 1 x. _1 y._ 1 h. _1;
_2 = Arro wfuncti onexten sion ali ty B D G a._2 b._ 2 x. _2 y._ 2 h. _2; };};

ax_preser ve_i d =
\( a::( E_productc ateg ory A B).o bj) ->
st ruct {

_1 = F.ax _pr eser ve_id a._1 ;
_2 = G.ax_pr eser ve_id a._2 ;};

ax_preser ve_composit ion =
\( a::( E_productc ateg ory A B).o bj) ->
\( b::( E_productc ateg ory A B).o bj) ->
\( c::( E_productc ateg ory A B).o bj) ->
\( f::H om (E_prod uctc ate gory A B) b c) ->
\( g::H om (E_prod uctc ate gory A B) a b) ->
st ruct {

_1 = F.ax _pr eser ve_composi tion a. _1 b._1 c. _1 f ._1 g._ 1;
_2 = G.ax_pr eser ve_composi tion a. _2 b._2 c. _2 f ._2 g._ 2;} ;}

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
ta ll

nd
hi ding on
var "E_pr oductca tego ry" in fix as "" with symbol font
var "E_pr oductfu ncto r" hid e 4 inf ix as " " wi th symbolf ont
#- }

E particular categories.agda
-- #inc lud e "E_catego rie s.a gda"

-- #inc lud e "E_pr oductca teg ory. agda"

E_emptycatego ry :: E_categ ory
= str uct {

obj = empty;
hom = \(a ::ob j) -> case a of { };
id = \ (a: :obj ) - > case a of { };
comp = \( a::o bj) -> case a of { } ;
le ft_u nit = \ (a: :obj ) - > case a of { };
ri ght_ uni t = \(a ::ob j) -> case a of { };
assoc = \ (a:: obj ) -> case a of { };
cong = \( a::o bj) -> case a of { } ;}

E_unit cat egory : : E_cat egory
= str uct {

obj = Unit;
hom = \(a ::ob j) -> \ (b: :ob j) - > UNIT;
id = \ (a: :obj ) - > el t@_;
comp =

\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( h::( hom b c).b ase) ->
\( h':: (ho m a b). base) - >

el t@_;
le ft_ unit =

\( a::o bj) ->
\( b::o bj) ->
\( f::( hom a b).b ase) ->
el t@_;

ri ght _uni t =
\( a::o bj) ->
\( b::o bj) ->
\( f::( hom a b).b ase) ->
el t@_;

assoc =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( d::o bj) ->
\( f::( hom c d).b ase) ->
\( g::( hom b c).b ase) ->
\( h::( hom a b).b ase) ->
el t@_;

cong =
\( a::o bj) ->
\( b::o bj) ->
\( c::o bj) ->
\( f::( hom b c).b ase) ->
\( f':: (ho m b c). base) - >
\( g::( hom a b).b ase) ->
\( g':: (ho m a b). base) - >
\( h::E qual (h om b c) f f') ->
\( h':: Equal ( hom a b) g g' ) ->
el t@_;}

E_righ tun itc atel im (C:: E_categ ory )
:: E_functor (E_product cat egory C E_unit cate gor y) C
= stru ct {

objec tfun cti on = pr oj1 C.obj Unit ;
ar rowfunc tio n =

\( a::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
\( b::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
st ruct {

op = proj 1 (C.ho m a. _1 b._ 1).b ase Unit;
ext =

\( x:: ((E_ pro duct cat egory C E_unit cat egory). hom a b).ba se) ->
\( y:: ((E_ pro duct cat egory C E_unit cat egory). hom a b).ba se) ->
\( h:: ((E_ pro duct cat egory C E_unit cat egory). hom a b).er .eq x y)->
h. _1; };

ax_pr eser ve_id =
\( a::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
re flex ive (C. hom a. _1 a._1 ) (C.id a._ 1);

ax_pr eser ve_composi tion =
\( a::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
\( b::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
\( c::( E_productc ate gory C E_unitc ateg ory ).ob j) ->
\( f::H om (E_prod uct cate gor y C E_unitc ate gory ) b c) ->
\( g::H om (E_prod uct cate gor y C E_unitc ate gory ) a b) ->
re flex ive (C. hom a. _1 c._1 ) (C.co mp a._1 b._ 1 c._1 f._ 1 g._1) ;}

E_left uni tca teli m ( C::E _catego ry)
:: E_functor (E_product cat egory E_uni tca tego ry C) C
= stru ct {

objec tfun cti on = pr oj2 Unit C.obj ;
ar rowfunc tio n =

\( a::( E_productc ate gory E_unit cat egory C).ob j) ->
\( b::( E_productc ate gory E_unit cat egory C).ob j) ->
st ruct {

op = proj 2 Unit (C.h om a._2 b. _2) .bas e;
ext =

\( x:: ((E_ pro duct cat egory E_unitca teg ory C). hom a b).ba se) ->
\( y:: ((E_ pro duct cat egory E_unitca teg ory C). hom a b).ba se) ->
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\( h::( (E_product cat egory E_uni tca tego ry C).h om a b).er .eq x y)->
h. _2;} ;

ax_preser ve_i d =
\( a::( E_productc ateg ory E_unit cat egory C).ob j) ->
re flex ive (C. hom a._ 2 a._2) (C.id a._ 2);

ax_preser ve_composit ion =
\( a::( E_productc ateg ory E_unit cat egory C).ob j) ->
\( b::( E_productc ateg ory E_unit cat egory C).ob j) ->
\( c::( E_productc ateg ory E_unit cat egory C).ob j) ->
\( f::H om (E_prod uctc ate gory E_uni tcat egory C) b c) ->
\( g::H om (E_prod uctc ate gory E_uni tcat egory C) a b) ->
re flex ive (C. hom a._ 2 c._2) (C.co mp a._2 b._ 2 c._2 f._ 2 g. _2) ;}

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
ta ll

nd
hi ding of f
var "E_unitca teg ory" as "1 "
#- }

E bicategory.agda
-- #inc lud e "E_catego rie s.a gda"
-- #inc lud e "E_pr oductca teg ory. agda"
-- #inc lud e "E_partic ula r_c ateg ori es.a gda"
-- #inc lud e "miss ingb its .ag da"

pr odassocrigh t ( A::E _categ ory) (B: :E_cate gory )(C ::E_ cat egory)
:: E_functor (E_pro duct cat egory ( E_productc ateg ory A B) C)

(E_productcat egory A (E_pr oductca tego ry B C))
= str uct

object fun cti on =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
st ruct { _1 = x. _1._ 1; _2 = (s tru ct { _1 = x._1 ._2; _2 = x._2 ;}) ;}

ar rowf unctio n =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( y::( E_productc ate gory (E_productcat egory A B) C).obj )->
st ruct
op =

\( f::( (E_product cate gor y (E_pr oductca teg ory A B) C).ho m x y). base)->
st ruct { _1 = f. _1._ 1; _2 = (s tru ct { _1 = f ._1 ._2; _2 = f ._2 ;}) ;}

ext =
\( a::( (E_product cate gor y (E_pr oductca teg ory A B) C).ho m x y). base)->
\( b::( (E_product cate gor y (E_pr oductca teg ory A B) C).ho m x y). base)->
\( p::( (E_product cate gor y (E_pr oductca teg ory A B) C).ho m x y). er. eq a b) ->
st ruct { _1 = p. _1._ 1; _2 = (s tru ct { _1 = p._1 ._2; _2 = p._2 ;}) ;}

ax_preser ve_id =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
(( E_productca teg ory A ( E_productc ateg ory B C)). hom

(o bjec tfu ncti on x) (obj ect func tio n x) ).e r.re f
(( E_productca teg ory A ( E_productc ateg ory B C)). id

(o bjec tfu ncti on x))
ax_preser ve_composi tion =

\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( y::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( z::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( f::H om (E_prod uct cate gor y (E_pr oductca tego ry A B) C) y z)->
\( g::H om (E_prod uct cate gor y (E_pr oductca tego ry A B) C) x y)->
(( E_productca teg ory A ( E_productc ateg ory B C)). hom

(o bjec tfu ncti on x) ( obj ectf unctio n z) ).e r.re f
(( arro wfuncti on x z).op

(c ompose (E_prod uctc ate gor y (E_pr oductca tego ry A B) C) x y z f g))

E_bica teg ory :: #2

= sig {
obj :: Type;
hom :: ( a:: obj) -> (b:: obj )-> E_cate gory ;
comp :: ( a:: obj) -> (b:: obj )-> (c: :ob j)->

E_fun ctor (E_productcat egory ( hom b c) ( hom a b))
(h om a c) ;

id ent ity :: (a:: obj )-> E_functor E_unitc ate gory (h om a a) ;
associati vit y :: (a ::ob j)- > ( b::o bj) -> ( c:: obj) -> (d:: obj )->

le t A::E_ cat egory = hom c d
B: :E_cate gory = hom b c
C::E_cate gory = hom a b
D::E_cate gory = hom b d
E: :E_cate gory = hom a c
F: :E_cate gory = hom a d
AB::E_ cat egory = E_prod uctc ate gor y A B
BC::E_ cat egory = E_prod uctc ate gor y B C
DC::E_ cat egory = E_prod uctc ate gor y D C
AE::E_ cat egory = E_prod uctc ate gor y A E
AB_C:: E_categ ory = E_pr oductca teg ory AB C
A_BC:: E_categ ory = E_pr oductca teg ory A BC
Ft ype: :Set = E_funct or AB_CF
R::Fty pe

= E_funct orc omposit ion AB_C A_BC F
(E_fun cto rcompositio n A_BC AE F

(co mp a c d)
(E_pro ductfun cto r A BC A E

(E_idf unctor A) (comp a b c)))
(p rodassocrig ht A B C)

L: :Fty pe
= E_funct orc omposit ion AB_C DC F (co mp a b d)

(E_productfun cto r AB C D C
(c omp b c d) (E_idf unct or C))

Fcat:: E_categ ory = E_fu nct orca teg ory AB_C F
in Sigma (Fcat. hom L R).b ase (Is o Fcat L R);

ri ght id : : ( a::o bj) -> ( b:: obj )->
le t hab:: E_categ ory = hom a b

hab1:: E_categ ory = E_pr oductca teg ory hab E_unit cate gor y
habhaa::E _cat egory = E_pro duct cat egory hab ( hom a a)
ft ype: :Set = E_funct or hab1 hab
fc at:: E_categ ory = E_fu nct orca teg ory hab1 hab
R::fty pe = E_rig htun itc ate lim hab
L: :fty pe

= E_funct orc omposit ion hab1 habhaa hab ( comp a a b)
(E_productfun cto r hab E_unitca teg ory hab

(h om a a) (E_idf unctor hab) (i dentity a) )
in Sigma (f cat. hom L R).b ase (Is o f cat L R);

le fti d :: (a ::ob j)- > (b ::o bj) ->
le t hab:: E_categ ory = hom a b

p1hab: :E_cate gor y = E_prod uctc ate gory E_unit cat egory hab
hbbhab::E _cat egory = E_product cat egory ( hom b b) hab
Ft ype: :Set = E_funct or p1hab hab
Fcat:: E_categ ory = E_fu nct orca teg ory p1hab hab
R::Fty pe = E_lef tuni tca tel im hab
L: :Fty pe

= E_funct orc omposit ion p1hab hbbhab hab (co mp a b b)
(E_productfun cto r E_uni tca tego ry hab (ho m b b) hab

(i dent ity b) (E_idf unct or hab) )
in Sigma (Fcat. hom L R).b ase (Is o Fcat L R);

apent agon :: (a: :ob j)-> (b ::o bj)- > ( c::o bj) -> ( d:: obj) -> (e: :obj )->
(f ::( hom a b).ob j)- > (g ::( hom b c).o bj)- > ( h::( hom c d).o bj)- >
(k ::( hom d e).ob j)- >
le t homcat:: E_categ ory

= hom a e
st art: :ho mcat.ob j

= (co mp a b e).o bje ctfu nct ion
(s truc t {

_1 = ( comp b c e).ob jec tfun cti on
(s truc t { _1 = ( comp c d e).ob jec tfun cti on

(s truc t { _1 = k; _2 = h;} );
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_2 = g;}) ;
_2 = f ;})

pl 2::h omcat. obj
= (comp a c e).o bjec tfu nct ion

(s tru ct { _1 = ( comp c d e).ob jec tfu ncti on
(s tru ct { _1 = k; _2 = h;} );

_2 = ( comp a b c).ob jec tfu ncti on
(s tru ct { _1 = g; _2 = f;} );})

end::h omcat. obj
= (comp a d e).o bjec tfu nct ion

(s tru ct {
_1 = k;
_2 = ( comp a c d).o bjec tfu ncti on

(s tru ct {
_1 = h;
_2 = ( comp a b c).o bjec tfu ncti on

(s truc t { _1 = g; _2 = f;}) ;}) ;})
pointr 2:: homcat. obj

= (comp a b e).o bjec tfu nct ion
(s truc t {
_1 = (comp b d e).o bjec tfu ncti on

(s tru ct { _1 = k;
_2 = ( comp b c d).o bjec tfu ncti on

(s truc t { _1 = h; _2 = g;} );}) ;
_2 = f;})

pr 3::h omcat. obj
= (comp a d e).o bjec tfu nct ion

(s tru ct {
_1 = k;
_2 = ( comp a b d).o bjec tfu ncti on

(s tru ct { _1 = ( comp b c d).o bjec tfu ncti on
(st ruc t { _1 = h; _2 = g;}) ;

_2 = f ;}) ;})
l1 ::Ho m homcat star t pl 2

= (ass oci ativ ity a b c e). _1.a rro ws
(s tru ct {

_1 = stru ct { _1 = (comp c d e).o bjec tfu ncti on
(s tru ct { _1 = k; _2 = h;} );

_2 = g;};
_2 =f; })

l2 ::Ho m homcat pl2 end
= (ass oci ativ ity a c d e). _1.a rro ws

(s tru ct { _1 = stru ct { _1 = k; _2 = h;} ;
_2 = ( comp a b c).ob jec tfu ncti on

(s tru ct { _1 = g; _2 = f;} );})
r1 ::Ho m homcat star t point r2

= ((co mp a b e). arro wfunct ion
(s tru ct {

_1 = ( comp b c e).o bjec tfu ncti on
(s truc t { _1 = ( comp c d e).ob jec tfun cti on

(s truc t { _1 = k; _2 = h;} );
_2 = g;}) ;

_2 = f ;})
(s tru ct {

_1 = ( comp b d e).o bjec tfu ncti on
(s truc t { _1 = k;

_2 = ( comp b c d).ob jec tfun cti on
(s truc t { _1 = h; _2 = g;} );}) ;

_2 = f ;}) ).op
(s tru ct {

_1 = ( associa tiv ity b c d e)._ 1.a rrow s
(s truc t { _1 = stru ct { _1 = k; _2 = h;} ;

_2 = g;}) ;
_2 = ( hom a b).i d f ;})

r2 ::Ho m homcat poin tr2 pr3
= (ass oci ativ ity a b d e). _1.a rro ws

(s tru ct {
_1 = stru ct { _1 = k;

