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Abstra ct. A type-theoretic formalisati on of bicategories is intro duced, and it
is shown that small E-categories, together with their functor categories, form
such an E-bicategory. This is carried out using only basic recursive de ni-

tions, in the version of predicativ e type theory with a hierarchy of universes
implemented by Agda. This relatesto earlier work by Huet and Sabi, who
constructed a large category of small categories in Coq, but with the use of
inducti ve families. The construct ion preserted here may be considered more
natural , particularly from the point of view of higher-dimensional category
theory.

This paper preserts a formalisation of some parts of categorytheory, including a
r st step towards higher-dimensioral category theory. The formalisation is carried
out in Agda, a type-theoretic framework with a hierarchy of universes implemented
at Chalmers University of Tecdhnology, Gotherburg. Agda and Alfa (the version
with a graphical interface) are intended to replace the earlier ALF system (see
[2, 3, 11]). Further, not all features of the framework were used; restricting myself
to useonly basc recursive de niti ons excluded both Id-typesand the Equal_hom
construction of [7].

One of the driving ideas behind this work is the idea from category theory that
we should study things only up to isomorphism. The de nition of an E-category
takesthis one step further in that we have no notion at all of equality of objects,
and on arrows only for those betweenthe same two objects (a notion of equality
for all arrows of course givesan equality relation on objects by compatring identit y
arrows'{ similarly, an equality of functors 1 ! Cis the same as an equalty on
objects of C, so we can not allow equaity on functors either). These considerations
are also important in the study of weak higher-dimensional categorical structur es,
soit is tti ngthat suc structures should arise

For related work, thereis a short survey included in [12]. The work in [7] was
an important motivation for the current work. It is also interesing to look at
[8], which characterizes E-categories as a particular class of bicategories (namely
those whose hom-categories are groupoids). In the light of that desaiption, we
might susped that the E-bicategories presented here form a particular class of
tri categories, though this idea has not been pursued furth er.

The formalisation work has required great care to be taken with the tools. In
fact, a r st attempt foundered: the formulation of E-bicategory grew beyond what
the interactive tools could handle while remaining regponsive. This was at leag
partly dueto accepting the mechanically obtained solutions for some™holes', which
tended to be rather longer than necessaary. The second attempt made extensive use
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of the languagés let construct, and also divided the formalisation into more and
smaller parts.

1. Basic Noti ons

We start with a very brief introduction to some notions that we will use. They
are standard notions, and the formalisations used were pre-existing.

The notations used will, for the sake of readability, di er signicantly from those
usedin the proof saipt.

1.1. Setoids. In Bishop-gyle constructive mathematics, thes play the same rdle
asdo setsin classical mathematics. A se€oid consists of a small type together with a
notion of equality on that type. Such a notion of equality is a record type consiging
of a binary relation togeher with proof objects for its re exivity, symmetry, and
transitivity. Whentalking about equality this will, unlessotherwise indicated, mean
equality in the appropriate setoid.

We must also consider maps between setoids. These shoud of course take equal
valuesfor equal inputs (in se theory, thisis a more-or-lesstrivial conditi on, but in
this context, it isreally saying that it respeds the equivalencerelation we think of
as equality). This notion of map is formalised, again as a record type.

1.2. E-C ategories. The notion of an E-category is a type-theoretic formulation
of categories,originally due to P. Aczel (who introduced it in [1]). An E-category
consigs of a small type of objects, together with a setoid of arrows for every pair
of objects, identity arrows, and a composition map (so, parti cularly, composti on
respeds equality of arrows), satisfying the usual axioms for a category (see for
example[5]). It is worth noticing that we have no notion of equal objects, but only
of equal arrows between the same objects.

2. E-Functo rs

We now start extending the library of formalisations, rst de ning E-functors.
Given two categories A and B, a functor F : A'! B assgnsto each a2 ob A an
object Faof B, andto eah f :a! bin A anarrow Ff : Fa! Fbin B, in a way
that preseves both identit y arrows and composition. The formalised version, an E-
functor between E-categories A and B has an operation objectfunction , assigning
an object of Bto each object of A and for eat pair X,y of objects of A an exten-
sional map arrowfunction x y from A.hom x y to B.hom (objectfunction X)
(objectfunction y) . Further, there are proof objects for the functoriality condi-
tions, that the image of an identity arrow equals the appropriate identity arrows,
and that the image of a composition equals the compost e of the images. We will
suppress objectfunction  and arrowfunction and just write Fx and Ff for images
of objects and arrows under an E-functor F (but this is only for this paper { the
proof assstant has no support for this).

E-functors can of course be composal, in exactly the same way as ordinary
functors. The constructi on is simple, composing the operations and maps from the
two E-functors given, and the required proof-objects are easly constructed.

There is alsoan identit y E-functor Id on any E-category C which of courseacts
by the idertit y operation on objects, and idertit y maps on arrows. Functoriality is
immediate.

3. E-Natur al Tran sfor mations

The next objects of interest are natural transformations. Given categories A and
B, and functors F; G : A! B, anatural transformation :F ! G assgnsto each
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X2 0ob A anarrow 4 :Fx! Gxin B soasto make
Fx ——Gx

Ff

Gf

commute for all arrowsf : x ! yin A. Similarly, given E-categories A and B,
and E-functors F and Gfrom Ato B, an E-natural transformation consists of an
assgnment arrows of an element of B.hom Fx Gxto ead object x of A and a
proof that all squaressuc asthe one above commute.

Two E-natural transformationsfrom F to G are equalif they assign equal arrows
to every object. This gives us a setoid of E-natural transformations.

Given E-categories A and B, E-functors F, G and Hfrom Ato B, and E-natural
transformations a from F to Gand b from Gto H we may composetheseto obtain
an E-natural transformation b a from F to H simply by composng componerts.
The proof of naturality is eag, but tedious, to constr uct.

There is also a second way of composng natural transformations, known as
horizontal composition (that of the previous paragraph being vertical). It can be
(usefully) thought of astheeect of functor composti on on natural transformations,
but perhaps a diagram is the clearest explanation:

F G GF

7!
BT v el ik
K H

In constructing this natural transformation, there is a dedsion to be made, taking
the component at an object x of Cto be either Ka, bgy or by Ga (these are
of course equal). Having made a choice (picking, in this case the former), proving
naturality is eay.

4. E-Functo r Catego ri es

Given any two categories C and D there is a category [C, D] of functors between
them. We canin the sameway, given E-categories Cand D, constr uct an E-category
[C,D] of E-functors between them. Its objects are the E-functors (note that these
indead form a small type), its hom-sdoids are the seoids of E-natural transforma-
tions, composition is the rst one above, and identities are taken componernt-wise.
The axioms are then immediate from the axioms of D.

We are now alsoin postion to formulate and prove, aslemmas that an E-natural
transformation is an iso (in the appropriate E-functor category) if and only if all of
its componeris are isos

5. Product E-Catego ries

One important way of constr ucting new categoriesis that of, from categories A
and B, forming their product category A B, having as objects pairs of objects
from ob A ob B, and whose arrows are pairs of arrows from A and B. This
is a categorical product in Cat. We mimic this construction, obtaining from E-
categories Aand Ba product E-category A B. We cannot, of course, expectit to be
a categorical product, but it comes nonetheles with a pairing, and a corresponding
product of functors.
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6. Some Particul ar E-Categories

At this point, we may aswell intr oduce some examples of E-categories and some
as®ciated constructions, parti cularly since we will need someof them.

The rst example is the empty E-category. It hasan empty type of objects, and
is somavhat trivi al.

The second, and useful, example is the unit E-category, which we will denote by
1. It hasa singleton type of objects, and singleton setoidsof arrows. The resulting
structure obviously satis es the E-category axioms.

Having constructed the unit category, we now construct, for each E-category
C canoncal functors (in fact equivalence$ E_rightunitcatelim :C 1! Cand
E leftunitcatelim :1 C! G correponding to the canorical isomorphisms
A 1=Aandl A = A, regedively.

7. E-Bic ategories

Classcally, we may consider a (large) category Cat of all small categories. T his,
however requires us to talk about equality of functors, which is problematic in the
current setting. With the use of a more general form of recursive de nitions, suc
a construction was carried out in [7]. We shall refrain from such?, and instead
construct a di ere nt structure.

It is well known that Cat has more structure than just that of a category. In
fact, the structure formed is known as a 2-category. The dlightly weaker notion
that we are going to be interested in is that of a bicategory ([4, 10], or, shorter, [9]).
The de ni tions are formalised to give the notion of an E-bicategory.

An E-bicategory hasa (large) type obj of objects (or 0-cdls), and for all objects
a and b, thereis an E-category homa b (whoseobjects and arrows are called 1-cells
and 2-cells, respectively). Further, there is (for all objects a, b, and c) an E-functor

(compa b ¢):(homb ¢) (homa b)! homa c ;

and for all objects a an E-functor (identity a):1! homa a: Finally, there are
families of isomorphisms, replacing th e category axioms. Thus, for all objects a, b,
¢, and d, there is an E-natural isomorphism associativity abcd

((homd c¢) (homb c¢)) (homa b) ;/(homd c) ((homb c) (homa b))

Id comp
i
o |f.|i"i'" (homc d) (homa c)
associativity ‘,[Jf‘
comp Id 'i'"ﬂ
13
ﬂ,.rrlf comp
(homb d) (homa b) comp /homa d

2Using the id ata construction of Agda, an equivalent construct ion is easiy carried out.
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and for all objects a and b there are E-natural isomorphisms rightid a b and
leftid ab

1 (homa b) (homa b) 1

/ identity Id I1d identity \

i rightid

= ( gleftid (homa a) (homa b) (homa b) (homb b) g 3)-
\ comp comp‘ /

'homa b homa b

These must then satisfy some coherence axioms (more about which later). The
formalisation givesan object at the next level of our hierarchy of universes.

The attentive reader might spot a “white lie' in the diagramsabove: the arrows
marked as isomorphisms. Recall that we have no notion of isomorphism for cate-
gories (since that would require a notion of equality for functors). The indicated
arrows are not canorical isomorphisms, but canonical equivalences of E-categories.

The formalised de nition of an E-bicategory becomesvery long, and it is reason
ably clear that this is rather an unpleasart way of writin g down the de nition of
a bicategory. Already the asscciativity and unit morphisms are fairly complicated
compared to their diagrammatic de<riptions, but are as nothing compared to the
excessve verbosity of the two coherence axioms. These coherence axioms can also
be more succinctly expressel, mog commonly by saying that, for all choices of
f;g; h; and k from appropriate hom-categories, the following two diagrams (writin g
a, r, and | for appropriate components of associativity , rightid , and leftid
regpedively, and id for identity E-natural transformations) must commute:

((kh)g)f
hhhﬁhhhhhhhhhh MM
h
phhh

(kh)(gf (k(hg)f
r rrrr
a Krr a
k(h(gf)) @ - k((hg)f)
(9)f (1 1)
r% tzzzéiézzl
of

8. The E-Bicatego ry of E-Catego ries

We wish to show that there is an E-bicategory of E-categories, with the functor
categories as hom-categories This is where the largeg part of the work happens.
Having decided what the rst two elds should be, we now neel to construct the
others, one by one.

First out isthe compodtion E-functor,

compABC:[BQ [AB! [AQ;
de ned on objects, that is pairs (F, G of E-functors F: B! Cand G: A! B, by
functor composdtion. On arrows, it acts by horizontal composition. We must also
provide proof of functoriality: that horizontal composition respects equality, and

that identities are preseved are both straightforward to prove. The nal property
to be shown is that composti on is presaved. Thisis exacly the interchangelaw.
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The proof is long, and not particularly enlightening (but then again, a “standard'
proof is not enlightening either).
Next is the collection of identity 1-cdls, E-functors

identity A:1! [AA ;

simply picking out the idertit y E-functor, together with its identity E-natural trans-
formation. The required proof objects are then easily constructed.

We now need to construct the associativity morphisms. These are E-natural
transformations between E-functor categories so have E-natural transformations
as components. Conveniently, their componerts are simply the relevant identity
morphisms, and their naturality is easily proved. Proving naturality for the aso-
ciativity morphism itself is slightly more complicated. The entire construction is
then essantially repeated, to construct the inverserequired for the proof that the
asciativity morphism is an E-natural isomorphism.

The constructions of the right and left unit morphisms are similar to that of
the precading morphism. Again, their componerts are E-natural transformations
having the identity morphisms as components, and eas proofs of naturality. The
componert-wise inverses are easily constructed. The naturality of the identity mor-
phismsis now easly proved, and having shown asalemma that an E-natural trans-
formation is an iso if and only if all its components are, proofs that the identity
morphisms are isos are obtained immediately.

The only things that remain are proof objects for the axioms. Theseare surpris-
ingly easly constructed, since the relevant arrows all equal identity arrows. This,
of course, doesnot entirely prevert the formalisation from growing long.

Having constructed all the neaessry pieces, it istime to put them togeher. We
obtain an E-bicategory ECat of E-categories

9. Adj oint E-Functors

Having obtained a bicategory-like structure, the notion of an adjoint pair is
now easly formalised. The de nition as givenin [6] ts into the type-theoretical
formulation unchanged. Two 1-cdlsf :a! bandg:b! aform an adjoint pair if
thereare2-cells :fg ! 1,and :1;:! gf (wherel denotesthe 1-cell chosen
by identity ) such that the composite 2-cells

fr 1a id it (g f)L/(f q) fi/]_b L
and
90—, g—g f) g-2Jg (1 9 g 1, g

are both equal to identity 2-cells. In ECatthis de niti on is equivalent to a more ad-
hoc formalised de nition more closdy resembling the usual unit{c o-unit de nition
of adjoint functors.

10. Polymorph ism and Mo nomorphi sm

There are only two major di erences between notations in this article, and
in the proof saipt. The rst one is the suppression of objectfunction  and
arrowfunction when applying functors, as discus®d earlier. The secondis that
we when using families (such as comp, particularly in diagrams have suppressd
the rst few arguments, in a style reminiscent of a polymorphic type theory. In
some places this notational sleight of hand has allowed the use of in x operators,
rather than cumbersomefunctions of ve or more arguments.

Current developmen on Agda, the proof assstant used, hasintr oduced a form of
hidden argumerts for such purposes. Somelimited experiments show that while this
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greatly improvesmatters, it doesnot do all one might hope for. Sinceit is probably
only reasonabe for a sygem to nd unique solutionsfor hidden variables there are
some areasof particular weakness. For example, where a hidden variable is to be
solved by an extensional function, the system can usually nd the mapping part
uniquely, but since we can not exped there to be a unique proof of extensiorality
to gowith it, this hidden variable can not be solved for. Similar problems exist for
E-natural transformations, and probably many other structures.

The usdulness of these hidden variables is probably mog obvious when con-
sidering equational reaning (and there is quite a lot of equational reasonirg in
this formalisation). For example, in a setoid, the proof object for transitivity is a
function taking as argumerts thr ee objects a, b, and c; a proof of the equality of
a and b; and a proof of the equality of b and c; producing a proof that a equak
c. We might nasvely hope to be able to suppressthe rst three arguments. While
some thought should corvince us that the secondargument can not be suppressed,
it turns out that we can not generally suppressany of them. It is not even possible
always to suppressthe only argumert of there exivity proof object! Even though it
is possible to provide thesehidden argumerts where Agda is unable to derive them,
the situations where this is necessary are su cien tly common in this formalisation
for the gain to be comparatively small.
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BasicTypeTheory.agda (from E. Palmgr en's library)

-- {\L arge \bf Basic Type Theay}

Fam (A:Set) @ Type
=A-> Se

-- {\e mSyntacti ¢ sugar for the $\Pi$ -constr uction}

Pi (A::Set)(B :F amA) :: Set
= (x::A) > Bx

ForAll  (A::Se t)( B:FamA) = Set
= (x: :A) > Bx

-- {\e mSyntacti ¢ sugar relati ng to the $\Si gm#&-const ruction }

Sigma(A: :Set )(B:FamA) :: Set

=sig{1 = A
_2: B_1}
Exists (A:Set)( B:FamA) 1 Set
=sig{1 = 3
_2: B_1}
pair (A: Set) (B: :Fam A)(a: :A)( b:: B a) :: SigmaA B
= str uct {
=g
_2=1Db}
pairEx ist s (A:S et)( B: FamA)(a: A)b:B a) :: Exists AB
= str uct {
1=ga
_2=b}
split Set )
Fam
a m (Sigma A B))
i gmaA B)
“A) > (yiB x) -> C(pair ABXYy))
=dc._1c_2

splitE xis ts (A:: Set)
(B:FamA)
(C::Fam(Exists A B)
(c:Exist s AB)
(d:z(x =A) -> (y:B x) -> C(pair Exists AB X Y))
o Cc
=dc._1lc_2

Cat (A: Set)(B::Set) :: Set
=sig{ _1: A
_2: B}
pairCart (A: Set)(B: :Set)( azA)(b :B) : Cart AB
=struct {
1l=a
_2=b}

projl (A::Set)(B:Set)( c: Cart AB) :: A
=c._1

proj2 (A::Set)B:uSet)( c: Cart AB) :: B

=c._2

and (A:Set) (B:: Set) i1 Set
=Cat AB

-- {\ emDsj oint binary sums}

Sun (A:Set) (B Set) 1 Set

= data inl (x:A) | inr (y:B)
or (A:Set)( BuSet) : Set

= SumA B

wten (A:: Set)

(B::Se t)
(C::Fa m (SumA B))

:A) -> C(in 1@_x)
y :B) -> C(in r@_y)

= case ¢ of {
@in x)->dx
@inry) ->ey}
- {\emIf and only if}

if f (AuSet) (B:: Set) i1 Set
=Cart (A -> B) (B -> A

- {\ emThe empty set}

enpty 1 Set
= data

Abtsurd :: Set
= emply

elempy (A: Set)(x: :empty) = A
=case x of { }

not (A:Set) :: Set
= A-> Absurd

- {\ emA unit set}

Unit : Set
= data elt

True :: Set
= Unit

-- {\ emBool eans}

Bool @ Set
= data ff | tt

-- {\ emNatural nunbers}

Na :: Se
= data zero | succ (x: Nat)

rec (C:( z: Nat) -> Set)
(t =Nat)
(f :C zero@.)
(@u(x =Nat) -> (y: Cx) -> C(succ@_x))
o Ct

;caset of {
(zero) -> f;
(succ x) > gx (rec Cx f g);}



var "ForAll' hide 1 quanti fier domain on as "\" " with synbolf ont

-- {\e mA basic dependent type} var "Exis ts" hide 1 quanti fier domain on as "$" with symiwlfo nt
con “cross" infi x as "™ with symblfo nt
L (z: Nat) = Se var "or" inf ix as "" with symmlf ont
= case z of { var "not" as "™ wit h symbdfon t
(zero) -> empy; var "Absurd" as """ wit h symbdfo nt
(succ x) -> Nat; } var "pair Exists" hide 2 tuple
var "pair Cart" hide 2 tuple
- {\e mDeriv ing fir st project ion fro msplit } #}

prl (A:S et)( B: FamA)(c: Signa AB) 1 A
=split AB(\(h =Sigma AB) -> A ¢ (\( x: A) ->\(y: Bx) ->x)
' .
pr2 (A:S et)( B: FamA)(c: Sigma AB) ' B (prl ABc) SEagda (f rom E . Pal mgr en's I| bral’y)
= split
A -- #inc lud e "BasicTypeTheory.ag da"

B
(\ (h:: SigmaA B) -> B (prl ABh)) -- Sets with equali ty and substit uti on properti es
c

((x: A) > \(y: B x) ->y) -
{- # Alfa unfoldg oals of f

brief on -- {\e mThe type of equivalence relation s on X}

hi dety peannots off

wide -

nd EQ(X: :Set) : Type

hiding on =sig{ eq . X-> X-> Set;

con "zero" as "0" ref & (x:X) -> eqx X

con "succ" as "S" sym: (xuX) -> (yuX) > eqxy->eqy X

var "Nat" as "N" wit h symmlfo nt tra:s (xuX) > (yuX) -> (z2:X) >eqxy->eqyz->eqxz}
var "Prod" infix 7 as "" with synbolf ont

var "Sum"inf ix as "+" - The ty pe of sets wit h equal ity

var "Fun" inf ix righ tassoc as "™ with symbolfont

var “apply" hide 2 -- "base" is the underl yin g base set wit h no special equality
var “"pair " hide 2 tuple

var “prl" hide 2 -- assumel.

var "pr2" hide 2

var "rec" hide 1 -- "er" is an equivalence rela tio n on base

var "when" hide 3
var "empty" as "" with synbolf ont -
var "elempty" as "I"

var "Pi" as "P" with symbdfon t SE: Type
var "Sigma" as "S" with symbolfont = sig{ base :: Se;
var "spli t' hide 3 er i1 EQbase;}

var "Cart " infix as ™ wit h symbdfon t

con "sigma" as "s" with symbolfont Equal (A::SE)(x: :A. base)(y :A. base) : Set

con “emb" as “e" wit h symilfo nt = Aer.eq xy

var "Poweg" as "Rw"

var "Memier" hide 2 reflex ive (A:SE)(x :A. base) :: Equal A x x
var "Subclass " hide 3 infi x as ™ wit h symbdfo nt = Aer.ref x

var "i ff* inf ix as "" wth synbol font

var "Can" as "G" wit h symilfo nt symmetic  (A::SE)(x ::A. base)(y ::A .base)( pf: :Equal A x y)
var "i nd" Equal Ay x

var "f am" = Aer.symx y pf

var "R" as "R"

var "and" inf ix as "" wth synbol font tr ansitiv e (A:SE)

var "MemierSE' hide 3 infi x as "e" with symmlf ont . base)

var "MemierE" hide 2 infix as "e" wit h symbdfo nt . base)

var “"EqualE" hide 2 inf ix as " . base)

var "SubsetsE" hide 2 infi x as "™ wit h symbdfo nt Equal A xy)
var "Equalset sSE' hide 3 infix as " ( Equal Ay 2)
var "SubsetSE" hide 3 infi x as ™ wit h symbdfo nt Equal Ax z

var "E" =Aertr axyzpflpf2
var "Es"

var "Rs" infi x as "<" with synbol font

var "Ex" infi x as "<<" wit h symbdfon t

var "Exs" inf ix as "<<" with symiolfo nt

var “"proj 1" hide 2

var “"proj 2" hide 2
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(pfl: Equal AXxy)

(pf2: Equal Ay z) -

(pf3: Equal Az u)
©: Equal Ax u -- Unit SE and empty SE
= Aertr axyupfl (Aer.r ay zupf2 pf3)

UNT :: SE
- Aset with equality is substi tuti ve if = stru ct {
base = Urit;
-- the substitu itio n rule holds for it er =
struct {
-~ In Agda we have to deri ve thi s property eq = \(h: :base) -> \(h' ::b ase) -> True;
ref =\(x :ba se) -> elt @_;
-- even for natural numbers and fini te sets. sym= \(x :tba se) -> \(y =b ase) -> \(h ze q x y) -> elt@_;
tra=
- \(x b ase) ->
\(y b ase) ->
Sibsti tut iveRel (X Set)(R:X -> X -> Se) :: Type \(z b ase) ->
= (C::Fam X) -> (a: :X) -> (b::X) -> (p: Rab) -> (g: Ca) ->Chb \(h:eqgxy ->
\(h eqy z) >
Stibsti tut ive (D::SE) : Type elt @_}}

= (C::Fam D.base) ->
o subst UNIT ::  Sulsti tuti ve UNIT
: :Fam UNT. base) ->
NIT.base) ->
UNIT.base) ->
NiTer. eqab) ->

a) ->
subst_and_ref |_i s_equiv (X: :Set) case a of { (elt) -> case b of { (elt ) ->q;};}
(R:X -> X -> Se)
(sub::Substi tuti veRel X R) ENPTY:: SE
(refl z(x =X) -> Rx x) = stru ct {
EQX base = enpty ;
= str uct { er =
struct {
eq = \( ase) -> True;
ref = se) > elt @_;
sym= cba se) -> \(y zb ase) -> \(h:eqxy) -> elt@_;
tra=
\(h:eqxy -> \(x ->
sub (\ (z: :X) > Rz x) xy h(refl x); \(y ->
tra= \(z ::b ase) ->
\( XX ) -> \(h:eqgxy) ->
\(y:X) -> \(h': eqy z) >
\(z:X) -> elt @_}}
\(h:egxy ->
\(h: eqy z) > subst EMPY :: Substitut ive EMRY
sub (\ (u: :X) > Rxu) yzh h} = \(C: :FamENPTYbase) ->
MPY.base) ->
-- Redri ct an SEto a subset MPY.base) ->
E MPY.er.eq ab) ->
restri ctSE (A:S E)(P::F amA.base) :: SE a) ->
= str uct { elempty (Cb) a
base =
sig{el = Abase; -
insubset :: Pel;}
er = -- Equal boolean values
struct {
eq = \(x: :base) -> \(y: :base) -> Aereq x.el yel; -
ref =\(x b ase) -> Aerr ef xel;
sym=\(x =b ase) -> \(y =:b ase) -> \(hie g xy) -> Aer.symx.el yel h; equal Bool (x:Bool) (y:: Bod) :: Set
tra= = case x of {
\( x::b ase) -> fH >
\( y::b ase) -> case y of {
\( z:b ase) -> (ff) -> True;
\(hze gxy) -> (tt) -> Absurd;};
\(h: eqy z) > tey ->

Acert ra x.el y.el zel hhi} ;} case y of {
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(ff) -> Absurd;
(tty -> True;}}

substBool (C::FamBool) (a: :Bool)( b::B ool )(p: :equalBool a b)(q::C a)
o Chb

= case a of {
n ->
case b of {
(tfH > a
(tH -> elempty (C @) pik;
ty ->
case b of {
(ff) -> elempty (C ff@_) p;
ty ->ak}

BML:: SE
= str uct {
base = Bool;
er =
struct {
eq = equalBool;
ref =
\( x:b ase) ->
case x of {
ff) ->elt@_;
tty ->elt@_}

\

\(h:eqgxy) ->
case x of {
tn ->

ffH ->

{
(ff) ->elempty (eq tt@_ z) h;
(ty ->h} R}

substB :: Substi tuti ve BOOL
= substBool

-- Cartesian product of set with equdit y

() (A::SE)B: :SE) :: SE
= str uct {
base = Cat Abase Bbase;
er =
strouct {
eq =
\( w:b ase) ->
\( z:b ase) ->

and (A.er .eq w._1 z._1) (B.er. eqw._2 z._2);

ref =

\( x:: base) ->

struct {
1=Aeroref x._1;
2 =Berref x._2;}

sym=

\( x:: base) ->

\( y:: base) ->

\(h:ieqxy) ->

struct {
_1=Aersymx._1y._1 h. _1;
2 =Ber.symx._2y. 2 h._2};

x:: base) ->
i base) ->
i base) ->
eq xy) ->
\(h:eqyz) >
struct {

l1=Aertrax _1y._ 1z 1h_1
_2=Bertrax. _2y.2 z 2h_2

h
h

substCART (A::SE )(B ::SE )(s ::Su bstitut ive A)(t: Substit uti ve B)

Substi tuti ve (A B)
=\(C: :Fam(A B).ba se) ->

\(@a :( A B).base) ->

\(b :( A B).base) ->

\(p:( A Blereqgab) ->

\(g :C a) ->
let D(x: :Abase) :: Se
= (y: B.base) ->
(v:B .base) ->
C
(struc t {
1=x
2=y} >
Beer.eqy v ->
(struc t {
X;
Vi)

in let lemma:: Da_1
= \(y: :B. base) ->
\( v:iB .base) ->
\( h:C
(struct {

ST<x<

in let lemm2a:: Aer. eqa._1 b._ 1->Da_1->Db._1

=sDa_1b._1
in let lemm3 :: Db._1
= lemna2 p._1 le mma
in le mma

a._2

b. 2

(s
(\ (h:: Abase) ->
Cc

1
2%} 3}
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(struc t { \( a:( DisjSum A B).b ase) ->

1=h \( bz:( DisjSum A B).b ase) ->
_2=a_2})) \( p:( DisjSum A B).ereq ab) ->
a._1 \( g:C a) ->
b._1 case a of {
p._1 (inl x) ->
q) case b of {
p._2 @in x) ->s ((h::Abase) -> C(inl @_h) x x' paq;
(inry) ->elempy (C (i @) p
DisjSum (A:SE)(B:SE) = SE @(inry) ->
=struct { case b of {
base = Sumn A.base Bbase; (inl x) ->elempy (C (inl @_X)) p;
@inry) >t ((::Bbase) -> C(inr @_h) yy pa}:}
\( h: base) -> - The set of functions fr omA to B which respects
case h of {
@inl x) -> - equali ty
case h' of {

@inl x) -> Aer.eq x X -
(inry) ->Absurd;};

==>) (A::SE)(B: :SE) : Se

@inry) ->
case h' of { = sig{ op :: A.base -> Bbase;
(i nl x) -> Absurd; ext
(inry) ->Bereqyy;} ik (x::A. base) -> (y: Abase) -> Aereq x y -> B.er. eq (op x) (op y);}
ref =
\( x::b ase) -> idfunc (A:SE) :: Abase -> A.base
case x of { =\(h: :A. base) -> h
@(inl x) -> Aer.ref x;
(inry) ->B.erref y}; id SE (A:: SE) i1 (A ==>A)

= stru ct {
op = idfu nc A;
ext = \(x ::A .base) -> \(y: :A. base) ->\( h:: Aer.eq xy) -> h;}

0SE (A:SE)(B:SE)C:SE)fi( B=>C)(g: (A =>B) = (A=>C)

case x of {
@in x) -> = stru ct {
ca?e ?r of)( " op = \(x: :A. base) ->f. op (g. op X);
inl x0) -> Aer.symx' x0 h; ext =
@(inry) > h} \( x:A .base) ->
G(inry) -> \( .base) ->
case y of { \(h:A er .eq xy) ->
@inl x) ->h f.ext (3. op x) (g.opy) (g.ext xy h)}

(i nr yo) -> B.er.symy' yo0 h} )
HanSE(A: :SE)(B: :SE) :: SE

tra=
\( x:b ase) -> = stru ct {
-> base = (A == B);
_> er =
qxy -> struct {
eqy z) -> eq =

q =
\( f:b ase) -> \( g:b ase) -> (x:A .base) -> Ber.eq (f. op x) (g.op X);

case x of {
@inl x) -> ref = \(f ::ba se) -> \(x ::A .base) -> Ber .ref (f.op x);
case y of { sym=
@i nl x0) -> \( f:b ase) ->
case z of { \( g:b ase) ->
(inl x1) -> Aer tra x' x0 x1 h h; \(p:eqf g) ->
@(inry) ->h3}; \( x::A .base) ->
(inry) ->elempty (eq (i nl@_x") z) h;}; B.ers ym(fo p x) (g.op x) (p X);
@inry) -> tra=
case y of { \(fib ase) ->
@inl x) -> elempty (eq (i nr@_y') z) h; \( g::b ase) ->
@i nr yo) -> \( h::b ase) ->
case z of { \(peqf g) >
@in x) ->h \(g:eqgh) >
(inryl) -> Ber.tra y y0oylhhi}; }}h} \( x:A .base) ->