_2 = ( comp b c d).o bjec tfu ncti on

(s truc t { _1 = h; _2 = g;} );};
_2 = f;})

r3 ::Ho m homcat pr3 end
= ((c omp a d e). arr owfunct ion

(s truc t {
_1 = k;
_2 = (comp a b d).o bjec tfu nct ion

(s truc t { _1 = ( comp b c d) .ob jec tfun cti on
(s tru ct { _1 = h; _2 = g;} );

_2 = f ;}) ;})
(s truc t {

_1 = k;
_2 = (comp a c d).o bjec tfu nct ion

(st ruc t {
_1 = h;
_2 = (comp a b c).o bjec tfu ncti on

(s tru ct { _1 = g; _2 = f;} );} );}) ).o p
(s truc t {

_1 = (hom d e).i d k;
_2 = (ass oci ativ ity a b c d). _1.a rro ws

(st ruc t { _1 = struc t { _1 = h; _2 = g;} ;
_2 = f ;}) ;})

in (h omcat. hom sta rt end) .er. eq
(c ompose homcat sta rt pl2 end l2 l1)
(c ompose homcat sta rt poin tr2 end

(c ompose homcat poi ntr2 pr 3 end r 3 r 2) r 1);
id tri angl e : : (a ::o bj)- > ( b::o bj) -> (c:: obj )->

(f ::(h om a b).ob j)- > (g ::( hom b c).ob j)- >
le t homcat:: E_categ ory

= hom a c
sta rt: :ho mcat.ob j

= (co mp a b c).o bje ctfu nct ion
(s tru ct {
_1 = ( comp b b c).ob jec tfun cti on

(s truc t {
_1 = g;
_2 = ( ide nti ty b).o bjec tfu ncti on elt@_;} );

_2 = f ;})
mid::h omcat.o bj

= (co mp a b c).o bje ctfu nct ion
(s tru ct {
_1 = g;
_2 = ( comp a b b).ob jec tfun cti on

(s truc t { _1 = ( iden tit y b).ob jec tfun cti on elt@_;
_2 = f;}) ;})

end::h omcat.o bj
= (co mp a b c).o bje ctfu nct ion (st ruc t { _1 = g; _2 = f ;})

l:: Homhomcat st art end
= ((c omp a b c). arr owfunct ion

(s truc t {
_1 = ( comp b b c).o bjec tfu ncti on

(s truc t {
_1 = g;
_2 = ( ide ntit y b).ob jec tfun cti on elt@_;} );

_2 = f ;})
(s truc t { _1 = g; _2 = f;}) ).o p
(s truc t { _1 = ( righ tid b c)._ 1.a rrow s

(s truc t { _1 = g; _2 = elt @_;});
_2 = (hom a b).i d f ;})

r1: :Hom homcat start mid
= (as soci ati vity a b b c). _1.a rro ws

(s tru ct {
_1 = stru ct { _1 = g;

_2 = ( ide ntit y b).ob jec tfun cti on elt@_;} ;
_2 = f ;})

r2: :Hom homcat mid end
= ((c omp a b c). arr owfunct ion

(s tru ct {
_1 = g;
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_2 = (comp a b b).o bjec tfu ncti on
(s truc t { _1 = ( ide ntit y b).ob jec tfun cti on elt@_;

_2 = f ;}) ;})
(s truc t { _1 = g; _2 = f;} )).o p
(s truc t { _1 = ( hom b c).i d g;

_2 = ( lef tid a b)._1 .ar rows
(s truc t { _1 = elt@_; _2 = f;} );} )

in (h omcat.h om star t end) .er. eq
l ( compose homcat st art mid end r2 r1 );

}

ECat.agda
-- #inc lud e "E_bi cate gor y.a gda"

Horizo nta lCompositio n
(C::E _cat egory)( D:: E_categ ory )(E: :E_cate gor y)
(F ::E _fun cto r C D)( G::E_fu nct or D E)(H:: E_funct or C D)(K: :E_func tor D E)
(a ::E _nat ura l_tr ansformati on C D F H)(b: :E_natu ral _tra nsf ormatio n D E G K)

:: E_natu ral _tra nsf ormatio n C E
(E_fun cto rcompositio n C D E G F) (E_f unctorc omposi tion C D E K H)

= str uct
ar rows =

\( a':: C.obj)- >
E.comp (( E_funct orco mposit ion C D E G F) .obj ect func tio n a')

(K.ob ject fun ctio n ( F.ob jec tfu ncti on a'))
(( E_funct orc omposit ion C D E K H).ob ject fun ctio n a')
(( K.arrow fun ctio n ( F.ob jec tfu ncti on a')

(H.obj ect func tio n a' )). op (a.a rro ws a'))
(b .ar rows (F.obj ect func tio n a'))

ax_nat ura lit y =
\( a':: C.obj)- >
\( b':: C.obj)- >
\( f::H om C a' b' )->
le t GF::E _fun cto r C E = E_func tor composi tion C D E G F

KF::E _fun cto r C E = E_functorc omposi tion C D E K F
KH::E _fun cto r C E = E_functorc omposi tion C D E K H
Fa':: D.obj = F.o bje ctfu nct ion a'
Fb':: D.obj = F.o bje ctfu nct ion b'
Ha':: D.obj = H.obje ctfu nct ion a'
Hb':: D.obj = H.obje ctfu nct ion b'
GFa': :E.o bj = GF.ob ject fun ctio n a'
KFa': :E.o bj = KF.ob ject fun ctio n a'
KHa': :E.o bj = KH.ob ject fun ctio n a'
GFb': :E.o bj = GF.ob ject fun ctio n b'
KFb': :E.o bj = KF.ob ject fun ctio n b'
KHb': :E.o bj = KH.ob ject fun ctio n b'
homset::S E = E.hom GFa' KHb'
homset2:: SE = E.hom KFa' KHb'
Ff ::( D.hom Fa' Fb') .bas e = (F. arr owfunct ion a' b') .op f
Hf::( D.hom Ha' Hb') .bas e = (H. arr owfunct ion a' b') .op f
GFf:: (E.h om GFa' GFb'). base = (GF.ar rowf unction a' b') .op f
KFf:: (E.h om KFa' KFb'). base = (KF.ar rowf unction a' b') .op f
KHf:: (E.h om KHa' KHb'). base = (KH.ar rowf unction a' b') .op f
Kaa': :(E. hom KFa' KHa') .ba se

= (K.a rro wfuncti on Fa' Ha' ).op (a .arr ows a')
Kab': :(E. hom KFb' KHb') .ba se

= (K.a rro wfuncti on Fb' Hb' ).op (a .arr ows b')
in homset.er .tr a (E.co mp GFa' GFb' KHb' (ar rows b' ) GFf)

(E.comp GFa' KFa' KHb'
(E.comp KFa' KFb' KHb' Kab' KFf) (b.a rro ws Fa') )

(E.comp GFa' KHa' KHb' KHf (ar rows a' ))
(h omset.e r.tr a

(E.comp GFa' GFb' KHb' (ar rows b' ) GFf)
(E.comp GFa' KFb' KHb'

Kab' ( E.c omp GFa' GFb' KFb' (b .ar rows Fb') GFf) )

(E. comp GFa' KFa' KHb'
(E.co mp KFa' KFb' KHb' Kab' KFf) (b. arro ws Fa') )

(E. assoc GFa' GFb' KFb' KHb' Kab' (b. arr ows Fb' ) GFf)
(ho mset.e r.tr a

(E.comp GFa' KFb' KHb'
Kab' (E.c omp GFa' GFb' KFb' ( b.ar rows Fb') GFf) )

(E.comp GFa' KFb' KHb'
Kab' (E.c omp GFa' KFa' KFb' KFf ( b.a rrow s Fa')) )

(E.comp GFa' KFa' KHb'
(E.co mp KFa' KFb' KHb' Kab' KFf) (b. arro ws Fa') )

(E.con g GFa' KFb' KHb' Kab' Kab'
(E.co mp GFa' GFb' KFb' (b. arr ows Fb' ) GFf)
(E.co mp GFa' KFa' KFb' KFf (b .arr ows Fa' ))
(( E.hom KFb' KHb'). er.r ef Kab')
(b .ax _nat ura lity Fa' Fb'

((F .ar rowfunc tio n a' b' ).op f) ))
(h omset.e r.sy m

(E.comp GFa' KFa' KHb'
(E. comp KFa' KFb' KHb' Kab' KFf) ( b.a rro ws Fa') )

(E.comp GFa' KFb' KHb'
Kab' ( E.c omp GFa' KFa' KFb' KFf ( b.ar rows Fa')) )

(E.ass oc GFa' KFa' KFb' KHb' Kab' KFf (b .arr ows Fa' ))) ))
(ho mset.e r.tr a

(E.comp GFa' KFa' KHb'
(E.co mp KFa' KFb' KHb' Kab' KFf) (b. arro ws Fa') )

(E.comp GFa' KFa' KHb'
(E.co mp KFa' KHa' KHb' KHf Kaa') (b. arro ws Fa') )

(E.comp GFa' KHa' KHb' KHf (ar rows a' ))
(E.con g GFa' KFa' KHb'

(E.comp KFa' KFb' KHb' Kab' KFf)
(E.comp KFa' KHa' KHb' KHf Kaa')
(b .arr ows Fa' )
(b .arr ows Fa' )
(h omset2. er.t ra

(E.comp KFa' KFb' KHb' Kab' KFf)
(( K.ar rowfunc tio n Fa' Hb') .op

(D.comp Fa' Fb' Hb' (a. arr ows b') Ff) )
(E.comp KFa' KHa' KHb' KHf Kaa')
(h omset2. er.s ym

(( K.ar rowfunc tio n Fa' Hb') .op
(D.co mp Fa' Fb' Hb' (a. arr ows b') Ff ))

(E.comp KFa' KFb' KHb' Kab' KFf)
(K.ax_ pre serv e_composit ion Fa' Fb' Hb'

(a .ar rows b' ) Ff ))
(h omset2. er.t ra

(( K.ar rowfunc tio n Fa' Hb') .op
(D.co mp Fa' Fb' Hb' (a. arr ows b') Ff ))

(( K.ar rowfunc tio n Fa' Hb') .op
(D.co mp Fa' Ha' Hb' Hf (a. arro ws a') ))

(E.comp KFa' KHa' KHb' KHf Kaa')
(( K.ar rowfunc tio n Fa' Hb') .ext

(D.co mp Fa' Fb' Hb' (a. arr ows b') Ff )
(D.co mp Fa' Ha' Hb' Hf (a. arro ws a') )
(a .ax _nat ura lity a' b' f))

(K.ax_ pre serv e_composit ion Fa' Ha' Hb'
Hf (a .arr ows a') )))

(( E.hom GFa' KFa').e r.r ef ( b.a rro ws Fa') ))
(E.ass oc GFa' KFa' KHa' KHb' KHf Kaa' (b .arr ows Fa' )))

Horiz onta lCompositi onIs Ext ensi onal
(C::E_ cat egory)( D:: E_categ ory) (E: :E_cate gory )
(F ::E_ fun ctor C D)( G::E_fu ncto r D E)
(H::E_ fun ctor C D)( K::E _fu ncto r D E)
(a ::E_ nat ural _tr ansformati on C D F H)
(b ::E_ nat ural _tr ansformati on D E G K)
(c ::E_ nat ural _tr ansformati on C D F H)
(d ::E_ nat ural _tr ansformati on D E G K)
(a eqc: :(E _nat ura l_t rans for mati on_SE C D F H).er .eq a c)
(b eqd: :(E _nat ura l_t rans for mati on_SE D E G K).er .eq b d)
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:: (E_nat ura l_tr ansformati on_SE C E
(E_fun cto rcompositio n C D E G F) (E_f unctorc omposi tion C D E K H)).e r.e q

(Horiz ont alCompositi on C D E F G H K a b)
(Horiz ont alCompositi on C D E F G H K c d)

= \(x ::C. obj )->
E.cong (( E_funct orc omposit ion C D E G F) .ob ject fun ctio n x)

(K.obj ect func tio n (F .ob ject fun cti on x))
(( E_funct orco mpositi on C D E K H).obj ect func tio n x)
(( K.ar rowfunc tio n (F .ob ject fun cti on x) ( H.objec tfun cti on x)). op

(a .arr ows x))
(( K.ar rowfunc tio n (F .ob ject fun cti on x) ( H.objec tfun cti on x)). op

(c .arr ows x))
(b .arr ows (F. obj ectf unction x) )
(d .arr ows (F. obj ectf unction x) )
(( K.ar rowfunc tio n (F .ob ject fun cti on x) ( H.objec tfun cti on x)). ext

(a .arr ows x) (c. arr ows x) (aeqc x))
(b eqd (F. obje ctf unct ion x))

Horizo nta lCompositio nPreserves Ide ntit y
(C: :E_cat egory)( D::E _catego ry) (E:: E_cate gory )
(F: :E_fun ctor C D)(G::E _fun cto r D E)

:: (E_nat ura l_tr ansformati on_SE C E
(E_fun cto rcompositi on C D E G F)
(E_fun cto rcompositi on C D E G F)) .er. eq

(Horiz ont alCompositi on C D E F G F G
(( E_funct orca teg ory C D).i d F) (( E_funct orca teg ory D E).i d G))

(( E_funct orca teg ory C E).id (E_fu ncto rco mpositi on C D E G F))
= \ (x: :C. obj) ->

le t Fx::D .ob j = F.o bjec tfu ncti on x
GF::E_ fun ctor C E = E_funct orc omposit ion C D E G F
GFx::E .ob j = GF.obje ctf unct ion x
homcat::S E = E.hom GFx GFx
id F::E _natura l_t rans for mati on C D F F

= (E_func tor cate gor y C D). id F
GidFx: :ho mcat.ba se

= (G. arro wfuncti on Fx Fx). op (idF .ar rows x)
id G::E_natura l_t rans for mati on D E G G

= (E_func tor cate gor y D E). id G
id GF:: E_natur al_ tran sfo rmat ion C E GF GF

= (E_func tor cate gor y C E). id GF
in homcat.e r.tr a

(E.co mp GFx GFx GFx GidFx (idG .ar rows Fx))
GidFx
(i dGF.arr ows x)
(E.ri ght_ uni t GFx GFx GidF x)
(G.ax _preser ve_i d Fx)

Middle FourExchange ( C:: E_categ ory )(D: :E_cate gor y)(E ::E _catego ry)
(F: :E_fun ctor C D)(G::E _fun cto r D E)
(F' ::E _fu ncto r C D)( G': :E_f unctor D E)
(F' ':: E_funct or C D)(G' '::E _fu ncto r D E)
(a: :E_nat ural _tr ansf ormatio n C D F F' )
(b: :E_nat ural _tr ansf ormatio n D E G G')
(a' ::E _natura l_t rans for mati on C D F' F'' )
(b' ::E _natura l_t rans for mati on D E G' G'' )

:: (E_nat ura l_tr ansformati on_SE C E
(E_fun cto rcompositi on C D E G F)
(E_fun cto rcompositi on C D E G'' F'')) .er .eq

(Horiz ont alCompositi on C D E F G F'' G''
(( E_funct orca teg ory C D).c omp F F' F' ' a' a)
(( E_funct orca teg ory D E).c omp G G' G' ' b' b) )