B.ert ra (fo p x) (g.op x) (h.op x) (px) (@ x);}}
substDisj Sum(A: :SE) (B: :SE)(s: :Substi tut ive A)(t: Subsgtit utiv e B)
:1 Substi tuti ve (Dis jSumA B) subst _donain _ext (A:SE)
= \(C: :Fam (Disj SumA B).ba se) -> (B:S E)
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(p::Su bstitut ive A) (ciob j) ->

::A. base -> B.base) (d:ob j) ->
i (A ==>B) (f :Homc d) ->
= str uct { (gi:Homb c) ->
op =f; (h::Homa b) ->
ext = Equal
\( x::A .base) -> (homa d)
\( y::A .base) -> (compa b d (compbcdf g)h)
\( hzA .er .eq x y) -> (compac df (compabc gh);
p ((z ::A .base) -> Ber.eq (op x) (op z)) x y h (B.er.ref (op X))} cong ::
{- # Alfa unfoldg oals of f (amobj) ->
brief on (b:ob j) ->
hi dety peannots off (czob j) ->
wide (f :Homb c) ->

:H omb ¢c) ->

nd (g:Homa b) ->

hiding on (g":H oma b) ->

var "Exis tsUniqu e" quantif ier donain on as "$!" wit h symtlfo nt Equal (hombc) f f ->

var "Fix" hide 2 Equal (homab) g g ->

var "Nodeq" infi x as "==" Equal (homac) (compabcf g) (compabcf g):}

var "equalNsym" hide 2

var "equalNtr a" hide 3 Han (C::E _category) (a:: C.obj)( b C.obj) : Set
var "AddNcongl” hide 3 = (C.homa b).base

var "AddNcongr* hide 3
var “equalN" inf ix as "
var “"equalBool" infi x as
var "True_of_State" mixfix as '

var "True_of_Path" nixf ix as "_, _| C. obj)
con "i mp"inf ix as "->" (f :HomCb c)
con "and" inf ix as "" with synbol font tHomC a b)
con "or" infi x as "™ with symilf ont

con "var' mixfix as "(_)" =Ccompabecf g
var "Disj Sum"infix as " " wit h symbdfo nt

var "oSE" hide 3 inf ix 9 as
var "Equal" dist fix3 b as "===
var “r efl exive" hide 1

var “symratri c" hide 3

var “transiti ve" hide 4

var "transiti ve3" hide 5

C .homb c). base)

C.homa b).base)
(p1:E qual (Chombc) f f9)
(p2:E qual (C.homa b) g g)

H 1 H : Equal (C.homac) (Ccompabc f Ccompabcf g
E categories.agda (from E. Palmgren's library) L omanb et gy @ (oo o
-- #finc lud e "SE.agda" associ ati ve (C:: E_category)
(a::C.obj)
E_category : Type (b::C .obj )
= sig {obj : Set; (c:C .obj )
hom: (a:zobj) -> (b: ob) -> SE (d::C .obj )
Han (a::o bj)( b:: obj) 1 Set (f :( C.homc d). base)
= (homa b). base; (g::( C.homb c). base)
id : (a::0bj ) ->Hama a; (h::( C.homa b). base)
comp:: : Equal
(azo bj) -> (b: obj) -> (c:obj) -> Homb ¢ -> Homa b -> Homa c; (C.hom a d)
le ft_u nit :: (C.comp abd (Ccompbcdf g) h)
(azo b)) -> (Ccompacdf (Ccompabc gh))
(b:o b)) -> =Cassocabcdf gh
(f :-Homa b) ->
Equal (homa b) (compab b (idb) f) f; Triangle (C::E_category)(a ::C. obj)(b: :C.obj)(c: :C.obj) :: Set
ri ght_unit = sig{ top HomC a b;
(a:o b)) -> left :: HomCa c;
(b:o b)) -> right :: HomCb c;}
(f z-Homa b) >
Equal (homa b) (compaabf (d a)) f; CanmuesTri  (C:: E_category)
assoc (a::C.obj )
(azo b)) -> (b::C .obj )

(b:o b)) -> (c::C.obj)
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(tri:: Triangle Ca b c)

o Set Maos_conpose (C::E _cat egory)
= Equal (C.homa c) tri .le ft (compose Ca b c tri. right tri. top) (a:C. obj)
(b::C. obj)
In vers eArrows (C::E_ cat egory) ( . obj)
.~ obj) (f :HomC a b)
(b::C. obj) (g:HomC b c)
(f :HomCa b) (ml:Mono Ca b f)
(@z:HomCb a) (m2:Mono Cb ¢ g)
Set : Mom Cac (compse Cabcgf)
= and =\(x: :C.obj) ->

(Equal (C.hom b b) (conpose Cb ab f g) (C.id b))
(Equal (C.hom a a) (conpose Ca b agf) (C.id a))

HomC x a) ->
HomC x a) ->

\( p:E qual
CanpogTri (C::E _category) (C.hom x c)
C. obj) (compse Cx ac (compse Cabcgf) g)
:C. obj) (compse Cx a c (compse Cabcgf) h) ->
. obj) ml
. obj) X
il: :Triangle Ca b d) g
Triangle Cb c d) h
zCommtesTri Ca b d tril) (m2
(c2:CommtesTri Chb c d tri2) X
(e:Equal (C.homb d) tril. rig ht tri2 .le ft) (compse Cx abf g)
CanmuesTri (compse Cx a b f h)
C (t ransiti ve
a (C.homx c)
c (commse Cx b ¢ g (compose Cx abf g))
d (compse Cx ac (compse Cabcgf) h)
(struc t { (compse Cx b ¢c g (compose Cx ab f h'))
top = conpose Ca b c tri2 .top tril. top; (t ransiti ve
left =tril. left ; (C.homx c)
right = tri2 rig ht; }) (compse Cx b ¢ g (compose Cx abf g))
= tra nsit ive (compse Cx ac (compse Cabcgf) g)
(C.hom a d) (compse Cx ac (compse Cabcgf) h)
trill eft (symratri ¢
(compse Ca b d (compse Cb c d tri 2right tri2.t op) tril.t op) (C.homx c)
(compse Cac dtri 2right (commse Ca b c tri2.t op tri 1.to p)) (compse Cx ac (compse Cabcgf) g)
(t ransiti ve (compse Cx b ¢ g (conpose Cx abf g))
(C.hom a d) (associat ive Cxabcgf g))
trill eft p)
(compse Ca b d trilr ight tril. top) (associat ive Cx abc gf h))
(compse Ca b d (compse Cb c d tri 2right tri2. top) tril.t op)
cl Mo (C:E _category) (x:: C.obj) : Set
(c ongruence = sig{ dom:: C.obj;
C arr : Han C domx;
a is mono:: Mom Cdomx arr ;}
b
d mao_incl (C::E_ category)( x::C .obj)(M ::Mon C x)(N::Mon Cx) :: Set
trilr ight = sig{ medato r Han C M.dom N.dom;
(compse Cb c d tri2.r ight tri2. top) commues
trilt op CanmuesTri
trilt op C
(t ransiti ve M.dom
(C.hom b d) N.dom
trilr ight X
tri2l eft (struct {
(compse Cb c d tri2r ight tri2. top) top = medat or;
e left = Marr;
c2) right = Narr}) :}
(r efle xive (C.homa b) tri 1.to p)))
(C.assoc abcdtri 2right tri2. top tri 1.to p) mao_incl _ref (C:E _category)( x:: C.obj)( M:MonC x)
mom_incl Cx MM
Mao (C:: E_caegory) (a: :C.obj) (b: :C.obj) (fi: HomCa b) :: Set = stru ct {
= (x: :C.obj) -> maliator = Cid M.dom;
(gi:HomCx a) -> commies =
(h:HomCx a) -> symmetic
Equal (C.homx b) (commse Cx ab f g) (compoe Cx ab f h) -> (C.hom M.domx)

Equal (C.homx a) g h (compse C M.ddomM.domx M.arr maliat or)
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M.arr

(C.ri ght_unit M.domx Mar r);}
mao_incl _tra (C:E_ category)
. obj)
(M:Mon C x)
:Mon C x)
=Mon C x)
ono_incl Cx MN)
(p2:mono_incl Cx NP)
© mao_incl Cx MP
= str uct {

maliat or = compse C M.domN.dom P.dom p2.mediator pl.medato r;
commues =
CanpoeTri
o}
M.dom
N.dom
P.dom
X
(struct {
top = pl.medato r;
left = Marr;
ri ght = Nar r;})
(struct {
top = p2.medato r;
left = N.arr;
ri ght = Parr})
pl.co mmues
p2.co mmues

(r efl exive (C.homNdom x) N.arr) ;}

mao_equality (C:E_ category)( x:: C.obj)( M:Mon C x)(N::Mon Cx) : Set
= and (mono_incl Cx MN) (mono_incl Cx N M)

in cl_medi ator _is _mom ( C::E_categ ory)
(x: :C. obj)
(M::Mon C x)
(N::Mon C x)
(p: :mono_incl C x MN)
Mao C M.dom N.dom p.media tor
©C .obj) ->
tHomC x' M.don) ->
omC x' M.don) ->
Equal
(C.hom x' N.dom)
(compse C x' M.dom N.dom p.media tor g)
(compse C x' M.domN.domp.mediator h)) ->

M.ismono
X
9
h
(t ransiti ve
(C.hom x' x)

(compse C x' M.domx Marr g)

(compse C x' M.domx (conpose C M.dom Ndom x N.arr p.mediat or) g)

(compse C x' M.domx Mar r h)
(c ongruence
C

X

M.dom

X

M.arr

(compse C M.domN.domx Narr p. mediator)
9

9

p. commte s

(r efle xive (C.homx' M.don) g))
(t ransiti ve

(Chomx' x)
(compse C x' M.domx (conpose C M.domNdomx N.arr p.media tor)
(compse C x' M.domx (conpose C M.domNdomx N.arr p.media tor)
(compse C x' M.domx Mar r h)
(t ransiti ve

(C.homx' x)

(compae

C

<
M.dom
X
(compse C M.domN.domx N.arr p. mediator)
9)

(compse
[}

X
N.dom

X

N.arr

(compse C x' M.domN.dom p.media tor g))
(compase

C

M

M.dom

X

(compse C M.domN.domx N.arr p. mediator)

h)
(associat ive Cx' MdomN.domx Narr p.mediator g)
(tr ansiti ve

(C.hom x' x)

(compse

C

M
N.dom
X
N.arr
(compse C x' M.dom N.dom p.mediator g))
(compse
C

X
N.dom

X

N.arr

(compse C x' M.dom N.dom p.media tor h))
(compee

[}

X

M.dom

X

(compse C M.domN.domx Narr p. mediator)
h)

(congruence
C

M
N.dom
X
N.arr
N.arr
(compse Cx' M.domN.dom p.mediator g)
(compse C x' M.domN.dom p.mediator h)
(r efle xive (C.homN.domx) N.arr)
h)
(symmei c
(C.hom x' x)
(c ompse
C

M
M.dom
X

9)
h)
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(commse C Mdom N.domx Narr p. medato r) (mono_inc I_re f Cx Ny

h) 2=
(c ompse in cl_medi ator _is _unique
(o}
X X
N.dom M
X M
N.arr (mono_incl_tr a Cx MNMp._1 p._2)
(compse C x' M.domN.dom p.media tor h)) (mono_inc I_re f C x M;}
(associat ive Cx' Mdom N.domx Narr p.medato r h))))
(symmei c Stbobj (C:E _category)( x:: C.obj) = SE
(C.hom x' x) = stru ct {
(compse C x' M.domx Mar r h) base = Mm C x;
(compse er =
C struct {
X eq = \(M::base) -> \(N::base) -> monoequality Cx MN
M.dom ref =
X \( M::base) ->
(compse C Mdom N.domx Narr p. mediator) struct {
h _1 =rnono_inclr ef Cx M;
(congruence _2 =nono_incl_r ef Cx M;};
c sym=
X' \( M::base) ->
M.dom \( N:: base) ->
X \( p:: eq MN) ->
M.arr struct {
(compse C Mdom N.domx Narr p. mediator) _1=p_2;
h _2=p_1}
h tra=
p. commte s \( M::base) ->
(r efle xive (Chomx' M.dom h)))) ) \( N:: base) ->

\( P:: base) ->

\( pl:i:eq MN ->

\( p2::eq NP) ->

struct {
_1=rpono_incl_tra Cx MNP pl._1p2_1;

Cx MN) _2=nono_incl.tra Cx PNMp2._2 pl_2;}; }}
( i Cx MN)
Equal (C. homM.dom Ndom) p.media tor qg.media tor Terminal (C::E_category)(t . obj) = Se
= N.i smormo = sig{ constru cti on :: (a: C.obj) -> HOmCat;
M.dom unique ness ::
p. mediato r (a:C. obj) ->
. mediato r

(f:HomCat) ->
(guzHomCat) ->
Equal (C.homat) f g}

(t ransiti ve
(C.hom M.domx)
(compse C M.domN.domx Narr p. mediator)

M.arr Pdagr am (C: :E_cate gory)(a ::C. obj)(p: :C. obj)(b: :C.obj) : Set
(compse C MdomN.domx Narr q. mediator) = sig{ prl HomC p a;
(symmei c pr2 :: HanCp b}
(C.hom M.domx)
M.arr Product (C:: E_caeg ory)
(compse C M.domN.domx Narr p. mediator) (a::C. obj)
p. commte s) (p::C. obj)
g.commte s) (b::C. obj)
(diag: :Pdiagr amC a p b)
Ecual_ subobje cts _are_is omorphi ¢ (C::E_category)  Set
(x::C. obj) = sig{ constru cti on ::
(M:Mon C x) (q::C. obj) -> (diag2::P diagram Ca q b) -> HomC q p;
(N::Mon C x) univer sal
(p:mono_equalit y Cx MN) (q:C. obj) ->
o Invers eArrows C M.dom Ndom p. _1.mediator p._2.mediator (diag2 ::P diagram Ca q b) ->
= str uct { and
1= (Equal
inc |_medi ator _is _uni que (C.homgq a)
o} (compse Cq p a diag.prl (constru cti on g di ag2)
X dia g2. pr1)
N (Equal
N (C.homq b)

mono_incl_tra Cx NMNp._2 p._1) (compse Cq p b diag.pr2 (constru cti on q diag2))
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di ag2. pr2);
unique ::
(g:=C.obj) ->
(diag 2::P diagram Ca q b) ->

(Equal (C.homq a) (compose C q p a diag.pr 1 f) diag2.prl)

(Equal (C.homgq b) (compose Cq p b diag.pr 2 f) diag2.pr2)) ->
(pf2: :and

(Equal (C.homq a) (compose C q p a diag.pr 1 f ) diag2 .pr 1)

(Equal (C.homq b) (compose C g p b diag.pr 2 f ) diag2.pr 2)) ->
Equal (C.homq p) f f; }

Square (C:E_ category)( a::C.obj)( b::C.obj)(c ::C.obj )(d ::C.obj) :: Set
=sigflef t :: HamCa c;
rig ht :: HomC b d;
HomC a b;
HomC ¢ d;}

(sq:Square Cab c d)

;i Se

= Equal
(C.hom a d)
(compse Ca c d sq.lower sq.l eft)
(compse Ca b d sq.rig ht sq.upper)

Canmues2Tria ngles (C:: E_caegory)
(x: :C. obj)
(a: :C. obj)

(9: :Hom C x b)
(pl:HomC ab a)
(p2:HomC ab b)
Set
= and
(Equal (C.hom x a) (conpose C x ab a pl fg) f)
(Equal (C.hom x b) (conpose C x ab b p2 fg) g)

Pdlba ck (C:: E_category)