(( E_funct orca teg ory C E).co mp
(E_fun cto rcompositio n C D E G F)
(E_fun cto rcompositio n C D E G' F' )
(E_fun cto rcompositio n C D E G'' F'')
(Horiz ont alCompositi on C D E F' G' F' ' G'' a' b')
(Horiz ont alCompositi on C D E F G F' G' a b))

= \ (x: :C. obj) ->
le t GF::E _fu ncto r C E = E_func tor composi tio n C D E G F

G'F':: E_functor C E = E_fu ncto rco mpositi on C D E G' F'
G' 'F'' ::E _fu ncto r C E = E_func tor composi tio n C D E G'' F' '
Fcat:: E_cate gory = E_funct orca teg ory C E
Fx::D. obj = F.ob jec tfun cti on x
F' x::D .ob j = F'. obj ectf unction x
F' 'x:: D.obj = F' '.o bjec tfu ncti on x
GFx::E .ob j = G.obje ctfu nct ion Fx
G'Fx:: E.obj = G'.ob ject fun ctio n Fx
G' 'Fx: :E. obj = G''. obje ctf unct ion Fx
G'F'x: :E. obj = G'.o bjec tfu ncti on F'x
G' 'F'x ::E .ob j = G'' .obj ect func tio n F' x
G' 'F'' x:: E.obj = G' '.ob jec tfun cti on F''x
G'ax:: (E. hom G'Fx G'F'x ).b ase

= (G'. arr owfunct ion Fx F'x ).op (a .arr ows x)
G' 'ax: :(E .ho m G''Fx G'' F'x ).ba se

= (G'' .ar rowf unction Fx F' x).o p ( a.ar rows x)
G' 'a'x ::( E.hom G''F 'x G''F ''x) .ba se

= (G'' .ar rowf unction F' x F''x) .op (a' .ar rows x)
bFx::( E.hom GFx G'Fx).b ase = b.ar rows Fx
b' Fx:: (E. hom G'Fx G''Fx ).b ase = b'.ar rows Fx
b' F'x: :(E .ho m G'F'x G'' F'x ).ba se = b' .ar rows F' x
homset::S E = E.hom GFx G'' F''x
bstara ::( Fcat.ho m GF G'F') .bas e

= Hori zontalC omposit ion C D E F G F' G' a b
b' star a': :(F cat. hom G'F' G''F' '). base

= Hori zontalC omposit ion C D E F' G' F'' G'' a' b'
a' oa:: E_natu ral_ tra nsfo rmation C D F F''

= (E_f unctorc ate gory C D). comp F F' F'' a' a
b' ob:: E_natu ral_ tra nsfo rmation D E G G''

= (E_f unctorc ate gory D E). comp G G' G'' b' b
b' obst ara 'oa ::(F cat .hom GF G'' F'' ).ba se

= Hori zontalC omposit ion C D E F G F'' G' ' a' oa b'ob
G' 'a'o ax: :(E .hom G''Fx G'' F''x ).b ase

= (G'' .ar rowf unction Fx F' 'x). op (a'o a.a rrow s x)
in homset.er .tr a

(b 'obs tar a'oa .ar rows x)
(E.comp GFx G'Fx G'' F'' x

(E.comp G'Fx G'' F'x G'' F'' x
G' 'a'x (E.comp G'Fx G'F'x G''F 'x b'F' x G'ax) ) bFx)

(( Fcat .co mp GF G'F' G'' F'' b's tar a' bsta ra). arr ows x)
(h omset.e r.tr a

(b 'obs tar a'oa .ar rows x)
(E.comp GFx G'Fx G'' F'' x

(E.comp G'Fx G'' Fx G''F ''x G'' a'o ax b'Fx ) bFx)
(E.comp GFx G'Fx G'' F'' x

(E.comp G'Fx G'' F'x G'' F'' x
G' 'a'x (E.comp G'Fx G'F'x G''F 'x b'F' x G'ax) ) bFx)

(h omset.e r.sy m
(E.co mp GFx G'Fx G' 'F'' x

(E.co mp G'Fx G'' Fx G''F ''x G' 'a'o ax b'Fx ) bFx)
(b 'ob star a'o a.ar rows x)
(E.as soc GFx G'Fx G''Fx G' 'F'' x G''a 'oax b' Fx bFx) )

(E.con g GFx G'Fx G'' F'' x
(E.comp G'Fx G'' Fx G''F ''x G'' a'o ax b'Fx )
(E.comp G'Fx G'' F'x G'' F'' x

G' 'a'x (E.comp G'Fx G'F'x G''F 'x b'F' x G'ax) )
bFx
bFx
(( E.hom G'Fx G'' F''x ).e r.t ra

(E.comp G'Fx G'' Fx G''F ''x G'' a'o ax b'Fx )
(E.comp G'Fx G'' F'x G'' F'' x

G' 'a'x (E.comp G'Fx G'' Fx G''F 'x G''a x b'Fx) )
(E.comp G'Fx G'' F'x G'' F'' x

G' 'a'x (E.comp G'Fx G'F'x G''F 'x b'F' x G'ax) )
(( E.hom G'Fx G'' F''x ).e r.t ra

(E.comp G'Fx G'' Fx G''F ''x G'' a'o ax b'Fx )
(E.comp G'Fx G'' Fx G''F ''x

(E.comp G''Fx G' 'F' x G' 'F' 'x G''a 'x G''a x) b'Fx )
(E.comp G'Fx G'' F'x G'' F'' x
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G''a' x (E.co mp G'Fx G'' Fx G''F 'x G'' ax b'Fx ))
(E.con g G'Fx G'' Fx G''F ''x

G' 'a' oax
(E.co mp G''F x G' 'F' x G' 'F' 'x G''a 'x G''a x)
b' Fx
b' Fx
(G''. ax_pres erve _compositi on Fx F'x F''x

(a '.ar rows x) (a .ar rows x) )
(( E.hom G'Fx G'' Fx) .er. ref b'F x))

(E.ass oc G'Fx G' 'Fx G'' F'x G'' F'' x G' 'a' x G''ax b' Fx))
(E.con g G'Fx G'' F'x G'' F'' x

G' 'a'x
G' 'a'x
(E.comp G'Fx G'' Fx G''F 'x G''a x b'Fx)
(E.comp G'Fx G'F'x G''F 'x b'F' x G'ax)
(( E.hom G''F 'x G''F ''x) .er .ref G' 'a'x )
(( E.hom G'Fx G'' F'x ).er .sy m

(E.comp G'Fx G'F'x G''F 'x b'F' x G'ax)
(E.comp G'Fx G'' Fx G''F 'x G''a x b'Fx)
(b '.ax _natura lit y Fx F' x (a .ar rows x) ))) )

(( E.hom GFx G'Fx ).e r.re f bFx)) )
(h omset.e r.t ra

(E.comp GFx G'Fx G' 'F'' x
(E.comp G'Fx G'' F'x G'' F'' x

G' 'a'x (E.co mp G'Fx G'F'x G''F 'x b'F' x G'ax )) bFx)
(E.comp GFx G'Fx G' 'F'' x

(E.comp G'Fx G'F'x G''F ''x (b' sta ra'. arr ows x) G'ax) bFx)
(( Fcat .co mp GF G'F' G'' F'' b's tar a' bsta ra). arr ows x)
(E.con g GFx G'Fx G' 'F'' x

(E.comp G'Fx G'' F'x G'' F'' x
G' 'a'x (E.co mp G'Fx G'F'x G''F 'x b'F' x G'ax ))

(E.comp G'Fx G'F'x G''F ''x (b' sta ra'. arr ows x) G'ax)
bFx
bFx
(( E.hom G'Fx G'' F'' x).e r.s ym

(E.co mp G'Fx G'F'x G''F ''x (b 'sta ra' .arr ows x) G'ax)
(E.co mp G'Fx G'' F'x G'' F'' x

G'' a'x (E.comp G'Fx G'F'x G''F 'x b'F' x G'ax) )
(E.as soc G'Fx G'F'x G'' F'x G' 'F'' x G''a' x b'F'x G'ax))

(( E.hom GFx G'Fx ).e r.re f bFx))
(E.ass oc GFx G'Fx G'F'x G' 'F'' x ( b'st ara '.ar rows x) G'ax bFx) )

Functo rCompositi onAsFunctor (A::E _cat egory)( B:: E_categ ory) (C: :E_cate gor y)
:: E_functor

(E_productcat egory ( E_functorc ate gory B C) ( E_funct orc ate gory A B))
(E_fun cto rcat egory A C)

= let FAB::E _cat egory = E_func tor cat egory A B
FBC::E _catego ry = E_fun ctor cat egory B C

in st ruc t
obj ect fun ctio n =

\( h::( E_prod uctc ate gory FBC FAB). obj) ->
E_func tor composi tio n A B C h._ 1 h._2

ar rowfunc tio n =
\( a::( E_prod uctc ate gory FBC FAB). obj) ->
\( b::( E_prod uctc ate gory FBC FAB). obj) ->
st ruct
op =

\( h::( (E_product cat egory FBC FAB).hom a b).b ase)->
Horizo nta lCompositi on A B C a. _2 a._1 b. _2 b._1 h. _2 h._1

ext =
\( x::( (E_product cat egory FBC FAB).hom a b).b ase)->
\( y::( (E_product cat egory FBC FAB).hom a b).b ase)->
\( h::( (E_product cat egory FBC FAB).hom a b).e r.e q x y)- >
Horizo nta lCompositi onIs Ext ensi onal

A B C a._ 2 a. _1 b._2 b. _1 x._2 x. _1 y._2 y._ 1 h._2 h._ 1
ax_pre ser ve_i d =

\( a::( E_prod uctc ate gory FBC FAB). obj) ->
Horizo nta lCompositi onPreserves Ide nti ty A B C a. _2 a._1

ax_pr eser ve_composi tion =

\( a::( E_productc ateg ory FBCFAB). obj) ->
\( b::( E_productc ateg ory FBCFAB). obj) ->
\( c::( E_productc ateg ory FBCFAB). obj) ->
\( f::( (E_product cate gor y FBC FAB).hom b c).b ase)->
\( g::( (E_product cate gor y FBC FAB).hom a b).b ase)->
Middle FourExchange

A B C a._ 2 a._1 b._ 2 b. _1 c._ 2 c. _1 g._2 g. _1 f ._2 f._ 1

Id Functor Wit hId (C: :E_cate gory )
:: E_func tor E_unit cate gor y ( E_funct orca teg ory C C)
= stru ct

obj ect fun ctio n =
\( h::E _unitc ateg ory .obj )-> E_i dfu nct or C

arr owfunction =
\( a::E _unitc ateg ory .obj )->
\( b::E _unitc ateg ory .obj )->
st ruct
op =

\( h::( E_unitc ate gor y.ho m elt@_ el t@_).ba se)- >
(E_fun cto rcat egory C C).id (E_idf unct or C)

ext =
\( x::( E_unitc ate gor y.ho m elt@_ el t@_).ba se)- >
\( y::( E_unitc ate gor y.ho m elt@_ el t@_).ba se)- >
\( h::( E_unitc ate gor y.ho m elt@_ el t@_).er .eq x y)->
(( E_funct orca teg ory C C).h om

(E_id func tor C) (E_idfu nct or C)). er. ref (op elt @_)
ax_pre ser ve_i d =

\( a::E _unitc ateg ory .obj )->
(E_nat ura l_t rans for mati on_SE C C (E_idfu nct or C) ( E_id fun ctor C)).e r.re f

(( E_funct orc ateg ory C C).i d (E_id fun ctor C))
ax_pre ser ve_composit ion =

\( a::E _unitc ateg ory .obj )->
\( b::E _unitc ateg ory .obj )->
\( c::E _unitc ateg ory .obj )->
\( f::( E_unit cate gor y.ho m b c). base)- >
\( g::( E_unit cate gor y.ho m a b). base)- >
le t CC::E _catego ry = E_fun ctor cat egory C C

id C::CC.obj = E_idfu nct or C
id idC: :(C C.hom i dC i dC).bas e = CC.id idC

in (E_natur al_t ran sfor mation_ SE C C idC id C).e r.s ym
(CC.comp idC idC idC id idC idi dC) idi dC
(CC.ri ght _uni t i dC i dC idid C)

Functo rCompAssocNatTrans
(A::E_ cat egory)( B::E _categ ory) (C: :E_cate gory )(D ::E_ cat egory)
(F ::E_ fun ctor A B)(G::E _fu ncto r B C)( H:: E_funct or C D)

:: E_natu ral _tra nsf ormatio n A D
(E_fun cto rco mpositi on A B D (E_fu ncto rco mpositi on B C D H G) F)
(E_fun cto rco mpositi on A C D H (E_func tor composi tio n A B C G F))

= stru ct
ar rows =

\( a::A .ob j)- >
D.id ( (E_fun ctor composi tio n A B D

(E_fu ncto rco mpositi on B C D H G) F). obje ctf unct ion a)
ax_natura lit y =

\( a::A .ob j)- >
\( b::A .ob j)- >
\( f::H om A a b)- >
le t HG_F: :E_func tor A D

= E_funct orc omposit ion A B D ( E_functorc omposit ion B C D H G) F
H_GF:: E_funct or A D

= E_funct orc omposit ion A C D H (E_fu ncto rco mpositi on A B C G F)
HG_Fa: :D. obj = HG_F.obj ectf unctio n a
HG_Fb: :D. obj = HG_F.obj ectf unctio n b
H_GFa::D. obj = H_GF.obj ectf unctio n a
H_GFb::D. obj = H_GF.obj ectf unctio n b
HG_Ff: :(D .hom HG_Fa HG_Fb). base = (HG_F. arro wfuncti on a b) .op f
H_GFf: :(D .hom H_GFa H_GFb). base = (H_GF.arro wfuncti on a b) .op f

in (D.ho m HG_Fa H_GFb).er .tra
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(D.comp HG_Fa HG_Fb H_GFb (arr ows b) HG_Ff)
HG_Ff
(D.comp HG_Fa H_GFa H_GFb H_GFf ( arro ws a))
(D.lef t_u nit HG_Fa H_GFb HG_Ff)
(( D.hom HG_Fa H_GFb).er .sy m

(D.comp HG_Fa H_GFa H_GFb H_GFf ( arro ws a))
HG_Ff
(D.rig ht_ uni t HG_Fa H_GFb HG_Ff))

Functo rCompAssocNatTran sNatura l
(A::E _cat egory)( B:: E_categ ory )(C: :E_cate gor y)(D ::E _cat egory)
(F ::E _fun cto r A B)( G::E_fu nct or B C)(H:: E_funct or C D)
(F ':: E_funct or A B)(G': :E_fun ctor B C)(H':: E_funct or C D)
(a ::E _nat ura l_tr ansformati on A B F F')
(b ::E _nat ura l_tr ansformati on B C G G')
(c ::E _nat ura l_tr ansformati on C D H H')

:: (E_nat ural _tr ansformati on_SE A D
(E_fun cto rcompositio n A B D (E_fun cto rco mpositi on B C D H G) F)
(E_fun cto rcompositio n A C D

H' (E_fun ctor composi tio n A B C G' F') )). er.e q
(( E_funct orc ateg ory A D).c omp