(d=:C. obj)
(sgq:Square Cab c d)

o Se
= sig {commutes :: Commies Ca b c d sqg;
constr uct ion
(x:C.obj ) ->
(fz:HomCx b) ->
(gzHomCx ¢) ->
(pf:: Comotes
[}

X

b

c

d

(struc t {
left =g;
ri ght sq.ri ght;
upper = f;

lower = sqg.l ower}) ) ->
HanC x a;
univer sal

(x:C. obj) ->
(f :HomCx b) ->
(gi:HomCx c) ->
(pf::C ommtes

(¢}

X
b
c
d

(struct {
left =g;
ri ght
upper = f;
lower = sq.l ower}) ) ->

Canmues2Tria ngl es

q.right ;

C

X

b

a

c

f

(construc tio n x f g pf)
[*]

sq.up per
sq.le ft;

unique
(x:C. obj) ->

(f :HomCx b) ->
(giHomCx c) ->
(pf:C ommtes

[}

X
b
c
d

(struc t {
left =g;
ri ght
upper =
lower = sq.l ower}}) ) ->

(fgsHomC x a) ->

(f gz HomC x a) ->

(cpf:: Comutes2Trian gles Cx b a ¢ f fg g sq.upper sq.lef t) ->
(cpf: :Commues2Tria ngles Cx b ac f fg' g sq.upper sq.l eft) ->
Equal (C.homx a) fg fg"}

q.right ;

pullba cks_preserve_mone (C::E_category)
C. obj)

::C. obj)
::C. obj)
C. obj)

(sgq:Square Cab c d)
(i spb::Pullba ck Ca b ¢ d sq)
(i smor:: MonoC ¢ d sq. lower)
: Mom Ca b sq.upper
=\(x: :C.obj)) ->
omCx a) ->
omCx a) ->
Equal
(C.homx b)
(compse C x a b sq.upper g)
(compse C x a b sq.upper h)) ->
let muual eql
Equal
(C.hom x d)
(compse Cx b d sq.rig ht (compose C x a b sq.upper g))
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(compse C x b d sqg.rig ht (conpose C x a b sq.upper h))
= congrue nce
(o}
X
b
d
sq.ri ght
sq.ri ght
(compse C x a b sq.upper g)
(commpse C x a b sq.upper h)
(r efl exive (C.homb d) sq.righ t)
pf
eq3
Equal
(C.hom x c)
(compse Cx a c sq.lef t g)
(compse Cx a ¢ sq.lef t h)
= ismono
X
(compse Cx a c sq.lef t g)
(compse C x a c sq.lef t h)
(t ransiti ve
(C.homx d)
(commpse C x ¢ d sg.low er (compose C x a c sq.l eft g))
(commse Cx a d (compse Ca c d sg.lower sq.l eft) h)
(commpse C x ¢ d sqg.low er (compose C x a c sq.l eft h))
(t ransiti ve
(C.homx d)
(compse C x ¢ d sq.lower (compoe Cx a c sq.l eft g))
(compse
(¢}

X
a
d
(commse C a b d sg.rig ht sqg.upper)
h

(compse Cx a d (compse Ca c d sq.lower sq.l eft) h)
(t ransiti ve
(C.homx d)
(compse
(¢}

X

c

d

sq. lower

(compse Cx a c sqg.lef t g))
(compse

(o}

X

b

d

sq. rig ht

(compse C x a b sq.upper h))
(compse

C

X
a
d
(compse Ca b d sq.rig ht sq.upper)
h)
(t ransiti ve
(C.homx d)
(compase
(¢}

X

c

d

sq. lower

(compse Cx a c sqg.lef t g))

(compse
[}

X

b

d

sq.rig ht

(compse C x a b sq.upper g))
(compse

[}

X

b

d

sq.rig ht

(compse C x a b sqg.upper h))
(t ransiti ve

(C.hom x d)

(compse

(o}

X

c

d

sq.low er

(compse C x a c sqg.lef t g))
(c ompse

Cc

X
a
d
(compse Ca c d sq.low er sq.l eft)
9)
(compse
[}

X

b

d

sq.rig ht

(compse C x a b sq.upper g))
(symmei c

(C.hom x d)

(compse

(o}

X
a
d
(compese Ca c d sqg.lower sqg.l eft)
9)
(compse
(o}

X
c
d
sq.low er
(compse Cx a c sq.lef t g))
(associat ive Cx a c d sq.lower sq.le ft g))
(t ransiti ve
(C.hom x d)
(c ompse
[}

X
a
d
(compse Ca c d sq.low er sq.l eft)
9)
(compse
Cc

X
a
d
(compse Ca b d sq.rig ht sg.upper)
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9)
(compee
[}

X

b

d

sq.rig ht

(compse C x a b sq.upper g))
(congruence

C

X
a
d
(compse Ca c d sqg.lower sq.l eft)
(compse Ca b d sqg.rig ht sq.upper)
]

[¢)

is pb.c ommtes

(r efle xive (C.homx a) g))
(associat ive

C
X
a
b
d
sq.rig ht
sq.upp er
9)))
eql)
(sy mmei c
(C.hom x d)
(compse
C
X
a
d
(compse Ca b d sqg.rig ht sq.upper)
h)
(compse
(e}
X
b
d
sq.rig ht

(compse Cx a b sqg.upper h))
(associat ive Cx a b d sq.right sg.upper h)))
(congruence
(o}

X

a

d

(compse Ca b d sq.rig ht sq.upper)
(compse Ca c d sq.lower sq.l eft)
h

h

(sy mmei c
(C.hom a d)
(compse Ca c d sqg.lower sq.l eft)
(compse Ca b d sqg.rig ht sq.upper)
is pb.c ommtes )

(re fle xive (C.homx a) h))

(associat ive Cx a c¢ d sqg.lower sq.l eft h))
in i spb. unique
X

(commse C x a b sq.upper g)
(commse C x a c sq.lef t g)
(t ransiti ve
(C.homx d)
(commse C x ¢ d sqg.lower (compoge Cx a c sq.l eft g))

(compse Cx a d (compse Ca b d sqg.rig ht sg.upper) g)
(compse Cx b d sg.rig ht (compose C x a b sg.upper g))
(t ransiti ve
(C.hom x d)
(compse Cx c d sg.low er (compose C x a ¢ sq.l eft g))
(compse Cx a d (compse Ca c d sq.lower sq.l eft) g)
(compse Cx a d (compse Ca b d sq.rig ht sq.upper) g)
(symmei ¢
(C.hom x d)
(compse Cx a d (compse Ca c d sq.lower sq.l eft) g)
(compse C x ¢ d sq.low er (compose C x a c sq.l eft g))
(associat ive Cx a c d sqg.lower sg.le ft g))
(c ongruence

X
a
d
(compse Ca c d sq.lower sq.l eft)
(compse Ca b d sq.rig ht sq.upper)
9

9
is pb.c ommtes
(r efle xive (C.homx a) g)))
(associat ive Cx a b d sq.righ t sg.upper g))

g
h
(struc t {

_1 =refl exive (C.homx b) (compse Cx a b sq. upper g);

_2 =refl exive (C.homx c) (compse Cx a c sq.lef t g);})
(struc t {

symmetic
(C.homx b)

(compse C x a b sq.upper g)
(compse C x a b sg.upper h)
pf;
2=
symmetic

(C.homx c)

(compse C x a c sq.lef t g)
(compse C x a c sq.lef t h)

eq3})
has_pullb acks (C::E _category)
o (ar:C.obj) ->
(b::C. obj) ->
(x:C. obj) ->

omCa x) ->
(gi:HomCb x) ->
Set

=\(a: :C.obj) ->

ispb ::
Pulba ck
(o}
c
b
a
X

(struc t {
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lower = f3}) ;}

has_terminal (C::E_category) :: Set
11 C.obj;
ist = Terminal Cterm;}

Cates ian (C::E_category) : Set
i © has_ter minal G

=C.obj ) ->

(b::C .obj ) ->

(x:C.obj ) ->
(fz:HomCa x) ->
(gzHomCb x) ->

has_pullb acks Ca b x f g;}

has_bi nary_products (C::E_category) :: (a:C.obj) -> (b: C.obj)

=\(a =C. obj) ->
\( b::C.obj) ->
sig{axb :: Cobj ;
pl i HomC axb a;
p2 i1 HomC axb b;
isp roduct ::
Product
Cc

a

axb

b

(struc t {
pri = pl;
pr2 = p2;});}

(b::C .obj )
:: has_binary_products Ca b
=let bang (x:C.obj) :: HomC x pc.plt erm
= pc. pl.i st. constru ctio n x

in let pb:: has_pullb acks Ca b pc.pl.ter m(bang a) (bang b)

(construc tio n q dia g2)
di ag2.prl
pb.q
pb.p
= pb.ispb .univer sal

q

diag2.pr2

diag2.pr1

(pc.pl.is tun iqu eness

q
(compse C q a pc.p l.te rm (bang a) diag2.prl)
(compse C g b pc.plte rm (bang b) diag2.pr2))

in  struc t {

_1=-eq2._2;
_2=eq2._L}
unique =
\( g C.obj) ->

\( diag2:: PdiagramC a q b) ->
\( f: HomC q axb) ->
\( f: :Hom C q axb) ->
\( pfl:an d
(Equal
(C.hom g a)
(compse Cq axb a pl f)
di ag2.prl)
(Equal
(C.hom q b)
(compse Cq axb b p2 f)
diag2.pr2)) ->
\( pf2:an d
(Equal
(C.hom q a)
(compse Cq axb a p1 f')
di ag2.prl)
(Equal
(C.hom q b)
(compse Cq axb b p2 f')
diag2.pr2)) ->
pb.is pb.uniq ue

q
=pcp2 a b pcplte rm (bang a) (bang b) diag2. pr2
in struct { diag2.pr1
axb = pb.c; (pc.pl.is tu niqu eness
pl = pb.p; q
p2 = pb.g; (compse C q a pc.pl.te rm (bang a) diag2.pr 1)
is product = (compse Cq b pc.plte rm (bang b) diag2pr 2))
struct { f
constr uction = f
\( gq:C.obj) -> (struc t {
\( diag 2:: PdiagramC a q b) -> _1=pfl. _2;
pb.isp b.c onst ruc tion _2=pfl. _1;})
q (struc t {
dia g2. pr2 _1=pf2. 2
dia g2. pr1 _2=pf2. _1;} 3}
(pc.pl.is tun iqu eness
q subobj _in ter section (C::E_cate gory)
(compse C g a pc.pl.te rm (bang a) diag2.prl) (pc:: Cartesian O
(compse Cq b pc.pl.te rm (bang b) diag2.pr2)); (x::C .obj )
univer sal = (M:Mon C x)
\( gq:C.obj) -> (N::Mon C x)
\( diag 2:: PdiagramC a q b) -> @ MonC x
let eq2 et pb :: has_pull backs C M.domN.domx M.arr N.arr
Comutes2Tria ngl es = pc.p2 Mdom N.domx Mar r N.arr
(¢} in struct {
q dom = pb.c;
b arr = conpose C domN.domx N.arr pb.q;
pb.c is mono=

a Mamos_conpose
diag2.pr2 C
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dom

N.dom

X

pb.q

N.arr

(pullb acks_preserve_moros
[}

dom

N.dom

M.dom

X

(struc t {
left = pb.p;
ri ght = Narr ;
upper =
lo wer = Marr ;})

pb.isp b

M.ismono)

N.ismono; }

inters ection_lemmal (C: :E_cate gory)
(pc:C art esian O
(x::C. obj)
(M:Mon C x)
(N::Mon C x)
mor_incl C x (subobj_in ter section Cpc x MN) M

meliat or = (pc.p 2 Mdom N.domx Marr N.arr) .p;
commues =
symmetic
(C.hom (s ubobj_i ntersectio n C pc x MN). domx)

(commse C (subobj_inte rsecti on C pc x MN).dom M.domx Mar r melia tor)

(s ubobj_i ntersectio n C pc x MN). arr
(pc.p2 M.ddomN.domx M.arr N.arr) .is pb.c ommtes ;}

in ters ection_lemmaz2 (C: :E_cate gory)
(pc:C art esian O

(x::C. obj)
(M:Mon C x)
(N::Mon C x)
© mom_incl Cx (subobj_in ter section Cpc x MN) N
=struct {
maliat or = (pc.p 2 Mdom N.domx Marr N.arr) .q;
commues =
reflex ive

(C.hom (s ubobj_i ntersectio n C pc x MN). domx)

(commse C (subobj_inte rsecti on C pc x MN).dom N.domx Nar r maliator) ;}

in ters ection_lemma3 (C: :E_cate gory)
(pc:C art esian Q)
(x::C. obj)
(P:Mon Cx)
(M:Mon C x)
Mon C x)
(pfl: mom_incl Cx PN
(pf2:: mom_incl Cx PN
:: mom_incl Cx P (subobj_int ersecti on C pc x MN)
=let pb :: has_pull backs C M.domN.domx M.arr N.arr
= pc. p2 Mdom N.domx Mar r Narr
in  struct {
maliator =
pb.isp b.c onstruc tio n
P.dom
pf 2.media tor
pf 1.media tor
(t ransiti ve
(C.hom P.domx)
(compse C P.domM.domx Marr pf1l.media tor)
P.arr

(compse C P.dom N.domx Nar r pf2.mediator )
(symratri ¢
(C.hom P.domx)
P.arr
(compse C P.dom M.domx Mar r pfl.mediator )
pf 1.c ommies )
pf 2.c ommies );
commues =
let eql
@ Equal
(C. hom P.dom N.dom)
(compse C P.dompb.c Ndom pb.q mediator)
pf2 .media tor
= (pb. isp b.unive rsal
P.dom
pf2 .media tor
pfl.media tor
(tr ansiti ve
(C.hom P.domx)
(compse C P.domM.domx M.arr pf 1.media tor)
P.arr
(compse C P.domN.domx N.arr pf2.media tor)
(symmei c
(C.hom P.domx)
P.arr
(compse C P.domM.domx M.arr pf1.media tor)
pf 1.co mmtes)
pf2.commies) )._ 1
in tr ansitiv e
(C.hom P.domx)
P.arr
(compse C P.domN.domx Narr pf2.media tor)
(compse
Cc
P.dom
(s ubobj_i nter sectio n C pc x MN).dom
X
(subobj_i nter sectio n C pc x MN). arr
maliat or)
pf 2.co mmtes
(t ransiti ve
(C.hom P.domx)
(compse C P.domN.domx Narr pf2.media tor)
(compse
C

P.dom

N.dom

X

N.arr

(compse
C

P.dom
(s ubobj_i nter sectio n C pc x MN). dom
N.dom
pb.q
maeliat or) )
(c ompse
o}

P.dom
(subobj_i nter sectio n C pc x MN). dom
X
(s ubobj_i nter sectio n C pc x MN). arr
meliat or)