(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H G) F)
(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H' G') F')
(E_fun cto rcompositio n A C D H' (E_fun cto rcompositio n A B C G' F' ))
(Funct orCompAssocNatTrans A B C D F' G' H')
(Horiz ont alCompositi on A B D

F (E_f unctorc omposit ion B C D H G)
F' (E_fun ctor composi tio n B C D H' G')
a (Hor izo ntal Composi tio n B C D G H G' H' b c)))

(( E_funct orc ateg ory A D).c omp
(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H G) F)
(E_fun cto rcompositio n A C D H (E_func tor composi tion A B C G F))
(E_fun cto rcompositio n A C D H' (E_fun cto rcompositio n A B C G' F' ))
(Horiz ont alCompositi on A C D

(E_fun cto rcompositio n A B C G F) H
(E_fun cto rcompositio n A B C G' F' ) H'
(Horiz ont alCompositi on A B C F G F' G' a b) c)

(Funct orCompAssocNatTrans A B C D F G H))
= \(x ::A. obj )->

le t HG::E _fu ncto r B D = E_func tor composi tio n B C D H G
H'G':: E_funct or B D = E_fun cto rco mpositi on B C D H' G'
GF::E_fun ctor A C = E_funct orc omposit ion A B C G F
G'F':: E_funct or A C = E_fun cto rco mpositi on A B C G' F'
HG_F:: E_funct or A D = E_fun cto rco mpositi on A B D HGF
H'G'_F ':: E_funct or A D = E_fun cto rcompositio n A B D H' G' F'
H_GF:: E_funct or A D = E_fun cto rco mpositi on A C D H GF
H'_G'F':: E_funct or A D = E_fun cto rcompositio n A C D H' G'F'
Fx: :B. obj = F.ob ject fun ctio n x
GFx::C .ob j = G.objec tfu ncti on Fx
HGFx:: D.obj = H.obje ctf unct ion GFx
F'x ::B .ob j = F'. obje ctf unct ion x
G'F'x: :C. obj = G'.ob jec tfun cti on F'x
H'G'F' x:: D.obj = H'. obj ectf unctio n G'F'x
G'Fx:: C.obj = G'.obj ect func tio n Fx
H'GFx: :D. obj = H'.ob jec tfun cti on GFx
H'G'Fx ::D .obj = H'.o bje ctfu nct ion G'Fx
ax: :(B .ho m Fx F' x).b ase = a.ar rows x
bFx::( C.hom GFx G'Fx).b ase = b.ar rows Fx
cGFx:: (D. hom HGFx H' GFx).ba se = c.arr ows GFx
G'ax:: (C. hom G'Fx G'F'x ).ba se = ( G'.a rro wfuncti on Fx F'x). op ax
H'G'ax ::( D.hom H'G'F x H'G'F 'x) .ba se = (H'G'. arr owfunct ion Fx F'x ).op ax
H'bFx: :(D .hom H' GFx H'G'Fx) .ba se = (H'.a rrow fun ctio n GFx G'Fx ).o p bFx
homset ::S E = D.hom HGFx H'G'F' x
cst arb ::E _nat ura l_tr ansformati on B D HGH'G'

= Horizon tal Composi tion B C D G H G' H' b c
bst ara ::E _nat ura l_tr ansformati on A C GF G'F'

= Horizon tal Composi tion A B C F G F' G' a b
bst ara x:: (C.h om GFx G'F'x). base = bst ara .arr ows x
cst arb _st ara: :E_natu ral _tra nsf ormatio n A D HG_F H'G'_F '

= Hori zontalC omposit ion A B D F HG F' H' G' a cstarb
cstarb _st arax ::h omset.b ase = csta rb_s tar a.a rrow s x
H' bsta rax ::(D .ho m H'GFx H' G'F' x). base

= (H'. arr owfunct ion GFx G'F'x) .op bst ara x
cstar_ bst ara: :E_nat ural _tr ansf ormatio n A D H_GFH' _G'F'

= Hori zontalC omposit ion A C D GF H G'F' H' bsta ra c
cstar_ bst arax ::h omset.b ase

= csta r_b star a.a rrow s x
assocFGH::E_natu ral _tra nsf ormatio n A D HG_F H_GF

= Functor CompAssocNatTr ans A B C D F G H
assocF'G' H':: E_natu ral_ tra nsfo rmation A D H' G'_F' H'_G'F'

= Functor CompAssocNatTr ans A B C D F' G' H'
Fcat:: E_categ ory = E_funct orca teg ory A D
cGFxo_HbFxoHGax: :ho mset.ba se

= D.comp HGFxH' GFx H'G'F' x
(D.comp H'GFx H' G'Fx H' G'F'x H'G' ax H'bF x) cGFx

in homset.er .tr a
(( Fcat .co mp HG_F H'G'_F ' H'_G' F' assocF' G'H' cstarb _st ara ).ar rows x)
cstarb _st arax
(( Fcat .co mp HG_F H_GF H'_G'F' cst ar_bsta ra assocFGH).a rro ws x)
(D.lef t_u nit HGFx H' G'F'x csta rb_ star ax)
(h omset.e r.sy m

(( Fcat .co mp HG_F H_GF H'_G'F' cst ar_bsta ra assocFGH).a rro ws x)
cstarb _st arax
(h omset.e r.tr a

(( Fcat .co mp HG_F H_GF H'_G'F' cst ar_bsta ra assocFGH).a rro ws x)
cstar_ bst arax
cstarb _st arax
(D.rig ht_ unit HGFx H'G' F'x cst ar_ bsta rax )
(h omset.e r.tr a

cstar_ bst arax
cGFxo_HbFxoHGax
cstarb _st arax
(D.con g HGFx H'GFx H'G' F'x

H' bsta rax (D. comp H'GFx H' G'Fx H' G'F' x H'G' ax H'bF x)
cGFx cGFx
(H'.ax _pr eser ve_composi tio n GFx G'Fx G'F'x G'ax bFx)
(( D.hom HGFx H'GFx) .er. ref cGFx))

(D.ass oc HGFxH' GFx H'G'Fx H'G'F' x H' G'ax H' bFx cGFx)) ))

RevFuncto rCompAssocNatTran s
(A::E_ cat egory)( B:: E_categ ory) (C: :E_cate gory )(D ::E _cat egory)
(F ::E_ fun ctor A B)( G::E_fu ncto r B C)( H:: E_funct or C D)

:: E_natu ral_ tra nsfo rmation A D
(E_fu ncto rco mpositi on A C D H (E_fun ctor composi tio n A B C G F))
(E_fu ncto rco mpositi on A B D (E_fu nct orco mpositi on B C D H G) F)

= stru ct
ar rows =

\( a:: A.obj)- >
D.id ((E_ fun ctor composi tio n A B D

(E_fun cto rcompositio n B C D H G) F).o bje ctfu nct ion a)
ax_nat ura lity =

\( a:: A.obj)- >
\( b:: A.obj)- >
\( f:: HomA a b)- >
le t HG_F::E_func tor A D

= E_fu nct orco mpositi on A B D ( E_funct orc omposit ion B C D H G) F
H_GF:: E_funct or A D

= E_fu nct orco mpositi on A C D H (E_fun cto rcompositio n A B C G F)
HG_Fa: :D. obj = HG_F.obj ect func tio n a
HG_Fb: :D. obj = HG_F.obj ect func tio n b
H_GFa::D. obj = H_GF.obj ect func tio n a
H_GFb::D. obj = H_GF.obj ect func tio n b
HG_Ff: :(D .hom HG_Fa HG_Fb).bas e = (HG_F. arro wfuncti on a b).op f
H_GFf: :(D .hom H_GFa H_GFb).bas e = (H_GF.arro wfuncti on a b).op f

in ( D.hom H_GFa HG_Fb).er .tra
(D. comp H_GFa H_GFb HG_Fb ( arr ows b) H_GFf)
HG_Ff
(D. comp H_GFa HG_Fa HG_Fb HG_Ff (a rro ws a))
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(D.lef t_u nit HG_Fa H_GFb HG_Ff)
(( D.hom H_GFa HG_Fb).er .sy m

(D.comp H_GFa HG_Fa HG_Fb HG_Ff ( arro ws a))
HG_Ff
(D.rig ht_ uni t H_GFa HG_Fb HG_Ff))

RevFuncto rCompAssocNatT rans Natura l
(A::E _cat egory)( B:: E_categ ory )(C: :E_cate gor y)(D ::E _cat egory)
(F ::E _fun cto r A B)( G::E_fu nct or B C)(H:: E_funct or C D)
(F ':: E_funct or A B)(G': :E_fun ctor B C)(H':: E_funct or C D)
(a ::E _nat ura l_tr ansformati on A B F F')
(b ::E _nat ura l_tr ansformati on B C G G')
(c ::E _nat ura l_tr ansformati on C D H H')

:: (E_nat ural _tr ansformati on_SE A D
(E_fun cto rcompositio n A C D H (E_f unctor composi tion A B C G F))
(E_fun cto rcompositio n A B D

(E_fun cto rcompositio n B C D H' G') F' )). er.e q
(( E_funct orc ateg ory A D).c omp

(E_fun cto rcompositio n A C D H (E_func tor composi tion A B C G F))
(E_fun cto rcompositio n A C D H' (E_fun cto rcompositio n A B C G' F' ))
(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H' G') F')
(RevFunct orCompAssocNatTrans A B C D F' G' H')
(Horiz ont alCompositi on A C D

(E_fun cto rcompositio n A B C G F) H
(E_fun cto rcompositio n A B C G' F' ) H'
(Horiz ont alCompositi on A B C F G F' G' a b) c))

(( E_funct orc ateg ory A D).c omp
(E_fun cto rcompositio n A C D H (E_func tor composi tion A B C G F))
(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H G) F)
(E_fun cto rcompositio n A B D (E_fu ncto rco mpositi on B C D H' G') F')
(Horiz ont alCompositi on A B D

F (E_f unctorc omposit ion B C D H G)
F' (E_fun ctor composi tio n B C D H' G')
a (Hor izo ntal Composi tio n B C D G H G' H' b c))

(RevFunct orCompAssocNatTrans A B C D F G H))
= \(x ::A. obj )->

le t Fcat: :E_cate gor y = E_funct orc ateg ory A D
GF::E_fun ctor A C = E_funct orc omposit ion A B C G F
H_GF:: E_funct or A D = E_fun cto rco mpositi on A C D H GF
HG::E_fun ctor B D = E_funct orc omposit ion B C D H G
HG_F:: E_funct or A D = E_fun cto rco mpositi on A B D HGF
G'F':: E_funct or A C = E_fun cto rco mpositi on A B C G' F'
H'_G'F':: E_funct or A D = E_fun cto rcompositio n A C D H' G'F'
H'G':: E_funct or B D = E_fun cto rco mpositi on B C D H' G'
H'G'_F ':: E_funct or A D = E_fun cto rcompositio n A B D H' G' F'
assocFGH::E_natu ral_ tra nsfo rmatio n A D H_GF HG_F

= RevFunctor CompAssocNatTr ans A B C D F G H
assocF'G' H':: E_natur al_ tran sfo rmation A D H' _G'F' H'G' _F'

= RevFunctor CompAssocNatTr ans A B C D F' G' H'
Fx: :B. obj = F.ob ject fun ctio n x
GFx::C .ob j = G.objec tfu ncti on Fx
HGFx:: D.obj = H.obje ctf unct ion GFx
F'x ::B .ob j = F'. obje ctf unct ion x
G'F'x: :C. obj = G'.ob jec tfun cti on F'x
H'G'F' x:: D.obj = H'. obj ectf unctio n G'F'x
H'GFx: :D. obj = H'.ob jec tfun cti on GFx
G'Fx:: C.obj = G'.obj ect func tio n Fx
H'G'Fx ::D .obj = H'.o bje ctfu nct ion G'Fx
homset ::S E = D.hom HGFx H'G'F' x
cst arb ::E _nat ura l_tr ansformati on B D HGH'G'

= Horizon tal Composi tion B C D G H G' H' b c
cst arb _st ara: :E_natu ral _tra nsf ormatio n A D HG_F H'G'_F '

= Horizon tal Composi tion A B D F HG F' H' G' a cstar b
cst arb _st arax ::h omset.b ase = csta rb_s tar a.ar rows x
bst ara ::E _nat ura l_tr ansformati on A C GF G'F'

= Horizon tal Composi tion A B C F G F' G' a b
cst ar_ bst ara: :E_natu ral _tra nsf ormatio n A D H_GF H'_G'F'

= Horizon tal Composi tion A C D GF H G'F' H' bsta ra c
cst ar_ bst arax ::h omset.b ase = csta r_bs tar a.ar rows x

cGFx:: (D. hom HGFx H'GFx).b ase = c.arr ows GFx
H' bsta rax ::(D .ho m H'GFx H' G'F' x). base

= (H'. arr owfunct ion GFx G'F'x) .op (bs tar a.ar rows x)
H' bFx: :(D .hom H' GFx H'G'Fx ).ba se

= (H'. arr owfunct ion GFx G'Fx). op (b.a rro ws Fx)
H' G'ax::( D.hom H'G' Fx H'G' F'x) .ba se

= (H'G'.a rrow fun ctio n Fx F'x). op (a.a rro ws x)
in homset.er .tr a

(( Fcat .co mp H_GF H'_G'F' H'G'_ F' assocF' G'H' cstar_ bst ara ).ar rows x)
cstar_ bst arax
(( Fcat .co mp H_GF HG_F H'G' _F' cst arb_sta ra assocFGH).a rro ws x)
(D.lef t_u nit HGFx H' G'F'x csta r_b star ax)
(h omset.e r.tr a

cstar_ bst arax
cstarb _st arax
(( Fcat .co mp H_GF HG_F H'G' _F' cst arb_sta ra assocFGH).a rro ws x)
(h omset.e r.tr a

cstar_ bst arax
(D.comp HGFx H'GFx H'G' F'x

(D.comp H'GFx H' G'Fx H' G'F'x H'G' ax H'bF x) cGFx)
cstarb _st arax
(D.con g HGFx H'GFx H'G' F'x

H' bsta rax (D. comp H'GFx H' G'Fx H' G'F' x H'G'a x H'bF x)
cGFx cGFx
(H'.ax _pr eser ve_composi tio n GFx G'Fx G'F'x

(( G'.a rro wfuncti on Fx F'x). op (a. arro ws x)) (b. arro ws Fx) )
(( D.hom HGFx H'GFx) .er. ref cGFx))

(D.ass oc HGFxH' GFx H'G'Fx H'G'F' x H' G'ax H' bFx cGFx))
(h omset.e r.sy m

(( Fcat .co mp H_GF HG_F H'G' _F' cst arb_sta ra assocFGH).a rro ws x)
cstarb _st arax
(D.rig ht_ unit HGFx H'G' F'x cst arb _sta rax )))

El imRight Idf unct orNatTr a ( C::E _categ ory) (D: :E_cate gory )(F ::E_ fun cto r C D)
:: E_natu ral_ tra nsfo rmation C D

(E_fu ncto rco mpositi on C C D F (E_idf unct or C)) F
= stru ct

ar rows =
\( a:: C.obj)- > D.id (F.o bje ctf unct ion a)

ax_nat ura lity =
\( a:: C.obj)- >
\( b:: C.obj)- >
\( f:: (C.h om a b) .ba se)- >
le t Fa::D .ob j = F.o bjec tfu nct ion a

Fb::D. obj = F.ob ject fun cti on b
homset::S E = D.hom Fa Fb
Ff ::ho mset.ba se = (F.ar rowfunc tio n a b). op f

in homset.e r.tr a
(D. comp Fa Fb Fb (ar rows b) Ff ) Ff (D.co mp Fa Fa Fb Ff (ar rows a) )
(D. lef t_u nit Fa Fb Ff)
(ho mset.e r.sy m ( D.comp Fa Fa Fb Ff (a rro ws a)) Ff

(D.rig ht_ unit Fa Fb Ff) )

RevEl imRight Idfu nct orNatTr a (C::E _catego ry) (D:: E_categ ory )(F: :E_fun ctor C D)
:: E_natu ral_ tra nsfo rmation C D

F (E_func tor composi tion C C D F ( E_i dfun cto r C))
= stru ct

ar rows = (Eli mRightI dfu nct orNatTr a C D F).ar rows
ax_nat ura lity = (Eli mRightI dfu nct orNatTr a C D F).ax _natura lit y

El imRight Idf unct or (C:: E_categ ory )(D ::E_ cat egory)
:: let FCD::E _catego ry = E_fun cto rcat egory C D

FCD1:: E_cate gory = E_productca teg ory FCDE_unit cat egory
FCC::E _categ ory = E_fun cto rcat egory C C
FCDFCC::E _catego ry = E_pro duct cat egory FCD FCC
ft ype: :Set = E_functor FCD1 FCD
fc at:: E_cate gory = E_funct orca teg ory FCD1 FCD
R::fty pe = E_rig htu nitc ate lim FCD
L: :fty pe
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= E_funct orc omposit ion FCD1 FCDFCC FCD
(Funct orComposit ionAsFunct or C C D)
(E_productfun cto r FCD E_unitca teg ory FCDFCC

(E_idf unctor FCD) (I dFunct orWithI d C))
in Si gma (f cat. hom L R).b ase (Is o fc at L R)

= let FCD::E _cat egory = E_fun ctor cat egory C D
FCD1:: E_categ ory = E_pr oductca teg ory FCDE_unit cate gor y
FCC::E _catego ry = E_fun ctor cat egory C C
FCDFCC::E _cat egory = E_product cat egory FCD FCC
fty pe: :Set = E_funct or FCD1FCD
fca t:: E_categ ory = E_fu ncto rca teg ory FCD1 FCD
R:: fty pe = E_rig htun itc atel im FCD
L:: fty pe

= E_funct orc omposit ion FCD1 FCDFCC FCD
(Funct orComposit ionAsFuncto r C C D)
(E_productfun cto r FCD E_uni tca teg ory FCDFCC

(E_idf unctor FCD) (I dFunct orWithI d C))
in st ruc t

_1 =
st ruc t
ar rows =

\( a::( E_productc ate gory (E_fun cto rcat egory C D) E_unit cat egory). obj) ->
El imRight Idfu nct orNatTr a C D a._1

ax_natura lit y =
\( a::F CD1.obj )->
\( b::F CD1.obj )->
\( f::( FCD1.ho m a b) .bas e)- >
\( x::C .ob j)->
le t La::F CD.obj = L.obj ect func tio n a

Lb::F CD.obj = L. obj ectf unctio n b
Lax:: D.obj = La. obj ectf unctio n x
Lbx:: D.obj = Lb. obj ectf unctio n x
Lf ::( FCD.hom La Lb) .bas e = (L .arr owfunct ion a b).o p f
Lf x:: (D.h om Lax Lbx).ba se = Lf.ar rows x
homset::S E

= D.hom ( (L. obje ctf unct ion a). obj ectf unctio n x)
(( R.objec tfun cti on b).o bje ctfu nct ion x)

in homset.er .tr a
(( FCD.comp La Lb b. _1 ( arr ows b) Lf). arr ows x)
(f ._1. arr ows x)
(( FCD.comp La a. _1 b._1 f. _1 ( arr ows a)) .ar rows x)
(h omset.e r.t ra

(( FCD.comp La Lb b. _1 ( arr ows b) Lf). arr ows x)
Lf x
(f ._1. arr ows x)
(D.lef t_u nit Lax (b ._1. obj ectf unction x) Lf x)
(h omset.e r.t ra

Lf x
(D.co mp Lax Lbx (b. _1.o bje ctfu nct ion x)

(D.id (b. _1. obje ctf unct ion x))
(f ._1 .arr ows x))

(f ._1 .arr ows x)
(D.co ng

Lax ( b._1 .ob ject fun ctio n x) (b ._1 .ob ject fun ctio n x)
(( b._ 1.ar rowfunc tio n x x). op ( C.i d x))
(D.id (b. _1. obje ctf unct ion x))
(f ._1 .arr ows x)
(f ._1 .arr ows x)
(b ._1 .ax_ pre serv e_i d x)
(h omset.e r.r ef ( f._ 1.ar rows x) ))

(D.lef t_u nit (a. _1. obje ctf unct ion x)
(b ._1 .obj ect func tio n x)
(f ._1 .arr ows x)) ))

(h omset.e r.s ym
(( FCD.comp La a. _1 b._1 f. _1 ( arr ows a)) .ar rows x)
(f ._1. arr ows x)
(D.rig ht_ uni t (a ._1 .obj ect func tio n x)

(b ._1. obj ect func tio n x) (f ._1. arr ows x)) )
_2 =

NatTra nsI soIf Components Iso FCD1 FCD L R _1
(\ (x: :FCD1.o bj)- >
st ruct {
_1 = RevElimRigh tIdf unctor NatTra C D x._ 1;
_2 = stru ct { _1 = FCD.righ t_u nit x._ 1 x._1 (FCD.id x. _1) ;

_2 = FCD.left _unit x._1 x. _1 ( FCD.id x._ 1);} ;})

El imLeftI dfu ncto rNatTra (C::E_ cat egory)( D:: E_categ ory) (F: :E_f unctor C D)
:: E_natu ral _tra nsf ormatio n C D

(E_fun cto rco mpositi on C D D (E_id fun ctor D) F) F
= stru ct

arr ows = (Eli mRightI dfu ncto rNatTr a C D F).ar rows
ax_nat ura lity = (Eli mRightI dfu ncto rNatTr a C D F).ax _natura lit y

RevEli mLeftI dfun cto rNat Tra (C: :E_cate gor y)( D::E _catego ry) (F:: E_funct or C D)
:: E_natu ral _tra nsf ormatio n C D

F (E_f unctor composi tion C D D (E_idfu nct or D) F)
= stru ct

arr ows = (Eli mLeftId fun ctor NatTra C D F) .arr ows
ax_nat ura lity = (Eli mLeftId fun ctor NatTra C D F) .ax_ nat ural ity

El imLeftI dfu ncto r ( C::E _catego ry) (D:: E_cate gory )
:: le t FCD:: E_categ ory = E_fu ncto rca tego ry C D

P1FCD::E_cate gor y = E_prod uctc ate gory E_unit cat egory FCD
FDD::E _catego ry = E_fun cto rcat egory D D
FDDFCD::E _cat egory = E_pro duct cat egory FDD FCD
ft ype: :Set = E_functor P1FCD FCD
fc at:: E_categ ory = E_funct orca teg ory P1FCD FCD
R::fty pe = E_lef tun itca tel im FCD
L: :fty pe

= E_funct orco mpositi on P1FCD FDDFCD FCD
(Funct orComposit ion AsFunct or C D D)
(E_productfu ncto r E_uni tca tego ry FCDFDDFCD

(I dFuncto rWithId D) (E_idf unct or FCD))
in Sigma (f cat. hom L R).b ase (Is o f cat L R)

= let FCD::E_ cat egory = E_func tor cate gor y C D
P1FCD::E_cate gor y = E_prod uctc ate gory E_unit cat egory FCD
FDD::E _catego ry = E_fun cto rcat egory D D
FDDFCD::E _cat egory = E_pro duct cat egory FDD FCD
ft ype: :Set = E_functor P1FCD FCD
fc at:: E_categ ory = E_funct orca teg ory P1FCD FCD
R::fty pe = E_lef tun itca tel im FCD
L: :fty pe

= E_funct orco mpositi on P1FCD FDDFCD FCD
(Funct orComposit ion AsFunct or C D D)
(E_productfu ncto r E_uni tca tego ry FCDFDDFCD

(I dFuncto rWithId D) (E_idf unct or FCD))
in st ruc t

_1 =
st ruct
ar rows =

\( a:: P1FCD.obj)- > ElimL eft Idf unct orNatTr a C D a._2
ax_nat ura lity =

\( a:: P1FCD.obj)- >
\( b:: P1FCD.obj)- >
\( f:: (P1FCD.hom a b).ba se) ->
\( x:: C.obj)- >
le t La::F CD.obj = L.obj ect fun ctio n a

Lb::FC D.obj = L. obje ctf unction b
homset::S E

= D.ho m ( La.o bje ctfu nct ion x) (b._ 2.o bje ctfu nct ion x)
Lf ::(F CD.hom La Lb). base = (L. arr owfunct ion a b).op f

in homset.e r.tr a
((F CD.comp La Lb b._ 2 ( arro ws b) Lf). arr ows x)
(f. _2. arr ows x)
((F CD.comp La a. _2 b._2 f._ 2 ( arro ws a)) .arr ows x)
(ho mset.e r.tr a

(( FCD.comp La Lb b._ 2 ( arro ws b) Lf). arr ows x)
(L f.ar rows x)
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(f ._2. arr ows x)
(D.lef t_u nit (La .ob ject fun ctio n x)

(b ._2. obj ectf unction x)
(L f.ar rows x) )

(D.rig ht_ uni t (L a.o bjec tfu ncti on x)
(b ._2. obj ect func tio n x)
(f ._2. arr ows x)) )

(( D.hom ( La. obje ctf unct ion x)
(b ._2. obj ectf unctio n x) ).e r.sy m

(( FCD.comp La a. _2 b._2 f. _2 ( arr ows a)) .ar rows x)
(f ._2. arr ows x)
(D.rig ht_ uni t (a ._2 .obj ect func tio n x)

(b ._2. obj ect func tio n x)
(f ._2. arr ows x)) )

_2 =
NatTr ansI soI fComponents Iso P1FCD FCDL R _1

(\ (x:: P1FCD.obj) ->
st ruc t {
_1 = RevElim Left Idf unct orNatTr a C D x._2 ;
_2 = stru ct {

_1 = FCD.rig ht_u nit x._ 2 x._2 (FCD.id x. _2) ;
_2 = FCD.lef t_un it x._2 x. _2 ( FCD.id x._ 2); };})

CompAssocNatTran s (A::E _cat egory) (B:: E_categ ory )(C: :E_cat egory)( D::E _catego ry)
:: let FAB::E _categ ory = E_fun cto rcat egory A B

FBC::E _catego ry = E_fun ctor cat egory B C
FCD::E _catego ry = E_fun ctor cat egory C D
FAC::E _catego ry = E_fun ctor cat egory A C
FBD::E _catego ry = E_fun ctor cat egory B D
FAD::E _catego ry = E_fun ctor cat egory A D
FBCFAB::E _cat egory = E_product cate gor y FBC FAB
FCDFBC::E _cat egory = E_product cate gor y FCD FBC
FBDFAB::E _cat egory = E_product cate gor y FBD FAB
FCDFAC::E _cat egory = E_product cate gor y FCD FAC
FCDFBC_FAB::E _catego ry = E_pro duct cat egory FCDFBC FAB
FCD_FBCFAB::E _catego ry = E_pro duct cat egory FCD FBCFAB
R:: E_functor FCDFBC_FAB FAD

= E_funct orc omposit ion FCDFBC_FAB FCD_FBCFAB FAD
(E_fun cto rcompositio n FCD_FBCFAB FCDFAC FAD

(Funct orComposit ionAsFunct or A C D)
(E_productfun cto r FCD FBCFAB FCD FAC

(E_idf unctor FCD) (Functor Composi tion AsFunct or A B C)) )
(p rodassocrig ht FCDFBCFAB)

L:: E_functor FCDFBC_FAB FAD
= E_funct orc omposit ion FCDFBC_FAB FBDFABFAD

(Funct orComposit ionAsFuncto r A B D)
(E_productfun cto r FCDFBC FAB FBD FAB

(Funct orComposit ionAsFunct or B C D) ( E_i dfun cto r FAB))
Fcat:: E_categ ory = E_fu ncto rca teg ory FCDFBC_FAB FAD

in Si gma (Fcat. hom L R).b ase (Is o Fcat L R)
= let FAB::E _cat egory = E_fun ctor cat egory A B

FBC::E _catego ry = E_fun ctor cat egory B C
FCD::E _catego ry = E_fun ctor cat egory C D
FAC::E _catego ry = E_fun ctor cat egory A C
FAD::E _catego ry = E_fun ctor cat egory A D
FBD::E _catego ry = E_fun ctor cat egory B D
FCDFBC::E _cat egory = E_product cate gor y FCD FBC
FBCFAB::E _cat egory = E_product cate gor y FBC FAB
FBDFAB::E _cat egory = E_product cate gor y FBD FAB
FCDFAC::E _cat egory = E_product cate gor y FCD FAC
FCDFBC_FAB::E _catego ry = E_pro ductcat egory FCDFBC FAB
FCD_FBCFAB::E _catego ry = E_pro ductcat egory FCD FBCFAB
R:: E_functor FCDFBC_FAB FAD

= E_funct orc omposit ion FCDFBC_FAB FCD_FBCFAB FAD
(E_fun cto rcompositio n FCD_FBCFAB FCDFAC FAD

(Funct orComposit ionAsFunct or A C D)
(E_productfun cto r FCD FBCFAB FCD FAC

(E_idf unctor FCD) (Functor Composi tion AsFunct or A B C)) )
(p rodassocrig ht FCDFBCFAB)

L: :E_f unctor FCDFBC_FAB FAD
= E_funct orco mpositi on FCDFBC_FAB FBDFAB FAD

(Funct orComposit ion AsFunct or A B D)
(E_productfu ncto r FCDFBC FAB FBD FAB

(FunctorC omposit ion AsFunct or B C D) (E_i dfu ncto r FAB))
in st ruc t

_1 =
st ruct
ar rows =

\(a ::F CDFBC_FAB.obj) ->
Functo rCompAssocNatTran s A B C D a._2 a. _1._ 2 a._1. _1

ax_nat ura lity =
\(a ::F CDFBC_FAB.obj) ->
\(b ::F CDFBC_FAB.obj) ->
\(f ::( FCDFBC_FAB.hom a b).b ase)->
Functo rCompAssocNatTran sNatura l A B C D

a. _2 a._1 ._2 a._ 1._ 1 b. _2 b._1 ._2 b. _1._ 1 f ._2 f._ 1._2 f. _1._ 1
_2 =

st ruct
_1 =

str uct
arr ows =

\( a::F CDFBC_FAB.obj )->
RevFuncto rCompAssocNatTran s A B C D a._2 a. _1._ 2 a._1. _1

ax_nat ura lity =
\( a::F CDFBC_FAB.obj )->
\( b::F CDFBC_FAB.obj )->
\( f::( FCDFBC_FAB.ho m a b). base)->
RevFuncto rCompAssocNatTran sNatura l A B C D

a. _2 a._1 ._2 a._ 1._ 1 b. _2 b._1 ._2 b._ 1._ 1 f. _2 f._ 1._2 f. _1._ 1
_2 =

str uct
_1 =

\( x:: FCDFBC_FAB.obj )->
\( x': :A.o bj) ->
D.rig ht_u nit

(( R.objec tfun cti on x).o bje ctfu nct ion x')
(( R.objec tfun cti on x).o bje ctfu nct ion x')
(D.id ((R .obj ect fun ctio n x).ob jec tfun cti on x'))