(c ongruence
C

P.dom
N.dom
X

N.arr
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N.arr

pf 2.media tor nd

(commse C P.dom pb.c Ndompb.q medato r) hiding on

(r efl exive (C.homNdom x) N.arr) var "l so" hide 3
(symratri ¢ #-}

(C.hom P.dom N.dom)
(compse C P.dom pb.c Ndompb.qg medato r)
pf 2.media tor

eql,
(symmt ¢ E functors.agda
(C.hom P.domx)
(c ompse -- #inc lud e "E_caeg orie s.agda"
[} -- #inc lud e "missing bits .agda"
P.dom
(subobj_i ntersectio n C pc x MN). dom E_functor (A:E_ category)( B::E _category) : Set
X = sig{ obj ectf unctio n :: A.obj -> B.obj;
(subobj_i ntersectio n C pc x MN). arr ar rowf unction
malia tor) (a::A. obj) ->
(compse (b::A. obj) ->
(e} (A.hom a b ==> (B.hom (obj ectf unction a) (objec tfun cti on b)) ;
P.dom ax_preserve_id ::
N.dom (a:A. obj) ->
X Ecual
N.arr (B. hom (o bjec tfu ncti on a) (objectf unctio n a))
(compse ((a rro wfuncti on a a).op (A.id a))
C (B.id (object functio n a));
P.dom ax_preser ve_compsi tion
(subobj_i ntersectio n C pc x MN). dom (a:A. obj) ->
N.dom
pb.g (c:A. obj) ->
madia tor) ) (f:HomAbc) ->
(associat ive (g:HomA a b) ->
Cc Equal
P.dom (B. hom (o bjec tfu ncti on a) (objectf unctio n c))
(subobj_i ntersectio n C pc x MN). dom ((a rro wfuncti on a c).op (compse Aab c f g)
N.dom (compase
X B
N.arr (objec tfu ncti on a)
pb.q (objec tfu ncti on b)
malia tor) )); } (objec tfu ncti on c)
{- # Alfa unfoldg oals of f (( arro wfuncti on b c).op f)
brief on (( arro wfuncti on a b).op g)) ;}
hi dety peannots off
wide Arrowfunctio n (A::E _category)
:E_ cat egory)
nd (F:E_functor A B)
hi ding on (a:A. obj)
var “commse" hide 4 infix as "0" (b::A. obj)
var "Homref' hide 3 ' HomA a b -> HomB (F.objec tfu ncti on a) (F.obje ctfu nction b)
var "Homsym" hide 5 = (F.a rro wfuncti on a b).op
var "Homtra" hide 7
var "congruence" hide 8 Arrowf unctio nextensionalit y (A:E _category)
var "associat ive " hide 5 _ cat egory)
#} ( _functor A B)
(a::A. obj)
(b=A. obj)
: (c: :HomAab) ->
H H H omAab) ->
mISSIngbltsagda (pr:E qual (Ahoma b) ¢ d) ->
Equal
-- #inc lud e "E_categorie s.ag da” (B.hom (F.obj ectfunctio n a) (F.object functio n b))
(Arrowfunctio n ABF ab c)
Iso (C:E _category)( a: C.obj)( b:: C.obj)( f:H omCa b) = Set (Arrowfunctio n ABF a b d)
= Exists (HomCb a) (\ (h: :HomCb a) -> InverseArrows Ca b f h) = (F.arro wfuncti on a b).ext
{- # Alfa unfoldg oals of f E_natural _tr ansformatio n (A:E _categ ory)
brief on (B::E_ cat egory)
hi dety peannots off (F:E_functor A B)

wide (G:E_functor A B)
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Set (y.arr ows x')

= sig {arr ows :: (z.arr ows x')
(a:A .obj ) -> HanB (F. obj ectf unctio n a) (G.obj ectfunctio n a); (h x)
ax_naturality (h* x )} 3}
( .obj ) ->
(b::A .obj ) -> E_functor category (A:E_category) (B:: E_category) :: E_category
(f:HomA ab) -> = stru ct {
Equal obj = E_functor A B;
(B.hom (F.obj ectfunctio n a) (G.object functio n b)) hom = E_ratural_ tra nsfo rmation _SE A B;
(compse id =
B \( azo bj) ->
(F.obj ectfunctio n a) struct {
(F.obj ectfunctio n b) arrows = \(a' A .obj ) -> Bid (a. objectf unction a’) ;
(G.obj ectfunctio n b) ax_naturality =
(arrows b) \(a A.obj) >
(Arrowfuncti on ABF a b f)) \(b ::A .0bj) ->
(compse \(f :HomA a' b) ->
tra nsi tiv e
(F.obj ectfunctio n a) (B.hom (a.object functio n @) (a.objec tfu nction b))
(G.obj ectfunctio n a) (compse
(G.obj ect functio n b) B
(Arrowfuncto n ABGa b f) (a.object functio n a’)
(arrows a));} (a.object functio n b)
(a.object functio n b)
E_natural _tra nsformatio n_SE (A::E _cat egory) (arro ws b)
(B::E_ category) (Arro wfuncti on ABa a b f)
(F:E_functor A B) (Arrowfuncti on ABaa bf)
(G:E_functor A B) (compse
. SE B
= str uct { (a.object functio n a)
base = E_natural _tra nsformatio n A B F G; (a.object functio n a')
er = (a.object functio n b)
strouct { (Arro wfuncti on ABa a' b f)
eq = (arro ws aY))
\( h::b ase) -> (B.lef t_unit
\( h: base) -> (a.object functio n a')
ForAll (a.object functio n b)
A.obj (Arro wfuncti on ABa a' b f)
(\ (hO: :A. obj) -> (symmei c
Ecual (B.hom (a.object functio n @) (a.objectfu nction b))
(B.hom (F.obj ectfunctio n h0) (G.objec tfu ncti on h0)) (compse
(h.arr ows h0) B
(h.ar rows hQ)); (a.object functio n a’)
(a.object functio n a)
b ase) -> (a.object functio n b)
\( x: Aobj) -> (Arro wfuncti on ABaa b f)
reflex ive (arro ws a))
(B.hom (F.obj ectfunctio n x) (G.objec tfu ncti on x')) (Arrowfuncti on ABaa bf)
(x.arr ows X) ; (B.rig ht_unit
sym= (a.object functio n a)
\( x::b ase) -> (a.object functio n b)
\(y::b ase) -> (Arro wfuncti on ABa a' b f)) ;%

\(h:egxy) ->

\( X1 Aobj) -> >
symmetic ->
>

(B.hom (F.obj ectfunctio n x) (G.objec tfu ncti on x'))
(x.arr ows x')
(y .arr ows x')

homb c).b ase) ->
(homa b). base) ->

(h x) ; struct {
tra= arrows =
\( x::b ase) -> \(a: :Aobj) ->
\(y::b ase) -> B.conp
b ase) -> (a.obj ectfunctio n a')
\(h:egxy) -> (b.obj ectfunctio n a)
\(h: eqy z) -> (c.obj ectfunctio n a)
\( -> (h.arr ows a')
tr ansi tiv e (h.ar rows a);
(B.hom (F.obj ectfunctio n x) (G.objec tfu ncti on x')) ax_naturality =

(x.arr ows x') \( a: :A.obj) ->
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\( b Aobj) > (c.object functio n b')

\( f:H omAa b') -> (h.ar rows b')

tr ansi tiv e (B.comp
(B.hom (a.obj ectfunctio n &) (c.objectfu ncti on b)) (a. objectfunctio n a')
(compse (a. objectfunctio n b')

B (b. objectfunctio n b')

(a.obj ectfunctio n a') (h' .ar rows b')

(a.obj ectfunctio n b') (Arrowfuncto n ABaa b f) )

(c.obj ectfunctio n b') (compse

(arrows b’) B

(Arrowfuncto n ABa a b f) (a.object functio n a’)

(c ompse (c.object functio n a)

B (c.object functio n b’)

(a.obj ectfunctio n a') (Arro wfuncti on ABc a b f)

(a.obj ectfunctio n b'") (arro ws aY))

(c.obj ectfunctio n b') (B.as soc

(compse (a.object functio n a)

B (a.object functio n b')

(a.obj ectfunctio n b) (b.object functio n b')

(b.obj ectfunctio n b) (c.object functio n b')

(c.obj ectfunctio n b') (h.ar rows b')

(h.arr ows b") (h'.a rrows b’

(h'.ar rows b")) (Arro wfuncti on ABa a b f))

(Arrowfunctio n ABa a b f) (t ransiti ve

(compse (B.hom (a.object functio n &) (c.o bjectfu nction b'))

B (B.comp

(a.obj ectfunctio n a') (a.object functio n a)

(c.obj ectfunctio n a') (b.object functio n b’)

(c.obj ectfunctio n b') (c.object functio n b)

(Arrowfunctio n ABc a b f) (h.ar rows b')

(arrows a)) (B.comp

(B.cong (a. objectfunctio n a')

(a.obj ectfunctio n a') (a. objectfunctio n b')

(a.obj ectfunctio n b') (b. obj ect functio n b")

(c.obj ectfunctio n b") (h* .ar rows b')

(arrows b") (Arrowfunctio n ABaa b f) )

(compse (c ompse
B
(a.obj ectfunctio n b') (a.object functio n a)

(b.obj ectfunctio n b') (b.object functio n b’)
(c.obj ectfunctio n b) (c.object functio n b')
(h.arr ows b") (h.ar rows b')

(h'.ar rows b')) (c ommse

(Arrowfunctio n ABaa b f) B

(Arrowfunctio n ABaa b f) (a. objectfunctio n a')

(r efle xiv e (b. objectfunctio n a')
(B.hom (a.obj ectfunctio n b)) (c.objectfu ncti on b)) (b. obj ectfunctio n b")
(arrows bY) (Arrowfunctio n ABb a b f)

(r efle xiv e (h* .ar rows a')))

(B.hom (a.obj ectfunctio n @) (a.objec tfu ncti on b)) (compse
(Arrowfuncto n ABaa' b f) ) B
(t ransiti ve (a.object functio n a)
(B.hom (a.obj ectfunctio n &) (c.objec tfu ncti on b)) (c.object functio n a)
(compse (c.object functio n b)
B (Arro wfuncti on ABc a b f)
(a.obj ectfunctio n a’) (arro ws a'))
(a.obj ectfunctio n b’) (B.cong
(c.obj ectfunctio n b") (a.object functio n &)
(compse (b.object functio n b")
B (c.object functio n b)
(a.obj ectfunctio n b') (h.ar rows b')
(b.obj ectfunctio n b') (h.ar rows b')
(c.obj ectfunctio n b') (B.comp
(h.arr ows b") (a.object functio n a)
(h'.ar rows b')) (a.object functio n b’)
(Arrowfunctio n ABa a b f) (b.object functio n b’)

(B.comp (h'.a rrows b')

(a.obj ectfunctio n a’) (Arro wfuncti on ABa a b f))

(b.obj ectfunctio n b") (c ompse
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B (B.as soc

(a.obj ectfunctio n a’) (a.object functio n a’)
(b.obj ectfunctio n a’) (b.object functio n a’)
(b.obj ectfunctio n b’) (b.object functio n b’
(Arrowfuncto n ABb a b f) (c.object functio n b")

(h'ar rows a')) (h.ar rows b')
(r efle xive (Arro wfuncti on AB b a' b f)
(B.hom (b.obj ectfunctio n b") (c.objectfu ncti on b)) (h'.a rrows a)))
(h.arr ows b)) ) (t ransiti ve
(htax _naturalit y a b f)) (B.hom (a.object functio n @) (c.o bjectfu nction b))
(t ransiti ve (B.comp
(B.hom (a.obj ectfunctio n &) (c.objectfu ncti on b)) (a.object functio n a)
(c ompse (b.object functio n a’)
B

(c.object functio n b")
(a.obj ectfunctio n a) (B.comp

(b.obj ectfunctio n b’) (b. objectfunctio n a')
(c.obj ectfunctio n b’) (b. objectfunctio n b")
(h.arr ows b") (c. objectfunctio n b')

(compse (h. arr ows b)
B (Arrowfunctio n ABb a b f)
(a.obj ectfunctio n a) (h'.a rrows a))
(b.obj ectfunctio n a’) (c ommse
(b.obj ectfunctio n b’)
(Arrowfuncti on ABb a b f) (a.object functio n a)
(h'.ar rows a))) (b.object functio n a’)
(B.comp (c.object functio n b")

(a.obj ectfunctio n a)
(b.obj ectfunctio n a)
(c.obj ectfunctio n b')
(B.comp

(b.obj ectfunctio n a’)

(c ompse
B

(b. objectfunctio n a')
(c. objectfunctio n a')
(c. objectfunctio n b')

(b.obj ectfunctio n b’) (Arrowfuncto n ABc a b f)
(c.obj ectfunctio n b') (h. arr ows a’) )
(h.arr ows b") (h'.a rrows a))
(Arrowfuncti on ABb a b f) (c ommse
(h'.ar rows a')) B
(compse (a.object functio n a)
B (c.object functio n a)
(a.obj ectfunctio n a’) (c.object functio n b’)
(c.obj ectfunctio n a’) (Arro wfuncti on ABc a b f)
(c.obj ectfunctio n b') (arro ws a))
(Arrowfunctio n ABc a b f) (B.cong
(arrows a)) (a.object functio n a)
(symmei c (b.object functio n a’)
(B.hom (a.obj ectfunctio n &) (c.objec tfu ncti on b)) (c.object functio n b’)
(B.comp (B.comp
(a.obj ectfunctio n a) (b.object functio n a’)
(b.obj ectfunctio n &) (b.object functio n b")
(c .obj ectfunctio n b) (c.object functio n b)
(B.comp (h.ar rows b')
(b.obj ectfunctio n a') (Arro wfuncti on AB b a' b f))
(b.obj ectfunctio n b") (compse
(c.obj ectfunctio n b’)
(h.arr ows b') (b.object functio n a’)
(Arrowfuncti on ABb a b f) (c.object functio n a’)
(h'.ar rows a')) (c.object functio n b’)
(c ompse (Arro wfuncti on ABc a b' f)
B (h.ar rows a'))
(a.obj ectfunctio n a) (h'.a rrows a)
(b.obj ectfunctio n b) (h'.a rrows a)
(c.obj ectfunctio n b') (h.ax_naturality a' b' f)
(h.arr ows b") (r efl exive
(compse (B.hom
B

(a. objectfunctio n a')
(a.obj ectfunctio n a’) (b. obj ectfunctio n a'))
(b.obj ectfunctio n a) (h'.a rrows a)))
(b.obj ectfunctio n b’) (t ransiti ve
(Arrowfuncti on ABb a b f) (B.hom (a.object functio n a) (c.objectfu nction b’ )
(h'.ar rows a))) (c ommse
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B (c ompee
(a.obj ectfunctio n a) B

(b.obj ectfunctio n a) (a.obj ectfunctio n x)
(c.obj ectfunctio n b’) (b.obj ectfunctio n x)
(compse (b.obj ectfunctio n x)
B ((id b).a rrows x)
(b.obj ectfunctio n a') (f .arr ows x))
(c.obj ectfunctio n a') (f .arr ows x)
(c.obj ectfunctio n b) (r efle xive
(Arrowfuncti on ABc a b' f) (B.hom (a.obj ectfunctio n x) (b.object functio n x))
(h.arr ows a')) ((compa b b (id b) f). arro ws x))
(h'.ar rows a))) (B.lef t_unit (a. objectf unction x) (b. objectf unction x) (f. arr ows x)) ;
(B.comp ri ght_unit =
(a.obj ectfunctio n a) \( a:o bj) ->

(c.obj ectfunctio n &)
(c.obj ectfunctio n b’)

bj) ->
homa b).b ase) ->

(Arrowfuncti on ABc a b f) \( x::A .0bj) ->
(B.comp tr ansitiv e
(a.obj ectfunctio n a) (B.hom (a.obj ectfunctio n x) (b.object functio n x))
(b.obj ectfunctio n a) ((compa a b f (id a)). arrows x)
(c.obj ectfunctio n a') (compse
(h.arr ows a') B
(h'.ar rows a))) (a.obj ectfunctio n x)
(c ompee (a.obj ectfunctio n x)
B (b.obj ectfunctio n x)
(a.obj ectfunctio n &) (f .arr ows x)
(c.obj ectfunctio n &) ((id a).a rrows x))
(c.obj ectfunctio n b) (f .arr ows x)
(Arrowfuncti on ABc a b f) (r efle xive
(arrows aY)) (B.hom (a.obj ectfunctio n x) (b.object functio n x))
(B.ass oc ((compa ab f (id a)). arr ows x))
(a.obj ectfunctio n a’) (B.rig ht_unit (a.obj ectfunctio n x) (b.object functio n x) (f .ar rows x));

(b.obj ectfunctio n a’)