_2 =
\( x:: FCDFBC_FAB.obj )->
\( x': :A.o bj) ->
D.lef t_un it

(( L.ob jec tfun cti on x).o bje ctfu nct ion x')
(( L.ob jec tfun cti on x).o bje ctfu nct ion x')
(D.id ((L .obj ect fun ctio n x).ob jec tfun cti on x'))

AssocPentagon
(A::E_ cat egory)( B:: E_categ ory) (C: :E_cate gory )(D ::E _cat egory)( E:: E_categ ory)
(f ::E_ fun ctor A B)( g::E _fu ncto r B C)( h:: E_funct or C D)(k: :E_f unctor D E)

:: let homcat::E _cat egory = E_fun ctor cat egory A E
ft ype: :Set = E_functor A E
kh::E_ fun cto r C E = E_functorc omposit ion C D E k h
gf ::E_ fun cto r A C = E_functorc omposit ion A B C g f
hg::E_ fun cto r B D = E_functorc omposit ion B C D h g
hg_f:: E_functor A D = E_fu ncto rco mpositi on A B D hg f
h_gf:: E_functor A D = E_fu ncto rco mpositi on A C D h gf
kh_g:: E_functor B E = E_fu ncto rco mpositi on B C E kh g
k_hg:: E_functor B E = E_fu ncto rco mpositi on B D E k hg
kh_g__f:: fty pe = E_func tor composi tion A B E kh_g f
kh_gf: :ft ype = E_fu ncto rco mpositi on A C E kh gf
k__h_gf:: fty pe = E_func tor composi tion A D E k h_gf
k_hg__f:: fty pe = E_func tor composi tion A B E k_hg f
k__hg_f:: fty pe = E_func tor composi tion A D E k hg_f
l1 ::(h omcat. hom kh_g__f kh_gf) .ba se

= Functor CompAssocNatTr ans A B C E f g kh
l2 ::(h omcat. hom kh_gf k__h_gf) .ba se

= Functor CompAssocNatTr ans A C D E gf h k
r1 ::(h omcat. hom kh_g__f k_hg__f). base
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= Horizon tal Composi tion A B E f kh_g f k_hg
(( E_funct orca teg ory A B).i d f)
(Funct orCompAssocNatTrans B C D E g h k)

r2 ::(h omcat.h om k_hg__f k__hg_f). base
= Functor CompAssocNatTr ans A B D E f hg k

r3 ::(h omcat.h om k__hg_f k__h_gf). base
= Horizon tal Composi tion A D E hg_f k h_gf k

(Funct orCompAssocNatTrans A B C D f g h)
(( E_funct orca teg ory D E).i d k)

in (E_natur al_t ran sfor mation_ SE A E kh_g__f k__h_gf). er. eq
(h omcat.c omp kh_g__f kh_gf k__h_gf l2 l1 )
(h omcat.c omp kh_g__f k_hg__f k__h_gf

(h omcat.c omp k_hg__f k__hg_f k__h_gf r3 r2) r1)
= \(x ::A. obj )->

le t hg::E _fu ncto r B D = E_func tor composi tio n B C D h g
k_hg:: E_funct or B E = E_fun cto rco mpositi on B D E k hg
fx ::B. obj = f .ob ject fun ctio n x
gf x::C .ob j = g.o bjec tfu ncti on fx
hgfx:: D.obj = h. obje ctf unct ion gf x
khgfx: :E. obj = k.obj ect func tio n hgfx
homset::S E = E.hom khgf x khgfx

in homset.e r.tr a
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.co mp khgf x khgfx khgfx

(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx )))

(E.co mp khgf x khgfx khgfx
(E.co mp khgf x khgfx khgfx

(E.co mp khgf x khgfx khgfx
(( k.a rrow fun ctio n hgfx hgf x). op ( D.i d hgfx) )
(E.id khgfx) )

(E.id khgfx) )
(E.co mp khgf x khgfx khgfx

(( k_hg.ar rowfunc tio n fx fx ).op (B.id fx) )
(E.id khgfx) ))

(E.con g khgf x khgfx khgfx
(E.id khgfx)
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.id khgfx)
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(h omset.e r.s ym

(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.id khgfx)
(E.ri ght_ uni t khgfx khgfx (E.i d khgf x)))

(h omset.e r.s ym
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.id khgfx)
(E.ri ght_ uni t khgfx khgfx (E.i d khgf x))) )

(E.con g khgf x khgfx khgfx
(E.co mp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.co mp khgf x khgfx khgfx

(E.co mp khgf x khgfx khgfx
(( k.a rrow fun ctio n hgfx hgf x).o p ( D.i d hgfx) )
(E.id khgfx) )

(E.id khgfx) )
(E.comp khgf x khgfx khgfx (E.i d khgf x) ( E.i d khgfx ))
(E.comp khgf x khgfx khgfx

(( k_hg.ar rowfunc tio n fx fx ).op (B.id fx) )
(E.id khgfx) )

(E.con g khgf x khgfx khgfx
(E.id khgfx)
(E.co mp khgf x khgfx khgfx

(( k.a rrow fun ctio n hgfx hgf x).o p ( D.i d hgfx) )
(E.id khgfx) )

(E.id khgfx)
(E.id khgfx)
(h omset.e r.s ym

(E.co mp khgf x khgfx khgfx
(( k.a rrow fun ctio n hgfx hgf x).o p ( D.i d hgfx) )

(E.id khgfx))
(E.id khgfx)
(h omset.e r.tr a

(E.comp khgfx khgfx khgfx
(( k.ar rowfunc tio n hgfx hgf x).o p ( D.id hgfx))
(E.id khgfx))

(( k.ar rowfunc tio n hgfx hgf x).o p ( D.id hgfx))
(E.id khgfx)
(E.rig ht_ unit khgfx khgfx

(( k.ar rowfunc tio n hgfx hgf x).o p ( D.id hgfx)) )
(k .ax_ pre serv e_i d hgfx) ))

(h omset.e r.re f ( E.id khgfx) ))
(E.con g khgfx khgfx khgfx

(E.id khgfx)
(( k_hg.ar rowf unction fx fx ).op (B.id fx) )
(E.id khgfx)
(E.id khgfx)
(h omset.e r.sy m

(( k_hg.ar rowf unction fx fx ).op (B.id fx) )
(E.id khgfx)
(k _hg. ax_pres erv e_id fx ))

(h omset.e r.re f ( E.id khgfx ))))

Id enti tyT rian gle (C::E_ cat egory)( D::E _categ ory) (E: :E_cate gory )
(f ::E_ fun ctor C D)(g ::E _fu ncto r D E)

:: le t homcat::E _catego ry = E_fun cto rcat egory C E
ft ype: :Set = E_functor C E
I: :E_f unctor D D = E_id fun ctor D
gI ::E_ fun ctor D E = E_functorc omposit ion D D E g I
If ::E_ fun ctor C D = E_functorc omposit ion C D D I f
gI _f:: fty pe = E_fun ctor composi tio n C D E gI f
g_If:: fty pe = E_fun ctor composi tio n C D E g I f
gf ::ft ype = E_fu nct orco mpositi on C D E g f
l: :E_natu ral_ tra nsf ormatio n C E gI_f gf

= Hori zontalC omposit ion C D E f gI f g
(( E_funct orc ateg ory C D).i d f) (ElimRigh tId func tor NatTra D E g)

r1 ::E_ nat ural _tr ansformati on C E gI_f g_If
= Functor CompAssocNatTr ans C D D E f I g

r2 ::E_ nat ural _tr ansformati on C E g_If gf
= Hori zontalC omposit ion C D E If g f g

(ElimL eft Idf unct orNatTr a C D f ) ( (E_f unctor cate gor y D E). id g)
in (E_natura l_t rans for mati on_SE C E gI_ f gf ).e r.eq

l ((E_ fun ctor cat egory C E).comp gI_f g_I f gf r2 r1 )
= \(x: :C. obj) ->

let I : :E_f unctor D D = E_id func tor D
gI :: E_funct or D E = E_fu ncto rco mpositi on D D E g I
If :: E_funct or C D = E_fu ncto rco mpositi on C D D I f
gI _f:: E_funct or C E = E_fu ncto rco mpositi on C D E gI f
g_If:: E_funct or C E = E_fu ncto rco mpositi on C D E g If
gf :: E_funct or C E = E_fu ncto rco mpositi on C D E g f
gf x :: E.obj = gf.o bjec tfu ncti on x

in (E.ho m gf x gfx). er. sym
(E.comp gfx gfx gfx

(( Hori zontal Composi tion C D E If g f g
(El imLeft Idfu nct orNatTr a C D f )
((E _fu nct orca teg ory D E).id g) ).ar rows x)

(E.id gfx ))
(( Hori zontalC omposi tion C D E f gI f g

(( E_funct orc ateg ory C D).i d f )
(Elim RightId func tor NatTra D E g)) .ar rows x)

(E.rig ht_ unit gf x gfx
(( Hori zontal Composi tion C D E If g f g

(El imLeft Idfu nct orNatTr a C D f )
((E _fu nct orca teg ory D E).id g) ).ar rows x))

ECat : : E_bi cate gor y
= stru ct

obj = E_categ ory
hom = E_funct orca teg ory
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comp = Functor Composi tio nAsFunctor
id enti ty = IdF unct orWithI d
associ ati vit y = CompAssocNatTr ans
ri ghti d = Eli mRightI dfun cto r
le ftid = Eli mLeftId func tor
apenta gon = AssocPenta gon
id tria ngl e = Ide ntit yTr iang le

{- # Al fa unfo ldg oals of f
br ief on
hi dety peannot s off
ta ll

nd
hi ding on
#- }

E adjunction.agda
-- #inc lud e "ECat.agd a"

E_adju nct ion_ adhoc ( C,D::E _cat egory)( F:: E_funct or C D)(G: :E_f unctor D C)
:: Set
= sig {

-- uni t == et a
unit:: E_natur al_ tran sfo rmation C C

(E_idf unctor C) (E_f unctor composi tion C D C G F);
-- counit == epsilo n
counit ::E _nat ura l_t rans for mati on D D

(E_fu ncto rco mpositi on D C D F G) (E_idfu nct or D);
unittr ian glel aw

-- 1_F = epsi lon _F o F eta
:: (E_nat ural _tr ansf ormatio n_SE C D F F) .er. eq

(( E_funct orca teg ory C D).i d F)
(( E_funct orca teg ory C D).c omp F

(E_fun cto rcompositio n C D D (E_fun cto rco mpositi on D C D F G) F)
F
(st ruc t
ar rows =
\( a::C .ob j)- > couni t.ar rows (F.ob jec tfun cti on a)

ax_nat ura lity =
\( a::C .ob j)- > \( b:: C.obj)- > \( f:: HomC a b) ->
counit .ax _natura lit y

(F .obj ect func tio n a) (F .ob ject fun ctio n b)
(( F.ar rowfunc tio n a b). op f)

)
(st ruc t
ar rows =
\( a:: C.obj)- >
(F .ar rowf unction

a (G.o bje ctfu nct ion (F. obje ctf unction a) )).o p
(u nit. arr ows a)

ax_nat ura lity =
\( a:: C.obj)- > \( b:: C.obj)- > \( f:: HomC a b) ->
(D.ho m

(F.obj ect func tio n a)
(( E_funct orco mposit ion C D D

(E_fu ncto rco mpositi on D C D F G)
F) .ob ject fun ctio n b)).e r.t ra

(c ompose D (F.ob ject fun ctio n a) ( F.ob jec tfun cti on b)
(( E_funct orc omposit ion C D D

(E_fu ncto rco mpositi on D C D F G)
F) .ob ject fun ctio n b)

(a rro ws b)
(Arro wfuncti on C D F a b f ))

(( F.ar rowfunc tio n

a
(G. obj ect func tio n (F .ob ject fun cti on b))) .op

(C.comp
a
(( E_funct orco mpositi on C D C G F) .obj ect func tio n a)
(G.obj ect func tio n (F .ob ject fun cti on b))
(( (E_f unctorc omposit ion C D C

G F). arro wfuncti on a b) .op f)
(u nit. arr ows a)) )

(c ompose
D (F.o bje ctf unct ion a)
(( E_funct orc omposit ion C D D

(E_fun cto rcompositio n D C D F G)
F) .obj ect func tio n a)

(( E_funct orc omposit ion C D D
(E_fun cto rcompositio n D C D F G)
F) .obj ect func tio n b)

(Arrow fun cti on C D
(E_fu ncto rco mpositi on C D D

(E_fun cto rcompositi on D C D F G) F)
a b f )

(a rrow s a))
(( D.hom

(F.obj ect fun ctio n a)
(( E_funct orc omposit ion C D D

(E_fun cto rcompositio n D C D F G)
F) .obj ect func tio n b) ).e r.tr a

(c ompose D
(F.obj ect func tio n a)
(F .obj ect func tio n b)
(( E_funct orco mposit ion C D D

(E_fun cto rcompositi on D C D F G)
F) .obj ect func tio n b)

(a rrow s b)
(Arrow fun ctio n C D F a b f ))

(( F.ar rowfunc tio n
a
(G.ob ject fun ctio n ( F.ob jec tfun cti on b))) .op

(c ompose
C
(( E_id fun ctor C).obj ect func tio n a)
(( E_id fun ctor C).obj ect func tio n b)
(( E_funct orco mpositi on C D C

G F).o bje ctfu nct ion b)
(u nit. arr ows b)
(Arrow fun ctio n C C ( E_i dfu ncto r C) a b f )))

(( F.ar rowfunc tio n
a (G.o bje ctf unct ion (F. obj ectf unction b) )). op

(C.comp
a
(( E_funct orc omposit ion C D C

G F).o bje ctfu nct ion a)
(G.obj ect fun ctio n ( F.ob jec tfun cti on b))
(( (E_f unctor composi tion C D C

G F).a rro wfuncti on a b) .op f)
(u nit. arr ows a)) )

(( D.hom
(F.ob ject fun ctio n a)
(( E_funct orc omposit ion C D D

(E_fun cto rcompositio n D C D
F G) F).o bjec tfu ncti on b)) .er. sym

(( F.a rrow fun ctio n
a
(G.obj ect fun ctio n

(F .ob ject fun ctio n b))). op
(co mpose

C
((E _id fun ctor C).obj ect func tio n a)
((E _id fun ctor C).obj ect func tio n b)