(c.obj ectfunctio n a)

(c.obj ectfunctio n b’)
(Arrowfuncti on ABc a b f)
(h.arr ows a')

(h'.ar rows a))

bj) ->

bj)
homec d).b ase) ->

(B.cong homb c).b ase) ->
(a.obj ectfunctio n a’) ::( homa b).b ase) ->
(c.obj ectfunctio n a') \( x:A .0bj) ->
(c.obj ectfunctio n b’) tr ansitiv e
(Arrowfunctio n ABc a b f) (B.hom (a.obj ectfunctio n x) (d.object functio n x))
(Arrowfuncto n ABc a b f) ((compa b d (compb c df g) h). arro ws x)
(B.comp (compee
(a.obj ectfunctio n a) B
(b.obj ectfunctio n a) (a.obj ectfunctio n x)
(c.obj ectfunctio n &) (b.obj ectfunctio n x)
(h.arr ows a') (d.obj ectfunctio n x)
(h'.ar rows a’)) (compee
(arrows a) B
(r efle xive (b.obj ectfunctio n x)
(B.hom (c.obj ectfunctio n x)
(c.obj ectfunctio n a') (d.obj ectfunctio n x)
(c.obj ectfunctio n b)) (f .arr ows x)
(Arrowfuncti on ABc a b f) (g.arr ows X))
(r efle xiv e (h.arr ows x))
(B.hom ((compac df (compab c g h)). arrows x)
(a.obj ectfunctio n &) (t ransiti ve
(c.obj ectfunctio n aY)) (B.hom (a.obj ectfunctio n x) (d.object functio n x))
(arrows a))) ) N L ((compa b d (compb ¢ d f g) h). arro ws x)
le ft_u nit = (compse
\( a: obj) -> B
\( b:: obj) -> (a.obj ectfunctio n x)
. (hom a b).b ase) -> (b.obj ectfunctio n x)
\( x:: A.obj) > (d.obj ectfunctio n x)
tr ansitiv e ((compb c d f g).ar rows x)
(B.hom (a.object functio n x) (b.object functi on x)) (h.arr ows x))

((compa b b (id b) f). arr ows x) (compee



LC

B
(a.object functio n x)
(b.object functio n x)
(d.object functio n x)
(commse

B

(b. obj ect functio n x)
(c. objectfunctio n x)
(d. obj ect functio n x)
(f. arr ows x)
(g. arr ows x))
(h.ar rows x))
(r efl exive
(B.hom (a.object functio n x) (d.objec tfun cti on x))
((conp abd (compbcdf g) h). arr ows x))
(B.cong
(a.object functio n x)
(b.object functio n x)
(d.object functio n x)
((conp b c df g)arrows x)
(commpse
B

(b.object functio n x)
(c.object functio n x)
(d.object functio n x)
(f .ar rows x)
(g.ar rows x))
(h.ar rows x)
(h.ar rows x)
(r efl exive
(B.hom (b.object functio n x) (d.objec tfun cti on x))
((conp b c df g)arrows x))
(r efl exive
(B.hom (a.object functio n x) (b.objec tfun cti on x))
(h.ar rows x))))
(t ransiti ve
(B.hom (a.object functio n x) (d.objec tfun cti on x))
(compse
B

(a.object functio n x)
(b.object functio n x)
(d.object functio n x)
(c ompse

B

(b.object functio n x)

(c.object functio n x)

(d.object functio n x)

(f .ar rows x)

(g.ar rows x))

(h.ar rows x))
(B.comp

(a.object functio n x)

(c.object functio n x)

(d.object functio n x)

(f .ar rows x)

(B.comp

(a.object functio n x)

(b.object functio n x)

(c.object functio n x)

(g.ar rows x)

(h.ar rows x)))
((compac df (conp abc gh)). arrows x)
(B.ass oc

(a.object functio n x)
(b.object functio n x)
(c.object functio n x)
(d.object functio n x)
(f .ar rows x)
(g.ar rows x)

(h.arr ows x))

(t rans

iti ve

(B.hom (a.obj ectfunctio n x) (d.object functio n x))
(B.comp

(a.obj ectfunctio n x)
(c.obj ectfunctio n x)
(d.obj ectfunctio n x)
(f .arr ows x)
(B.comp
(a.obj ectfunctio n x)
(b.obj ectfunctio n x)
(c.obj ectfunctio n x)
(g.arr ows x)
(h.arr ows x)) )

(compee
B

(a.obj ectfunctio n x)

(c.obj ectfunctio n x)

(d.obj ectfunctio n x)

(f .arr ows x)

((compa b ¢ g h).ar rows x))

((compa c df (compab c g h)). arrows x)
(B.cong

(a.obj ectfunctio n x)
(c.obj ectfunctio n x)
(d.obj ectfunctio n x)
(f .arr ows x)
(f .arr ows x)
(B.comp
(a.obj ectfunctio n x)
(b.obj ectfunctio n x)
(c.obj ectfunctio n x)
(g.arr ows x)
(h.arr ows x))
((compa b ¢ g h).ar rows x)
(r efle xiv e
(B.hom (c.obj ectfunctio n x) (d.object functio n x))
(f .arr ows x))
(r efle xiv e
(B.hom (a.obj ectfunctio n x) (c.object functio n x))
((compa b ¢ g h).a rrows x)))

(r efle xive

(hom

(hom
qual
Equal
A .0bj)
tr ansitiv e
(B.hom (a
(( compa
(compse
B
(a.obj
(b.obj
(c .obj
(f .arr
(g.arr
(( compa
(B.cong
(a.obj
(b.obj

(B.hom (a.obj ectfunctio n x) (d.object functio n x))
((compac df (conp abc gh)). arrowsx)) )

homb c).b ase) ->

b c). base) ->

homa b).b ase) ->

a b). base) ->
(hombc) f f) >
(homa b) g g) ->

->

.obj ectfunctio n x) (c.object functio n x))
b c f g).ar rows x)

ectfunctio n x)
ectfunctio n x)
ectfunctio n x)

ows X)

ows X))

bc f g). arrowsx)

ectfunctio n x)
ectfunctio n x)
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(c.object functio n x)

(f .ar rows x)

(f .ar rows x)

(g.ar rows x)

(g.ar rows x)

(r efl exive
(B.hom (b.object functio n x) (c.objec tfun cti on x))
(f .ar rows x))

(r efl exive
(B.hom (a.object functio n x) (b.objec tfun cti on x))
(g .ar rows x)))

(t ransiti ve

(B.hom (a.object functio n x) (c.objec tfun cti on x))

(c ommse
B

B

(a.object functio

(b.object functio

(c.object functio

(f .ar rows x)

(g.ar rows x))
(c ommse

B

)
)

X)

B

(a.object functio n x)

(b.object functio n x)

(c.object functio n x)

(f a rrows x)

(g'.a rrows x))
((comp abc f g).ar owsx)
(B.cong

(a.object functio n x)

(b.object functio n x)

(c.object functio n x)

(f .ar rows x)

(f .a rrows x)

(g.ar rows x)

(g'.a rrows x)

B

B}

(h %)
(h*" x)

(B.cong
(a.object functio n x)
(b.object functio n x)
(c.object functio n x)

(f .a rrows x)

(f .a rrows x)

(g'.a rrows x)

(g'.a rrows x)

(r efl exive
(B.hom (b.object functio n x) (c.objec tfun cti on x))
(f "a rrows x))

(r efl exive
(B.hom (a.object functio n x) (b.objec tfun cti on x))
(@'a mows X)) i}

E_func tor commsi tion (A:E_ cat egory)
(B::E_ cat egory)
(C::E_ cat egory)
(f z:E_functor B C)
(g:E_functor A B)
E_functor AC
= str uct {
object functio n = \(h ::A .obj) -> f.obj ectfunctio n (g.objec tfun cti on h);
arrowf unction =
\( a: A.obj) >
\( b Aobj) ->
0SE
(A.hom a b)
(B.hom (g.object functio n a) (g.object functi on b))
(C.hom (obje ctfu nction a) (obj ectfunctio n b))
(f .arr owfunction (g.obj ectfunctio n a) (g.object functio n b))

(g.arr owfunction a b);

ax_preserve_id =
\( a:A .obj) ->
tr ansitiv e

(C.hom (objec tfu ncti on a) (objectfunctio n a))
(( arro wfuncti on a a).op (A.id a))

(Arrowfunctio n
B

C
f

(g.obj ectfunctio n a)

(g.obj ectfunctio n a)

(B.id (g. objectf unction a)))
(C.id (object functio n a))
(Arrow fun ctio nextens ion alit y

B

C
f

(g.obj ectfunctio n a)

(g.obj ectfunctio n a)

(( g.ar rowfunctio n a a). op (A.i d a))

(B.id (g. objectf unction a))

(g.ax_preserve_id a))

(f .ax_preserve_id (g.object functi on a));
ax_preserve_commsi tion
\(

obj) ->
\( b:A .0bj) ->

\( .obj) ->

\( HomA b ¢) ->
\( g HomA a b) ->
tr ansitiv e

(C.hom (objec tfu ncti on a) (objectfunctio n c))
(( arro wfuncti on a c).op (compse Aabc f ¢))

(Arrowfunctio n
B

C
f

(g.obj ectfunctio n a)
(g.obj ectfunctio n c)
(Arrowfunctio n ABg ac (compse Aabcf

(compse
(¢}

(objec tfu ncti

(objec tfu ncti

(objec tfu ncti

(( arro wfuncti

(( arro wfuncti
(r efle xiv e

on
on
on
on
on

(C.hom (o bjec tfu

(( arro wfuncti
(t ransiti ve

on

(C.hom (o bjec tfu

(Arrow fun ctio
B
C
f

n

bc).op f)
ab).op g'))

ncti on a) (obj ectfunctio n c))

g'))

ac).op (compse Aabecf g)))

ncti on a) (obj ectfunctio n c))

(g.obj ectfunctio n a)
(g.obj ectfunctio n c)

(Arrowfunctio n ABg ac (compse Aabc f

(Arrow fun ctio
B

C
f

n

(g.obj ectfunctio n a)
(g.obj ectfunctio n c)

(compse
B

(g.obj ectfunctio n a)
(g.obj ectfunctio n b)

g
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(g. obj ect functio n c) (g.obj ectfunctio n c)

(Arrowfuncto n ABgbc f) (Arrowfunctio n ABg b c ')
(Arrowfuncto n ABg abg)) (Arrowfunctio n ABg ab g))
(c ommse (r efle xiv e
(C.hom (objec tfu ncti on a) (obj ectfunctio n c))
(obje ctfu nction a) (compse
(obje ctfu nction b) C
(obje ctfu nction c) (objec tfu ncti on a)
(( arr owfunction b c).op f ) (objec tfu ncti on b)
(( arr owfunction a b).op g')) (objec tfu ncti on c)
(Arro wfuncti onexten sion ali ty (( arro wfuncti on b c).op f )
(( arro wfuncti on a b).op g'))) )}
C
f E_idfu nctor (A: E_category) : E_functor A A
(g.object functio n a) = stru ct {
(g.object functio n c) objec tfun cti on = \( h::A .obj) ->h;
(Arro wfuncti on AB g a c (conpose Aabc f' g)) arrowfunctio n = \(a :A. obj) -> \( b: A.obj) -> idSE(A. homa b);
(compse ax_preserve_id =
\( a:A .obj) ->
(g.object functio n a) reflex ive
(g.object functio n b) (A.hom (objec tfu ncti on a) (objectfunctio n a))
(g.object functio n c) (A.id (object functio n a));
(Arro wfuncti on ABg b c ) ax_preserve_commsi tion =
(Arro wfuncti on AB g ab g)) A .0bj) ->
(g.ax _preserve_compmsit ion a b ¢ f gY) .obj) ->
(t ransiti ve .obj) ->
(C.hom (obje ctfu nction a) (object functio n c)) H omAbc) >
(Arro wfuncti on \(gi:HomA a b) >
B reflex ive
C (A.hom (objec tfu ncti on a) (objectfunctio n c))
f (compse
(g.object functio n a) A
(g.object functio n c) (objec tfu ncti on a)
(c ommse (objec tfu ncti on b)
(objec tfu ncti on c)
(g. obj ect functio n a) (( arro wfuncti on b c).op f)
(g. obj ect functio n b) (( arro wfuncti on a b).op g));}
(g. obj ectfunctio n c)
(Arrowfuncto n ABg b c f) NaTra nsl sol fConponents Iso
(Arrowfuncto n ABg ab g)) (C::E_ category)( D::E_categ ory)
(compse (F:E_functor C D)(G:E _functor C D)
C (a:E_natural _tr ansformati on C D F G)
(obje ctfu nction a) (p::Fo rAll C.obj
(obje ctfu nction b) (\ (hz C.obj)- >
(obje ctfu nction c) Iso D (F. obje ctf unction h) (G.objectf unction h) (a.arr ows h)) )
(Arro wfuncti on : Iso (E_functorcat egory CD) F Ga
B = stru ct
c 1=
f struct
(g. obj ect functio n b) arrows =
(9. obj ect functio n c) \( a: C.obj)- >
(Arrowfunctio n ABgbc f)) (pa)._1
(Arro wfuncti on ax_natura lit 'y =
B \( a: C.obj)- >
C .obj)->
f C.homa' b).b ase)->

D.obj = G.objectf unction a'
F.obje ctfu nction a'
.0bj = G.objec tfun cti on b

(g. obj ect functio n a)
(g. obj ect functio n b)
(Arrowfunctio n ABg ab g))

(compse .obj = F.objec tfun cti on b
C D.homFa' Fb). base = (F. arro wfuncti on a' b).o p f
(obje ctfu nction a) Gf:i( D.homG' ). base = (G.arro wfuncti on a' b).o p f
(obje ctfu nction b) homsé::S E = D.homGa' Fb
(obje ctfu nction c) in  homse.er .tr a
(( arr owfunction b c).op f ) (D.comp Ga' GbFb (arro ws b) @)
(( arr owfunction a b).op g')) (D.comp G' Ga' Fb
(f .ax _preserve_commsit ion (D.comp G&' GbFb (arro ws b) &)
(g.object functio n a) (D.comp Ga' Fa' Ga' (a. arr ows @) (ar rows a)))

(g.object functio n b) (D.comp Ga' Fa' Fb Ff (arr ows a) )



0¢

(homse.e rtr a
(D.comp Ga' & Fb (arro ws b) &)
(D.comp G&' &' Fb
(D.comp Ga' G Fb (arro ws b) &)
(Did Ga'))
(D.comp &' G Fb
(D.comp Ga' G Fb (arrows b) @)
(D.comp G' Fa' Ga' (a. arr ows a) (ar rows a')))
(homse.e r.sy m
(D.comp G &' Fb
(D.comp Ga' Gb Fb (arrows b) @)
(Did Ga)
(D.comp Ga' & Fb (arro ws b) &)

(D.rig ht_unit Ga Fb (D.compG' GbFb (arro ws b) Gf)) )

(D.cong G&' &' Fb
(D.comp Ga' G Fb (arrows b) @)
(D.comp G @ Fb (arro ws b) @)
(D.id Ga')
(D.comp G' Fa' Ga' (a. arrows a) (arrows a'))
(homse.e rre f (D.compGa' GbFb (arr ows b) Gf))
(D.homG' @) .er .sym
(D.comp Ga' Fa' Ga' (a. arr ows a) (ar rows a'))
(D.id Ga’)
(pa)._2.1))
(homse.e rtr a
(D.comp G&' &' Fb
(D.comp G @ Fb (arro ws b) @)
(D.comp G Fa' G (aarrows a) (arr ows a’) )
(D.comp G' Fa' Fb
(D.comp Fa' G Fb
(arrows b)
(D.comp Fa' Ga' GbGf (a.arrows a)))
(arrows a))
(D.comp G' Fa' Fb Ff (arrows a’) )
(homse.e rtr a
(D.comp Ga' &' Fb
(D.comp Ga' & Fb (arrows b) @)
(D.comp Ga' Fa' Ga' (a. arr ows &) (ar rows a)))
(D.comp G' Fa' Fb
(D.comp Fa' &' Fb
(D.comp G' GbFb (arrows b) @)
(a.arr ows a'))
(arrows a))
(D.comp Ga' Fa' Fb
(D.comp Fa' & Fb
(arrows b)
(D.comp Fa' Ga' GbGf (a.arrows a)))
(arrows aY))
(homse.e r.sy m
(D.comp G' Fa' Fb
(D.comp Fa' Ga' Fb
(D.comp G’ GbFb (arrows b) @)
(a.arr ows a'))
(arrows a))
(D.comp G' &' Fb
(D.comp Ga' & Fb (arro ws b) &)
(D.comp Ga' Fa' Ga' (a. arr ows @) (ar rows a))
(D.assoc Ga' Fa' Ga Fb
(D.comp Ga' & Fb (arro ws b) &)
(a.arr ows a)
(arrows a)))
(D.cong &' Fa' Fb
(D.comp Fa' &' Fb
(D.comp Ga' G Fb (arrows b) @)
(a.arr ows a) )
(D.comp Fa' & Fb
(arrows b)
(D.comp Fa' Ga' GbGf (a.arrows a)))
(arrows a)

(arro ws a)
(D.assoc Fa' Ga' GbFb (ar rows b) Gf (a. arr ows a’) )
(( D.hom@G' Fa’) .er .ref (arro ws a)) ))

(homste rt ra
(D.compG' Fa' Fb

(D.compFa’ GbFb
(arro ws b)
(D.compFa' Ga' GbGf (a.arrows a)) )
(arro ws aY))

(D.comp&' Fa' Fb

(D.compFa' Gb Fb

(arro ws b)

(D.compFa' Fb Gb (a.ar rows b) Ff))
(arro ws a))

(D.compG' Fa' Fb Ff (arr ows a) )
(D.cong Ga' Fa' Fb

(D.compFa' GbFb
(arro ws b)
(D.compFa' Ga' GbGf (a.arrows a)) )
(D.compFa' Gb Fb
(arro ws b)
(D.compFa' Fb Gb (a.ar rows b) Ff))
(arro ws a)
(arro ws a’)
(D.cong Fa' Gb Fb
(arro ws b)
(arro ws b)
(D.compFa' Ga' GbGf (a.arro ws a))
(D.compFa' Fb G (a.ar rows b) Ff)
((D.hom@ Fh).e r.r ef (arr ows b))
((D.homFa' Gb).er. sym
(D.compFa' Fb G (a.ar rows b) Ff)
(D.compFa' Ga' GbGf (a.arro ws a’))
(a.ax_naturality a' b f)))
(( D.hom@&' Fa’) .er .ref (arrows a)) )
(homse.e r.t ra
(D.compG' Fa' Fb
(D.compFa’ Gb Fb
(arro ws b)
(D.compFa' Fb G (a.ar rows b) Ff))
(arro ws a))
(D.compG&' Fa' Fb
(D.compFa' Fb Fb
(D.compFb G Fb (arrows b) (a.ar rows b))
Ff)
(arro ws a))
(D.comp Ga' Fa' Fb Ff (arr ows a’) )
(D.cong Ga' Fa' Fb
(D.compFa' Gb Fb
(arro ws b)
(D.compFa' Fb G (a.ar rows b) Ff))
(D.compFa' Fb Fb
(D.compFb G Fb (arrows b) (a.ar rows b))
Ff)
(arro ws a)
(arro ws a)
(( D.homFa' Fb). er. sym
(D.compFa' Fb Fb
(D.compFb G Fb (arrows b) (a.ar rows b))
Ff)
(D.compFa' Gb Fb
(arro ws b)
(D.compFa’ Fb G (a.ar rows b) Ff))
(D.assoc Fa' Fb GbFb (arr ows b) (a. arro ws b) Ff)
((D.homG' Fa) .er .ref (arrows a)))
(D.cong G' Fa' Fb
(D.comp Fa' Fb Fb
(D.compFb G Fb (arrows b) (a.ar rows b))
Ff)
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Ff
(arrows a)
(arrows a)
(( D.homFa' Fb). er. tra
(D.comp Fa' Fb Fb
(D.comp Fb G Fb (arrows b) (a.ar rows b))
Ff)
(D.comp Fa' Fb Fb (D.id Fb) Ff)
Ff

(D.cong Fa' Fb Fb
(D.comp Fb @ Fb (arrows b) (a.ar rows b))

(D.id  Fb)
Ff
Ff
(p b). 2.2

(( D.homFa' Fb). er. ref Ff))
(D.lef t_unit Fa' Fb Ff))
((D.homG' Fa) .er .ref (arrows a))) )))
2=
st ruct
1=\(x::Cobhj) > (px)_2_1
_2=\(xx:Cobj) > (px)._2_2

Canporent sOfNatl soArels o
(C::E _category)( D:: E_caegory)
(F:E _functor C D)(G:E_functor C D)
(a::E _natural_tr ansformati on CDF Q
(p:l so (E_functorcategory CD) F G a)
ForAll  C.obj
(\ (h:: C.obj)- >
Iso D (F. obje ctf unction h) (G.objectf unction h) (a.arr ows h))
=\(x =:C. obj)->
st ruct
_1=p._1.arrows x

"~ struct
p._:

NN
S
N

{- # Alfa unfoldg oals of f
brief on

hi dety peannots off

tall

nd

hiding on

var "E_functor* mixfix as "[, _]"

var “Arro wfuncti on" hide 2

var "Arro wfuncti onextension ali ty" hide 5

var "E_natura I_t ransfor mation" hide 2 infix as ™ with symbolfont
var "E_natura I_t ransfor mation_SE" hide 2

var "E_functorcategory” mixfix as "[,]"

var "E_functorcomposti on" hide 3 inf ix as "o" with symbdfon t
var "E_idfunctor " as "1" with synbolf ont

#}

E productcategory.agda

-- #inc lud e "E_categorie s.agda"
-- #inc lud e "E_functors. agda"
E_product cate gory (A:E _category) (B:: E_category) :: E_category

= str uct {
obj = Cart A.obj B.obj;

hom= \(a :ob j) -> \(b::0bj) -> (Ahoma_1 b._1 (B.homa._2 b._2));

id

\( azo bj) ->

struct {
_1=Ad a_1;
_2=Bid a_2};

bj) ->

homb c).b ase) ->
:: (homa b). base) ->
struct {

_1=Acompa._1l b._1c._1 h_1h._1;
_2=Bcompa._2 b._2c._2 h_2h._2}
left_ unit =
\( azo bj) ->
\( b:o bj) ->
\( fz( homa b).b ase) ->
struct {
_1=Aleftunit a_1b_1 f_1;
_2=Bleftunit a_2b_2 f_2};
ri ght_unit =
\( bj) ->
\( bzo bj) ->
\( f::( homa b).b ase) ->
struct {

_1=Ari ght_unit a._
_2 =Bri ght_unit a._

bj) ->
bj) ->
bj) ->
bj) ->
homc d).b ase) ->
homb c).b ase) ->
:( homa b).b ase) ->
struct {

i) >
bj) ->
) >

homb c).b ase) ->
(homb c). base) ->
homa b).b ase) ->
(homa b). base) ->

qual (hombc) f f) ->
Equal (homa b) g g') ->
{

E_product functor (A:E_ cat egory)
(B::E _category)

(C::E _category)
:E _category)

=E _functor AC)
(G:E _functor B D)
: E_functor (E_productcategory A B) (E_
= stru ct {
objec tfun cti on =
\( hz:( E_productc ate gory A B).o bj)
struct {
_1 = Fobject functi on h._1;
_2 = Gobject functi on h._2
arrowfunctio n =
\( a:( E_productc ate gory A B).o bj)
\( bz:( E_productc ate gory A B).o bj)

product cat egory C D)
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struct { elt@_;

op = left_ unit =
\( h:z( (E_product category A B). homa b).b ase) -> \( azo bj) ->
struct { \( bz:o bj) ->
_1 = (Farrowfuncti on a._1 b._1). op h._: \( homa b).b ase) ->
2 = (G.arrowfuncti on a._2 b._2). op h._2:}; elt@_;

ext ri ght_unit =
\( x::( (E_product category A B). homa b).b ase) -> bj) ->
\( (E_product category A B). homa b).b ase) -> bj)
\( h::( (E_product category A B). homa b).e req xy) -> ( homa b).b ase) ->
struct { elt@_;

_1 = Arro wfuncti onextensionality ACFa_1 b._1x._1y._1h._1;
_2 = Arro wfuncti onextensionality BDGa._2 b._2 x._2y._2 h._2;}}% bj) ->
ax_preserve_id = bj) ->
\( a::( E_poductc ategory A B).o bj) -> bj)) ->
struct { bj) ->
_1 = F.ax_preserve_id a._1; ( homc d).b ase) ->
_2 = G.ax_preserve_id a._2}; homb c).b ase) ->
ax_preserve_compsit ion = homa b).b ase) ->
\( a:( E_productc ategory A B).o bj) ->
\( bz:( E_productc ategory A B).o bj) ->
\( c:( E_poductc ategory A B).o bj) -> bj) ->
\( f::H om (E_productc ategory A B) b c) -> \( bz:o bj) ->
\( g::H om (E_productc ategory A B) a b) -> \( cio bj) ->
struct { \( homb c).b ase) ->
_1 = F.ax_preserve_commsition a._1b._1 c. _1f._1 g_1; \( (homb c). base) ->
_2 = G.ax_preserve_compmsition a._2b._ 2 c._2f._2 g._2;};} \( homa b).b ase) ->
{ # Alfa unfoldg oals of f \( g (homa b). base) ->
brief on \( qual (hombc) f f) ->
hi dety peannots off \( Equal (homa b) g g') ->
tall elt@_;}
nd E_righ tunitc atel im (C:: E_category)
hiding on E_functor (E_product cat egory C E_uwnit cate gory) C
var “E_productcategory” infix as ™ with synbol font = stru ct {
var “E_productfu nctor" hide 4 inf ix as "" with symblf ont objec tfun cti on = projl C.obj Uhit ;
#} arrowfunctio n =
\( E_productc ategory C E_uritc ategory).ob j) ->
\( b::( E_productc ate gory C E_uritc ategory).ob j) ->
struct {
H H op = proj 1 (Choma._1 b._1).b ase Unit;
E particular _categories.agda op = proj 1. ( L
\( x:: ((E_product category C E_unit category). homa b).ba se) ->
-- #inc lud e "E_categorie s.agda” \( y:: ((E_productcategory C E_unit category). homa b).ba se) ->
\( h:: ((E_productcategory C E_unit category). homa b).er .eq x y)->
-- #finc lud e "E_productca teg ory. agda” h._1;}
ax_preserve_id =
E_emptycategory :: E_category \( a:( E_productc ategory C E_uritc ategory).ob j) ->
= str uct { reflex ive (C.homa._1 a_1) (C.id a._1);
= empy; ax_preserve_commsi tion =
\(a :ob j) -> case a of { }; \( a::( E_productc ategory C E_uritc ategory).ob j) ->
id =\(a::0bj ) ->case aof { }; \( b::( E_productc ate gory C E_uritc ategory).ob j) ->
comp=\( a:o b)) -> case a of { }; \( E_poductc ategory C E_uritc ategory).ob j) ->
left_u nit =\(a: :0bj ) -> case a of { } \( om (E_prod uct cate gory C E_tnitc ategory) b c) ->
ri ght_unit =\(a:obj) -> case a of { }; \( g::H om (E_prod uct cate gory C E_wnitc ategory) a b) ->
assoc = \(a: obj) -> case a of { }; reflex ive (C.homa._1c._1) (C.compa._1 b._1c._1 f_1g.1);}
cong = \( a:o bj) -> case a of { };}
E_left unitcateli m(C:E_category)
E_unit category :: E_category : E_functor (E_productcategory E unitcategory C) C
= str uct { = stru ct {
obj = Unit; objec tfun cti on = proj2 Unit C.obj;
hom=\(a ::ob j) -> \(b: :0bj) -> WNIT; arrowfunctio n =
id =\(a: :0bj ) ->elt@ E_productc ate gory E_unit category Q.ob j) ->
comp = \( E_poductc ate gory E_unit category Q.ob j) ->
\(azo bj) -> struct {
\( b::o bj) -> op = proj 2 Urit (C.homa._2 b._2).base;
\( cio b)) -> ext =
\( h:zz( homb c).b ase) -> \( x:: ((E_productcategory E unitca tegory C).homa b).ba se) ->

\( h: (homa b). base) -> \( y:: ((E_productcategory E unitca tegory C).homa b).ba se) ->
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\( h::( (E_product category E unitcategory C).homa b).er .eq x y)->
h._2};
ax_preserve_id =
\( a::( E_productc ategory E_unit category Q.obj) ->
reflex ive (C.homa._2 a._2) (C.id a._2);
ax_preser ve_compsit ion =
\( a:( E_productc ategory E_uwnit category Q.obj) ->
::( E_productc ategory E_uwnit category Q.obj) ->
E_productc ategory E_wnit category Q.ob j) ->
:*H om (E_productc ate gory E_unitcat egory O b c) ->
g::H om (E_productc ate gory E_unitcat egory O a b) ->
reflex ive (C.homa._2 c._2) (C.compa._2 b._2c._ 2 f._2g._2)}
{- # Alfa unfoldg oals off
brief on
hi dety peannots off
tall

nd

hi ding of f

var "E_unitca tegory" as "1"
#}

E bicategory.agda

-- #inc lud e "E_categorie s.a gda"

-- #inc lud e "E_productca teg ory. agda"

-- #inc lud e "E_partic ular_categori es.agda"
-- #inc lud e "miss ingbits .ag da"

prodassocrigh t (A:E _category) (B: :E_cate gory)(C ::E_ cat egory)
:» E_functor (E_productcategory (E_productc ategory A B) O
(E_productcat egory A (E_productcategory B C))
= str uct
object functi on =
\( x::( E_productc ategory (E_productcat egory A B) C).obj )->
struct { _1=x_1._1; 2=(stuct { _1=x._1.2, _2=x_23}) 3}
arrowf unctio n =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( y::( E_productc ate gory (E_productcat egory A B) C).obj )->
st ruct
op =
\( f::( (E_product cate gory (E_productcategory A B) C).homx y). base)->
struct { _1=f _1._1; 2= (struct { 1=f._1.2;, 2=F._2;}) 3}
ext =
\( a::( (E_product cate gory (E_productcategory A B) C).homx y). base)->
\( b::( (E_product cate gory (E_productcategory A B) C).homx y). base)->
\( p:( (E_product cate gory (E_productcategory A B) C).homx y). er. eq a b)->
struct { _1=p._1._1; 2=(struct { 1=p_1.2 2=p_2) 3}
ax_preserve_id =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
(( E_productca tegory A (E_productc ategory B (). hom
(objec tfu ncti on x) (obj ectfunctio n x)).e r.re f
(( E_productca tegory A (E_productc ategory B Q). id
(objec tfu ncti on x))
ax_preserve_comsi tion =
\( x::( E_productc ate gory (E_productcat egory A B) C).obj )->
\( y::( E_productc ategory (E_productcat egory A B) C).obj )->
E_productc ate gory (E_productcat egory A B) C).obj )->
\( f::H om (E_product cate gory (E_productcategory AB) C) y z)->
\( g::H om (E_prod uct cate gory (E_productcategory A B) C) x y)->
(( E_productca tegory A (E_productc ategory B Q). hom
(objec tfu ncti on x) (objectf unctio n z)).e r.re f
(( arro wfuncti on x z).op
(compase (E_productc ate gory (E_productcategory AB) C) x y z f @)