43



(( E_funct orco mposit ion C D C
G F). obje ctf unct ion b)

(u nit. arr ows b)
(Arrow fun ctio n C C

(E_idf unctor C) a b f)) )
(c ompose

D
(F.obj ect func tio n a)
(F .obj ect func tio n b)
(( E_funct orco mposit ion C D D

(E_fu ncto rco mpositi on D C D
F G) F).o bje ctfu nct ion b)

(a rrow s b)
(Arrow fun ctio n C D F a b f ))

(F .ax_ pre serv e_composit ion
a b
(G.obj ect func tio n ( F.ob jec tfun cti on b))
(u nit. arr ows b) f))

(( F.a rrow fun ctio n
a
(G.obj ect func tio n (F .ob jec tfun cti on b))) .ext

(c ompose
C
(( E_id fun cto r C).ob ject fun ctio n a)
(( E_id fun cto r C).ob ject fun ctio n b)
(( E_funct orc omposit ion C D C

G F).o bje ctfu nct ion b)
(u nit. arr ows b)
(Arrow fun cti on C C (E_i dfu ncto r C) a b f ))

(C.comp
a
(( E_funct orc omposit ion C D C

G F).o bje ctfu nct ion a)
(G.obj ect fun ctio n ( F.ob jec tfun cti on b))
(( (E_f unctor composi tion C D C

G F).a rro wfuncti on a b) .op f)
(u nit. arr ows a))

(u nit. ax_natu ral ity a b f) ))
(F. ax_pre serv e_composit ion

a
(( E_funct orco mpositi on C D C G F) .obj ect func tio n a)
(G.obj ect func tio n (F .ob ject fun cti on b))
(( (E_f unctorc omposit ion C D C

G F). arro wfuncti on a b) .op f)
(u nit. arr ows a))

)) ;
counit tri angl ela w

-- 1_G = G epsil on o et a_G
:: (E_nat ural _tr ansf ormatio n_SE D C G G).er. eq

(( E_funct orca teg ory D C).i d G)
(( E_funct orca teg ory D C).c omp

G
(E_fun cto rco mpositi on D D C

G (E_f unctor composi tion D C D F G))
G
(s truc t
arr ows =
\( a::D .ob j)->
(G.arr owfunct ion

(( E_funct orco mposit ion D C D F G).obj ect func tio n a)
a) .op (co unit .ar rows a)

ax_nat ura lity =
\( a::D .ob j)->
\( b::D .ob j)->
\( f::H om D a b)- >
le t FG::E _fun cto r D D = E_fun cto rcompositio n D C D F G

GFG:: E_funct or D C = E_fun ctor compositio n D D C G FG
FGa:: D.obj = FG.obj ectf unction a
FGb:: D.obj = FG.obj ectf unction b

FGf::( D.hom FGa FGb).ba se = (FG.arrow fun ctio n a b). op f
GFGa:: C.obj = GFG.objec tfu ncti on a
GFGb:: C.obj = GFG.objec tfu ncti on b
GFGf:: (C. hom GFGa GFGb).ba se

= ( GFG.ar rowf unction a b).o p f
Ga::C. obj = G.obj ectf unction a
Gb::C. obj = G.obj ectf unction b
Gf::(C .ho m Ga Gb).ba se

= ( G.arro wfuncti on a b) .op f
ea::(D .ho m FGa a).ba se = couni t.a rrow s a
eb::(D .ho m FGb b).ba se = couni t.a rrow s b
Gea::( C.hom GFGa Ga).ba se

= ( G.arro wfuncti on FGa a).o p ea
Geb::( C.hom GFGb Gb).ba se

= ( G.arro wfuncti on FGb b).o p eb
goal:: (C. hom GFGa Gb).e r.e q

(C.comp GFGa GFGb Gb Geb GFGf)
(C.comp GFGa Ga Gb Gf Gea)

= ( C.hom GFGaGb).er .tr a
(C.co mp GFGa GFGb Gb Geb GFGf)
(( G.arrow fun ctio n FGa b).o p

(D.comp FGa FGb b eb FGf))
(C.co mp GFGa Ga Gb Gf Gea)
(( C.hom GFGa Gb).er .sym

(( G.ar rowfunc tio n FGa b).o p
(D.comp FGa FGb b eb FGf))

(C.comp GFGa GFGb Gb Geb GFGf)
(G.ax_ pre serv e_composit ion

FGa FGb b eb FGf))
(( C.hom GFGa Gb).er .tra

(( G.ar rowfunc tio n FGa b).o p
(D.comp FGa FGb b eb FGf))

(( G.ar rowfunc tio n FGa b).o p
(D. comp FGa a b f ea))

(C.comp GFGa Ga Gb Gf Gea)
(( G.ar rowfunc tio n FGa b).e xt

(D.co mp FGa FGb b eb FGf)
(D.co mp FGa a b f ea)
(c ounit.a x_natur ali ty a b f))

(G.ax_ pre serv e_composit ion FGa a b f ea) )
in goal

)
(s truc t
ar rows =
\( a:: D.obj)- > unit. arro ws (G. obje ctf unct ion a)

ax_nat ura lit y =
\( a:: D.obj)- >
\( b:: D.obj)- >
\( f:: HomD a b)- >
unit. ax_natu rali ty (G.o bje ctf unct ion a)

(G.obj ect fun ctio n b)
(( G.ar rowfun ctio n a b). op f)

)) ;
}

E_adj unct ion (C, D:: E_categ ory) (F: :E_func tor C D)(G ::E_ fun ctor D C)
:: Set
= let FG::E_f unctor D D = E_funct orco mpositi on D C D F G

GF::E_ fun cto r C C = E_functorc omposit ion C D C G F
G_FG:: E_functor D C = E_fu ncto rco mpositi on D D C G FG
GF_G:: E_functor D C = E_fu ncto rco mpositi on D C C GF G
F_GF:: E_functor C D = E_fu ncto rco mpositi on C C D F GF
FG_F:: E_functor C D = E_fu ncto rco mpositi on C D D FG F
goal:: Set
= sig {

-- uni t == et a
unit:: E_natur al_ tra nsfo rmation C C

(E_idf unctor C) GF;
-- counit == epsilo n
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couni t::E _natura l_t rans for mation D D
FG (E_idf unct or D);

unitt rian gle law
-- 1_F = epsilon _F o F eta
:: (E_nat ura l_tr ansformati on_SE C D F F) .er .eq

(( E_funct orc ateg ory C D).i d F)
(( E_funct orc ateg ory C D).c omp

F
FG_F
F
(( E_funct orca teg ory C D).co mp

FG_F
(E_fun cto rco mpositi on C D D

(E_idf unctor D) F)
F
(ElimL eft Idf unct orNatTr a C D F)
(Horiz ont alComposit ion C D D

F FG F (E_id func tor D)
(( E_funct orc ateg ory C D).i d F)
counit ))

(( E_funct orca teg ory C D).co mp
F F_GFFG_F
(( ECat.as sociati vit y C D C D). _2. _1.a rro ws

(s truc t {
_1 = stru ct { _1 = F; _2 = G;};
_2 = F;}) )

(( E_funct orca teg ory C D).c omp
F
(E_fu ncto rco mpositi on C C D

F ( E_i dfu ncto r C))
F_GF
(Hori zont alComposit ion C C D

(E_idf unctor C) F GF F
uni t ( (E_func tor cate gor y C D). id F))

(RevElimRigh tIdf unctorN atT ra C D F)) ));
couni ttri anglela w

-- 1_G = G epsil on o et a_G
:: (E_nat ural _tr ansformati on_SE D C G G).er. eq

(( E_funct orc ateg ory D C).i d G)
(( E_funct orc ateg ory D C).c omp

G
G_FG
G
(( E_funct orca teg ory D C).co mp

G_FG
(E_fun cto rcompositi on D D C

G (E_i dfu nct or D))
G
(ElimRigh tIdf unctor NatTra D C G)
(Horiz ont alComposit ion D D C

FG G ( E_i dfu ncto r D) G
counit
(( E_funct orc ateg ory D C).i d G)))

(( E_funct orca teg ory D C).co mp
G
GF_G
G_FG
(( ECat.as soci ati vit y D C D C). _1. arro ws

(s tru ct {
_1 = stru ct { _1 = G; _2 = F;} ;
_2 = G;}) )

(( E_funct orca teg ory D C).c omp
G
(E_fu ncto rco mpositi on D C C

(E_idf unctor C) G)
GF_G
(Hori zont alComposit ion D C C

G ( E_i dfu ncto r C) G GF
((E _fu nct orca teg ory D C).id G)

unit)
(RevEl imLeftI dfu nct orNatTr a D C G)))) ;

}
in goal

E_bica tad jun ctio n ( B::E _bi cate gor y)(C ,D: :B. obj)
(F ::(B .ho m C D). obj) (G: :(B. hom D C).o bj)

:: Set
= sig {

-- some l ocal names fir st
FG::( B.hom D D). obj

= (B.c omp D C D). obje ctf unct ion (st ruc t { _1 = F; _2 = G;}) ;
GF::( B.hom C C). obj

= (B.c omp C D C).ob ject fun ctio n ( stru ct { _1 = G; _2 = F; });
G_FG::(B. hom D C).o bj

= (B.c omp D D C).ob ject fun ctio n ( stru ct { _1 = G; _2 = FG;});
GF_G::(B. hom D C).o bj

= (B.c omp D C C).ob ject fun ctio n ( stru ct { _1 = GF; _2 = G;});
F_GF::(B. hom C D).o bj

= (B.c omp C C D).ob ject fun ctio n ( stru ct { _1 = F; _2 = GF;});
FG_F: :(B. hom C D).o bj

= (B.c omp C D D).ob ject fun ctio n ( stru ct { _1 = FG; _2 = F;});
id C:: (B.h om C C).ob j = (B. iden tit y C).ob jec tfun cti on elt@_;
id D:: (B.h om D D).ob j = (B. iden tit y D).ob jec tfun cti on elt@_;
id F:: ((B. hom C D).h om F F) .bas e = (B.hom C D).i d F;
id G:: ((B. hom D C).h om G G).bas e = (B.hom D C).i d G;
-- now th e r eal thi ngs:
unit: :((B .ho m C C). hom idC GF).ba se;
couni t::( (B. hom D D).ho m FG id D). base;
unitt rian gle law: :(( B.hom C D). hom F F).e r.e q

id F
(( B.hom C D). comp

F FG_FF
(( B.hom C D). comp

FG_F
(( B.comp C D D). obj ectf unction (s truc t { _1 = i dD; _2 = F;}))
F
(( B.le fti d C D). _1. arro ws (str uct { _1 = el t@_; _2 = F;}) )
(( (B.c omp C D D).ar rowf unction

(s truc t { _1 = FG; _2 = F;} )
(s truc t { _1 = i dD;_2 = F;} )). op

(st ruc t { _1 = couni t; _2 = id F;}) ))
(( B.hom C D). comp

F F_GFFG_F
(( B.associat ivit y C D C D)._2. _1. arro ws

(s truc t { _1 = stru ct { _1 = F; _2 = G;} ; _2 = F;} ))
(( B.hom C D).comp

F
(( B.comp C C D). obj ectf unction (s truc t { _1 = F; _2 = idC;}))
F_GF
(( (B.c omp C C D).ar rowf unction

(s truc t { _1 = F; _2 = idC; })
(s truc t { _1 = F; _2 = GF;} )). op

(s truc t { _1 = i dF; _2 = unit; }))
(( B.ri ght id C D)._2 ._1. arr ows

(s truc t { _1 = F; _2 = elt @_;}))) ));
counit tri anglela w:: ((B. hom D C).h om G G).er .eq

id G
(( B.hom D C). comp G G_FG G

(( B.hom D C). comp
G_FG
(( B.comp D D C). obj ectf unction (s truc t { _1 = G; _2 = idD;}))
G
(( B.ri ght id D C)._1 .arr ows (st ruc t { _1 = G; _2 = elt@_;} ))
(( (B.c omp D D C).ar rowf unction

(st ruc t { _1 = G; _2 = FG;} )
(st ruc t { _1 = G; _2 = idD; })) .op

(st ruc t { _1 = i dG; _2 = couni t;}) ))
(( B.hom D C). comp
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G
GF_G
G_FG
(( B.associati vit y D C D C)._1. arr ows

(s truc t { _1 = struc t { _1 = G; _2 = F;} ; _2 = G;}) )
(( B.hom D C). comp

G
(( B.comp D C C). obje ctf unction (s truc t { _1 = i dC; _2 = G;}))
GF_G
(( (B.c omp D C C).arr owfunction

(s tru ct { _1 = i dC; _2 = G;})
(s tru ct { _1 = GF; _2 = G;})). op

(s tru ct { _1 = unit ; _2 = idG; }))
(( B.le fti d D C). _2._ 1.a rro ws

(s truc t { _1 = elt@_; _2 = G;} ))) ));
}

-- Now, we'd lik e th ese to be equival ent

-- These proo fs coul d be done more economically .

adhoc_to_ adj (C, D::E _categ ory) (F: :E_f unctor C D)(G: :E_fun ctor D C)
(a dj: :E_adju ncti on_adhoc C D F G)

:: E_adju nct ion C D F G
= str uct

unit =
adj.un it

counit =
adj.co uni t

unittr ian gle law =
\( x::C .ob j)->
le t Fx::D .obj = F.ob jec tfu ncti on x

id Fx: :(D. hom Fx Fx) .bas e = D.i d Fx
GFx:: C.obj = G.obje ctfu nct ion Fx
FGFx: :D.o bj = F. obj ectf unction GFx
id FGFx::( D.hom FGFx FGFx). base = D.i d FGFx

in (D.ho m Fx Fx).er .tr a
id Fx
(D.comp Fx FGFx Fx

(c ouni t.a rrow s Fx)
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x)) )

(D.comp Fx FGFx Fx
(D.comp FGFx Fx Fx

id Fx (D.c omp FGFx Fx Fx id Fx (cou nit .arr ows Fx) ))
(D.comp Fx FGFx FGFx

id FGFx
(D.co mp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)

id Fx)) )
(a dj.u nit tria ngl ela w x)
(D.con g Fx FGFx Fx

(c ouni t.a rrow s Fx)
(D.comp FGFx Fx Fx

id Fx (D.c omp FGFx Fx Fx id Fx (cou nit .arr ows Fx) ))
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
(D.comp Fx FGFx FGFx

id FGFx
(D.co mp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x)) id Fx)

id Fx))
(( D.hom FGFx Fx) .er. sym

(D.comp FGFx Fx Fx
idF x
(D. comp FGFx Fx Fx

id Fx ( counit .arr ows Fx) ))
(c ouni t.a rrow s Fx)

(( D.hom FGFx Fx) .er .tra
(D.co mp FGFx Fx Fx

id Fx
(D.comp FGFx Fx Fx idFx (c ouni t.a rrow s Fx)))

(D.co mp FGFx Fx Fx idFx (c ouni t.a rro ws Fx))
(c ounit.a rro ws Fx)
(D.le ft_u nit FGFx Fx

(D.comp FGFx Fx Fx idFx (c ouni t.a rrow s Fx)))
(D.le ft_u nit FGFx Fx (c ounit.a rro ws Fx)) ))

(( D.hom Fx FGFx).er .sym
(D.comp Fx FGFx FGFx

id FGFx
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.a rrow fun ctio n x GFx).o p (u nit .ar rows x) )
id Fx)

id Fx))
(( F.ar rowfun ctio n x GFx).o p (u nit .ar rows x) )
(( D.hom Fx FGFx).er .tra

(D.co mp Fx FGFx FGFx
id FGFx
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.a rrow fun ctio n x GFx).o p ( unit .ar rows x) ) id Fx)

id Fx))
(D.co mp Fx Fx FGFx

(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x)) id Fx)
(( F.a rrow fun ctio n x GFx).o p (u nit .ar rows x) )
(( D.hom Fx FGFx).er .tra

(D.co mp Fx FGFx FGFx
id FGFx
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.a rrow fun ctio n x GFx).o p ( unit .ar rows x) ) id Fx)

id Fx))
(D.co mp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)

id Fx)
(D.co mp Fx Fx FGFx

(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)

(D.le ft_u nit Fx FGFx
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.a rrow fun ctio n x GFx).o p ( unit .ar rows x) ) id Fx)

id Fx))
(D.ri ght_ uni t Fx FGFx

(D.comp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)) )

(D.ri ght_ uni t Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x)) ))) )

counit tri angl ela w =
\( x:: D.obj)- >
le t Gx::C .ob j = G.objec tfu ncti on x

FGx::D .ob j = F.o bjec tfu ncti on Gx
GFGx:: C.obj = G.obje ctf unct ion FGx
id Gx:: (C. hom Gx Gx). base = C.i d Gx
id GFGx::( C.hom GFGx GFGx).b ase = C.id GFGx
GF::E_ fun ctor C C = E_funct orc omposit ion C D C G F

in ( (C.h om Gx Gx). er.t ra
id Gx
(C.comp Gx GFGx Gx

(( G.arrow fun ctio n FGx x).o p ( adj. counit. arr ows x))
(a dj. unit .ar rows Gx))

(C.comp Gx GFGx Gx
(C.co mp GFGx Gx Gx
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id Gx
(C.comp GFGx GFGx Gx

((G .ar rowfunc tio n FGx x).op (c ouni t.a rro ws x))
idGFGx))

(C.comp Gx GFGx GFGx
id GFGx
(C.comp Gx Gx GFGx

(C. comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit .arr ows Gx))

idGx)) )
(a dj. counitt rian gle law x)
(( C.hom Gx Gx).e r.s ym

(C.co mp Gx GFGx Gx
(C.comp GFGx Gx Gx

id Gx
(C.comp GFGx GFGx Gx

(( G.ar rowfunc tio n FGx x).op (c ounit.a rro ws x))
id GFGx))

(C.comp Gx GFGx GFGx
id GFGx
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit .arr ows Gx))

id Gx)) )
(C. comp Gx GFGx Gx

(( G.ar rowfun ctio n FGx x).o p (a dj. counit. arr ows x))
(a dj.u nit .ar rows Gx))

(C.co ng Gx GFGx Gx
(C.comp GFGx Gx Gx

id Gx
(C.comp GFGx GFGx Gx

(( G.ar rowfunc tio n FGx x).op (c ounit.a rro ws x))
id GFGx))

(( G.ar rowfun ctio n FGx x).o p (a dj. counit. arr ows x))
(C.comp Gx GFGx GFGx

id GFGx
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit .arr ows Gx))

id Gx))
(a dj.u nit .ar rows Gx)
(( C.hom GFGx Gx).er .tra

(C.co mp GFGx Gx Gx
id Gx
(C.comp GFGx GFGx Gx

(( G.ar rowfunc tio n FGx x).op (c ounit.a rro ws x))
id GFGx))

(C.co mp GFGx GFGx Gx
(( G.ar rowfunc tio n FGx x).o p (c ounit.a rro ws x))
id GFGx)

(( G.arrow fun ctio n FGx x).o p (c ounit. arro ws x))
(C.le ft_u nit GFGx Gx

(C.comp GFGx GFGx Gx
(( G.ar rowfunc tio n FGx x).op (c ounit.a rro ws x))
id GFGx))

(C.ri ght_ uni t GFGx Gx
(( G.ar rowfunc tio n FGx x).o p (c ounit.a rro ws x))) )

(( C.hom Gx GFGx).er .tra
(C.co mp Gx GFGx GFGx

id GFGx
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op idGx)
(u nit .arr ows Gx))

id Gx))
(C.co mp Gx

GFGx
GFGx
id GFGx
(u nit. arr ows Gx))

(a dj.u nit .arr ows Gx)
(( C.hom Gx GFGx).er. tra

(C.comp Gx GFGx GFGx
idGFGx
(C. comp Gx Gx GFGx

(C.co mp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit. arr ows Gx))

id Gx))
(C.comp Gx GFGx GFGx

((G F.a rro wfuncti on Gx Gx).o p i dGx)
(un it. arr ows Gx))

(C.comp Gx GFGx GFGx
idGFGx (u nit. arr ows Gx))

(( C.hom Gx GFGx).er. tra
(C.comp Gx GFGx GFGx

id GFGx
(C.comp Gx Gx GFGx

(C.co mp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit. arr ows Gx))

id Gx))
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit .arr ows Gx))

id Gx)
(C.comp Gx GFGx GFGx

(( GF.arro wfuncti on Gx Gx).o p i dGx)
(u nit. arr ows Gx))

(C.lef t_u nit Gx GFGx
(C.comp Gx Gx GFGx

(C.co mp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(u nit. arr ows Gx))

id Gx))
(C.rig ht_ unit Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op idGx)
(u nit .arr ows Gx))))

(C.con g Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx).o p i dGx)
id GFGx
(u nit. arr ows Gx)
(u nit. arr ows Gx)
(GF.ax _pr eser ve_id Gx)
(( C.hom Gx GFGx).er. ref (un it. arr ows Gx))))

(C.lef t_u nit Gx GFGx
(un it. arr ows Gx))))) )

adj_t o_adhoc (C, D:: E_categ ory) (F: :E_func tor C D)(G ::E_ fun cto r D C)
(a dj:: E_adjun cti on C D F G)

:: E_adju ncti on_adhoc C D F G
= stru ct

unit =
adj .un it

counit =
adj .co uni t

unittr ian glel aw =
\(x ::C .ob j)->
let Fx::D .obj = F.ob jec tfun cti on x

id Fx:: (D. hom Fx Fx) .bas e = D.i d Fx
GFx::C .ob j = G.obje ctfu nct ion Fx
FGFx:: D.obj = F. obj ectf unction GFx
id FGFx::( D.hom FGFx FGFx). base = D.id FGFx
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in (D.ho m Fx Fx).er .tr a
id Fx
(D.comp Fx FGFx Fx

(D.comp FGFx Fx Fx
id Fx
(D.co mp FGFx Fx Fx

id Fx ( counit .arr ows Fx) ))
(D.comp Fx FGFx FGFx

id FGFx
(D.co mp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)

id Fx)) )
(D.comp Fx FGFx Fx

(c ouni t.a rrow s Fx)
(( F.ar rowfunc tio n x GFx).op (u nit .arr ows x)) )

(a dj.u nit tria ngl ela w x)
(D.con g Fx FGFx Fx

(D.comp FGFx Fx Fx
id Fx
(D.co mp FGFx Fx Fx

id Fx ( counit .arr ows Fx) ))
(c ouni t.a rrow s Fx)
(D.comp Fx FGFx FGFx

id FGFx
(D.comp Fx Fx FGFx

(D. comp Fx Fx FGFx
(( F.ar rowfun ctio n x GFx).o p (u nit .ar rows x) )
id Fx)

id Fx) )
(( F.ar rowfunc tio n x GFx).op (u nit .arr ows x))
(( D.hom FGFx Fx) .er. tra

(D.comp FGFx Fx Fx
idF x
(D. comp FGFx Fx Fx

id Fx ( counit .arr ows Fx) ))
(D.comp FGFx Fx Fx

idF x ( counit. arr ows Fx) )
(c ouni t.a rrow s Fx)
(D.lef t_u nit FGFx Fx

(D. comp FGFx Fx Fx
id Fx ( counit .arr ows Fx) ))

(D.lef t_u nit FGFx Fx (c ounit.a rro ws Fx)) )
(( D.hom Fx FGFx) .er. tra

(D.comp Fx FGFx FGFx
idF GFx
(D. comp Fx Fx FGFx

(D.co mp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
id Fx)

id Fx) )
(D.comp Fx Fx FGFx

((F .ar rowfunc tio n x GFx).op (u nit. arr ows x))
idF x)

(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x))
(( D.hom Fx FGFx) .er. tra

(D.comp Fx FGFx FGFx
id FGFx
(D.comp Fx Fx FGFx

(D.co mp Fx Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x) )
id Fx)

id Fx) )
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
(( F.a rrow fun ctio n x GFx).o p (u nit .ar rows x) )
id Fx)

id Fx)

(D.co mp Fx Fx FGFx
(( F.ar rowfun ctio n x GFx).o p (u nit .arr ows x) )
id Fx)

(D.le ft_u nit Fx FGFx
(D.comp Fx Fx FGFx

(D.comp Fx Fx FGFx
((F .ar rowfunc tio n x GFx).op (u nit. arr ows x))
idF x)

id Fx))
(D.ri ght_ uni t Fx

FGFx
(D.co mp Fx

Fx
FGFx
(( F.ar rowfun ctio n x GFx).o p (u nit .arr ows x) )
id Fx)) )

(D.ri ght_ uni t Fx FGFx
(( F.ar rowfunc tio n x GFx).o p (u nit .arr ows x)) )))

counit tri angl ela w =
\( x:: D.obj)- >
le t Gx::C .ob j = G.objec tfu ncti on x

homset::S E = C.hom Gx Gx
id Gx:: homset. base = C.i d Gx
GF::E_ fun ctor C C = E_functorc omposit ion C D C G F
FGx::D .ob j = F.o bjec tfu nct ion Gx
GFGx:: C.obj = G.obje ctf unction FGx
id GFGx::( C.hom GFGx GFGx). base = C.id GFGx

in homset.e r.tr a
id Gx
(C.co mp Gx GFGx Gx

(C.comp GFGx Gx Gx
id Gx
(C.comp GFGx GFGx Gx

(( G.ar rowfunc tio n FGx x).op (a dj. counit. arro ws x))
id GFGx))

(C.comp Gx GFGx GFGx
id GFGx
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(a dj. unit .ar rows Gx))

id Gx)) )
(C. comp Gx GFGx Gx

(( G.ar rowfun ctio n FGx x).o p (c ounit. arro ws x))
(u nit. arr ows (G. obj ectf unction x) ))

(ad j.c ounittr ian glel aw x)
(C. cong Gx GFGx Gx

(C.comp GFGx Gx Gx
id Gx
(C.comp GFGx GFGx Gx

(( G.ar rowfunc tio n FGx x).op (a dj. counit. arro ws x))
id GFGx))

(( G.arrow fun ctio n FGx x).o p (c ounit. arro ws x))
(C.co mp Gx GFGx GFGx

id GFGx
(C.comp Gx Gx GFGx

(C.comp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op idGx)
(a dj. unit .ar rows Gx))

id Gx))
(u nit .arr ows Gx)
(( C.hom GFGx Gx).er .tra

(C.comp GFGx Gx Gx
id Gx
(C.comp GFGx GFGx Gx

(( G.arrow fun ctio n FGx x).o p ( adj. counit. arr ows x))
id GFGx))

(C.comp GFGx GFGx Gx
(( G.ar rowfunc tio n FGx x).o p (a dj. counit. arr ows x))
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idGFGx)
(( G.arrow fun ctio n FGx x).o p ( counit. arro ws x))
(C.le ft_u nit GFGx Gx

(C.comp GFGx GFGx Gx
(( G.ar rowfunc tio n FGx x).o p (a dj. counit. arro ws x))
id GFGx))

(C.ri ght_ uni t GFGx Gx
(( G.ar rowfun ctio n FGx x).o p (a dj. counit. arr ows x)) ))

(( C.hom Gx GFGx).er. tra
(C.comp Gx GFGx GFGx

idGFGx
(C. comp Gx Gx GFGx

(C.co mp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(a dj.u nit .arr ows Gx))

id Gx))
(C.comp Gx GFGx GFGx

id GFGx(a dj.u nit .arr ows Gx))
(u nit. arr ows Gx)
(C.con g Gx GFGx GFGx

idGFGx
idGFGx
(C. comp Gx Gx GFGx

(C.co mp Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx). op i dGx)
(a dj.u nit .arr ows Gx))

id Gx)
(ad j.u nit .arr ows Gx)
((C .ho m GFGx GFGx).e r.r ef i dGFGx)
((C .ho m Gx GFGx).er. tra

(C.co mp Gx Gx GFGx
(C.comp Gx GFGx GFGx

(( GF.arro wfuncti on Gx Gx).o p i dGx)
(a dj.u nit .arr ows Gx))

id Gx)
(C.co mp Gx GFGx GFGx

id GFGx(a dj.u nit .ar rows Gx))
(a dj. unit .ar rows Gx)
(( C.hom Gx GFGx).er .tra

(C.comp Gx Gx GFGx
(C.comp Gx GFGx GFGx

(( GF.arro wfuncti on Gx Gx). op idGx)
(a dj. unit .ar rows Gx))

id Gx)
(C.comp Gx GFGx GFGx

(( GF.arro wfuncti on Gx Gx).o p i dGx)
(a dj.u nit .arr ows Gx))

(C.comp Gx GFGx GFGx
id GFGx(a dj.u nit .arr ows Gx))

(C.rig ht_ unit Gx GFGx
(C.comp Gx GFGx GFGx

(( GF.arro wfuncti on Gx Gx). op i dGx)
(a dj.u nit .arr ows Gx)))

(C.con g Gx GFGx GFGx
(( GF.arro wfuncti on Gx Gx).o p i dGx)
id GFGx
(a dj.u nit .arr ows Gx)
(a dj.u nit .arr ows Gx)
(GF.ax _pr eser ve_id Gx)
(( C.hom Gx GFGx).er. ref (ad j.u nit .arr ows Gx))))

(C.le ft_u nit Gx GFGx (a dj. unit .ar rows Gx))) )
(C.lef t_u nit Gx GFGx(u nit .arr ows Gx))))

adj_to _bi cat (C, D::E _categ ory) (F: :E_f unctor C D)(G: :E_fun ctor D C)
(a dj: :E_adju ncti on C D F G)

:: E_bica tad junc tio n ECat C D F G
= str uct

unit = adj .un it
counit = adj .co unit

unittr ian glel aw = adj .uni ttr ian glel aw
counit tri angl ela w = adj .cou nit tri angl ela w

bi cat_ to_ adj (C, D:: E_categ ory) (F: :E_func tor C D)(G ::E_ fun ctor D C)
(a dj:: E_bicat adj unct ion ECat C D F G)

:: E_adju ncti on C D F G
= stru ct

unit = adj .uni t
counit = adj .cou nit
unittr ian glel aw = adj .uni ttr ian glel aw
counit tri angl ela w = adj .cou nit tri angl ela w
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