E_bicategory : #2

Type;

(a: obj) -> (b:: obj)-> E_category;

(a:: obj) -> (b:: obj)-> (c: :0bj)->

E_functor (E_productcat egory (homb c) (homa b))
(homa c);

identity : (a: obj)-> E_functor E_wnitc ategory (homa a);

associati vit y (@zob j)- > (b:o bj) -> (c: obj) -> (d:: obj)->

let AE_category = homc d
::E_category = homb ¢
C::E_category = homa b
D::E_category = homb d
_category = homa ¢

F::E_category = homa d
AB:E_ category = E_poductc ategory A B
BC:E_ category = E_poductc ategory B C
DCE_ category = E_poductc ategory D C
AE:E_ category = E_productc ategory A E
AB C:: E_category = E_productca tegory ABC
\BC::E_category = E productcategory A BC
Ftype::Set = E_functor AB_CF
R::Fty pe
= E_functorcompait ion ABC A BCF
(E_functo rcompositio n A BCAE F
(compa c d)
(E_productfun ctor ABCA E
(E_idf unctor A) (comp a b c)))
(prodassocrig ht A B C)
L::Fty pe
= E_functorc ompsit ion ABC DCF (compa b d)
(E_productfun ctor ABCD C
(compb ¢ d) (E_idf unctor C))
Fcat:: E_category = E functorcategory ABC F
in Sigma (Fcat. homL R.b ase (Is o Fcat L R);
ri ghtid :: (a:o bj) -> (b obj)->
let hab:: E_category = homa b
habl:: E_category = E_productca tegory hab E_uwnit cate gory
habhaa::E _category = E_productcategory hab (homa a)
ft ype::Set = E_functor habl hab
fc at:: E_category = E functorcategory habl hab
R::fty pe = E_rig htunitc atelim hab
L::fty pe
= E_functorc ompait ion habl habhaa hab (conp a a b)
(E_productfun ctor hab E unitca tegory hab
(homa a) (E_idf unctor hab) (i dentity a))
in  Sigma (f cat. homL R.b ase (Is o fcat L R;
lefti d:: (a:zobj)- > (b:o bj) ->
let hab:: E_category = homa b
plhab::E_cate gory = E_poductc ategory E_unit category hab
hbbhab::E _category = E_product category (homb b) hab
Ftype::Set = E_functor plhab hab
Fcat:: E_category = E functorcategory plhab hab
R::Fty pe = E_lef tuni tcatel im hab
L::Fty pe
= E_functorc ompait ion plhab hbbhab hab (compa b b)
(E_productfun ctor E_unitcategory hab (homb b) hab
(i dentity b) (E_idf unctor hab))
in  Sigma (Fcat. homL R.b ase (Is o Fcat L R);
apentagon :: (a: :obj)-> (b::o bj)- > (cuo bj) -> (d:: obj) -> (e: :obj )->
(f :( homa b).ob j)- > (g::( homb c).0 bj)- > (h:( homc d).o bj)- >
(k:( homd e).ob j)- >
let homca:: E_category
= homa e
start: :homcat.obj
= (compa b e).o bje ctfu nction
(struc t {
_1 = (conp b c e).ob jec tfun cti on
(struct { _1 = (conp c d e).ob jec tfun cti on
(struct { _1=k; _2=h});
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2=1}
pl 2::h omat. obj

2=g);

= (comp a c e).o bjec tfu nction

(struct { _1 = (conp c d e).ob jec tfu ncti on
(stuct { 1=k _2=h})
_2 = (conp a b c).ob jec tfu ncti on

end::h omat. obj

(struct { 1=

2=f})D

= (comp a d e).o bjec tfu nction

(struct {
1=Kk
2=

(stru
1
2

pointr 2:: hontat. obj
= (comp a b e).o bjec tfu nction

(struc t {

ct {

h

(conp a c d).o bjec tfu ncti on

(é:onp a b c).o bjec tfu ncti on
(stuct { 1=g 2=£}) P h

_1 = (comp b d e).o bjec tfu ncti on

(struct { _1 =k

_2=1f)
pr3::h omat. obj

_2 = (conp b c d).o bjec tfu ncti on

(struct { _1=h _2=g})} :

= (comp a d e).0 bjec tfu nction

(struct {
1=k

2

(conp a b d).o bjec tfu ncti on

(struct { _1 = (conp b ¢ d).o bjectfu ncti on

(struct { 1=h 2=g}) ;

2=ftp )

11 ::Ho mhomat star t pl2

= (associativity abc

(struct {

l=stuct { _1=

2 =f})

12 ::Ho m homat pl2

= (ass oci ativ it
(struct {

(struct {

y
1

el

n

d
acd

2=

e). _l.arro ws

(comp ¢ d e).o bjec tfu ncti on
(struct { _1=k _2=h})
gk

e). _larrows

stuct { _ 1=k _2=h};
(conp a b c).ob jec tfu ncti on
(stuct { 1=g 2=1}))
rl::Ho mhomat star t point r2

= ((co mpa b e). arro wfunct ion

_1 = (conp b ¢ e).o bjec tfu ncti on
(struct { _1 = (conp c d e).ob jec tfun cti on

_2=1)
(struct {

2

(struct { 1=k _2=h})
=g}

_1 = (conp b d e).0 bjec tfu ncti on
(struct { _1=Kk;

2 =1} )op

(stuct {

)

_1 = (associa tiv ity
(struct { _1
2

2 = (homa b)i d f;

12::Ho m homat pointr2 pr3

= (associativity abde).

(struct {

l=struct { _1=
2=

= (conp b c d).ob jec tfun cti on
(stuct { 1=h _2=g})}

bcde)_larrows
=struct { 1=k _2=h};
g

_larrows

k;
(conp b ¢ d).o bjec tfu ncti on

2=f)
r3::Ho mhomca pr3 end
= ((c ompa d e). arr owfunction

(struc t {
1=k

(struct { _1=h; _2=g})k

_2 = (comp a b d).o bjec tfu nction
(struct { _1 = (compb c d).objec tfun cti on

(struc t {
L=k

(st ruct {
1=h

(struc t {

2=

(stuct { _1=h; 2=g})
2=t

2 = (comp a c d).o bjec tfu nction

(comp a b c).o bjec tfu ncti on

(s

tuct { 1=g 2=} )} )} )op

_1=(homd e).i dk;
_2 = (associativity abcd)._larows

(struct { _1

in  (homat. homsta

tuct { _1=h; _2=g};
2=1p 3

rt end).er. eq

(commpse hontat start
(commse hontat start
(commse hontat pointr2 pr3 end r3 r2) ri);
idtri angle :: (a:o bj)- > (b:o bj) -> (ci: obj)->
(f =:(h oma b).ob j)- > (g::( homb c).obj)- >

let homca: E_caeg
= homa ¢

ory

start: :homcat.obj
= (compa b c).o bje ctfu nction

(struct {

pl2 end 12 11)
pointr2 end

_1 = (conp b b c).ob jec tfun cti on
(struc t {
1=g
_2 = (identi ty b).o bjectfu ncti on elt@_;} );

2=1t)
mid::h omat.o bj

= (compa b c).o bje ctfu nction

(struct {
l=g

9
_2 = (conp a b b).ob jec tfun cti on

(struc t { _1 = (identit y b).ob jec tfun cti on elt@_;
2=1) D

end:h omat.o bj

= (compa b c).o bjectfu nction (struct { _1=g9; _2="f;}
I Homhomcat start end
= ((c ompa b c). arr owfunction

(struc t {

_1 = (conp b b c).o bjec tfu ncti on
(struc t

(struct {

_l=stuct { _1
2

2=1f)

1=
2
2=1}
(struc t {
(struc t {

1
1

R

g
(ide ntit y b).ob jec tfun cti on elt@_;} );

g _2=1}) )op

(rigl

h tid b c)._ lLarrows

(struct { _1=g; _2=elt@_);

_2=(homa b)i df;})

rl: :Homhomca start mid
= (associ ati vity a b b c). _l.arrows

r2: :Hom homca nid end
= ((c ompa b c). arr owfunction

(struct {
l=g

g
(ide ntit y b).ob jec tfun cti on elt@_;} ;
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_2 = (comp a b b).o bjec tfu ncti on (E. conp GFa’ KFd KH'

(struct { _1 = (identit y b).ob jec tfun cti on elt@_; (E.compKFa' KFB KHb' Kab KFf) (b. arro ws Fa’) )
2 ; (E. assoc GFa' GBb' KFb' KHb Kab' (b. arr ows Fb') GF)
(struct { _1=g; _: (homsea.e r.tr a
(struct { _1 homb c).i d g; (E.comp GFa' KFB KH'
—2 = (lef tid a b)._1 .ar rows Kab' (E.c ompGFa GFb' KFB (b.ar rows Fb) GFf))
(struct { _1=elt@_; 2="f})}) (E.comp GFa' KFB KH'
in (homath omstar t end).er. eq Keb' (E.compGFa KrFa' KFB KFf (b.arrows Fa))) )
| (conpose homca start mid end r2 rl); (E.comp Gra' KFd KH'
} (E.compKFa' KFB KHb' Kabl KFf) (b. arro ws Fa’) )

E.cong Gra' KFB KH' Kab' Kab'
9
(E.compGra'’ GFb KFb' (b. arr ows Fb') GF)
(E.compGra' KFd KFb' KFf (b.arr ows Fa'))
(( EhomKFb' KHb). err ef Kab)
ECat-agda (b.ax_naturalty Fa Fb
((F .ar rowfunctio n @' b').op f)))

-- #inc lud e "E_bi cate gory.a gda" (homse.e r.sy m
(E.comp GFa' KFd KH'
Haizo ntalConpositio n (E. conp KFa' KFB KH' Kab' KF) (b.arro ws Fa') )
(C:E _category)( D:: E_caegory)(E: :E_cate gory) (E.comp Gra' KFB KH'
(F:E _functor C D)(G:E_functor D E)(H:: E_functor C D)(K: :E_functor D E) Kabl (E.compGFa KR KFb' KH (b.ar rows Fa)) )
(a:E _natural_tr ansformati on C D F H(b: :E_natural _tra nsformatio n D E G K) (E.assoc GFa' KRa' KFb' KHb Kab' KFf (b.arr ows Fa'))) ))
E_ratural _tra nsformatio n C E (homse.e r.tir a
(E_functo rcompositio n CD E GF) (E_f unctorc ommsi ton CD E K H (E.comp Gra' KFd KH'
= str uct (E.compKFa' KFY KHb' Kabi KFf) (b. arro ws Fa’) )
arrows = (E.comp GFa’ KFd KH'
\(a: C.obj)- > (EcompKFa' KHa KHb' KHf Kaa') (b. arro ws Fa) )
E.comp (( E_funct orcompait ion C D E G F).obj ect functio n a) (E.comp GFa' KHa KH' KHf (ar rows a'))
(K.object functio n (F.objec tfu ncti on a’) (E.ccong GFa' KFd KH'
(( E_functorc ompait ion C D E K H).object functio n a') (E.comp KFa' KFB KH' Kab' KF)
(( K.arrowfunctio n (F.objec tfu ncti on a’) (E.comp KFa' KHa KH' KHf Kad)
(H.obj ectfunctio n a')). op (a.a rro ws a)) (b.arr ows Fa')
(b.ar rows (F.obj ectfunctio n a’)) (b.arr ows Fa')
ax_naturalit y = (homsd2. er.t ra
\( a: C.obj)- > (E.comp KFa' KFB KH' Kab KHM)
\( b C.obj)- > (( K.ar rowfunctio n Fa Hb') .op
\( f:H omCa' b')-> (D.comp Fa' Fb' Hb' (a. arr ows b") Ff))
let GEE _functor CE = E_functor compsiton CDE GF (E.comp KFa' KHa KH' KHf Kad)
KE:E _functor C E = E_functorc ompsition CDEKF (homsd2. er.s ym
_functor C E = E_functorc ompsition CDEKH (( K.ar rowfunctio n Fa Hb') .op
D.obj = F.objectfu nction a' (D.compFa' Fb' Hb' (a. arr ows b)) Ff))
D.obj F.obje ctfu nction b’ (E.comp KFa' KFB KH' Kab KH)
D.obj = H.obje ctfu nction a' (K.ax_preserve_compait ion Fa' Fb HB
H.obje ctfu nction b’ (a.ar rows b') Ff))
GFobject functio n a' (homsd2. er.t ra
j = KFobject functio n a' (( K.ar rowfunctio n Fa Hb') .op
KHobject functio n a' (D.compFa' Fb' Hb' (a. arr ows b)) Ff))
j = GFobject functio n b' (( K.arrowfunctio n Fa Hb') .op
= KFobject functio n b (D.compFa' Ha' Hb' Hf (a. arro ws a’) ))
= KHobject functio n b' (E.comp KFa' KHa KH' KHf Kad)
E.homGFa KHb' (( K.arrowfunctio n Fa Hb') .ext
homse2:: SE = E.homKFd KHb' (D.compFa' Fb' Hb' (a. arr ows b)) Ff)
Ff:( D.homFa' Fb) .base = (F. arr owfunction a' b') .op f (D.compFa' Ha' Hb' Hf (a. arro ws a') )
Hf::( D.homHa' Hb) .base = (H.arr owfunction a' b') .op f (a.ax_naturality a' b' f)
GF:: (E.homGFa' GW'). base = (GFar rowfunction a' b') .op f (K.ax_preserve_compait ion Fa' Ha Hb
KH:: (E.homKFa' Km'). base = (KF.ar rowfunction a' b’ .op f Hf (a.arr ows a') )))
KH:: (E.h omKHa' Khb'). base = (KHar rowfunction a' b’) .op f ((E.homGra' KFd).e rr ef (b.arrows Fa') ))
{(E. homKFd KHa') .base (E.assoc GFa' KR' KHa' KHb KHf Kaa' (b.arr ows Fa')))
(K.arro wfuncti on Fa' Ha').op (a.arr ows &)
E. homKFB KHb') .base Haiz ontalComposti onls Extensi onal
= (K.arro wfuncti on Fb' Hb').op (a.arr ows b’) (C::E_ category)( D:: E_caegory) (E: :E_cate gory)

in  homse.er .tr a (E.compGFa GB' KHb' (ar rows b') G-f)
(E.comp Gra' KFd KHb'
(E.comp KFa' KFB KHb' Kab KF) (b.a rro ws Fa’))
(E.comp GFa' KHa KHb' KHf (ar rows a'))
(homse.e rtr a _natural _tr ansformati on C D F H)
(E.comp GFa' GFb KHb' (ar rows b') GH) :E_ natural _tr ansformati on D E G K)
(E.comp GFa' KFB KHb' (aeqc: :(E _natural_t ransfor mation_ SEC D F H).er .eq a c)
Kab' (E.compGFa GFb' KFB (b.ar rows Fb) Gf)) (beqd::(E _natural_t ransfor mation_SED E G K).er .eq b d)

F:E_functor C D)(G:E_functor D E)
_functor C D)(K:E_functor D E)
=E_ natural _tr ansformati on C D F H)
=E_ natural _tr ansformati on D E G K)
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(E_natural_tr ansformati on_SE C E

(E_functo rcompositio n CD E GF) (E_f unctorc ommsiton CD E K H).e re q

(Horiz ontalCompaitt on CDE F GHK a b)
(Horiz ontalCompaitt on CDEF GHK ¢ d)
=\(x =:C. obj)->
E.cong (( E_functorc ompait ion C D E G F).object functio n x)
(K.obj ectfunctio n (F.object functi on x))
(( E_funct orcompaiti on C D E K H).obj ect functio n x)
(( K.ar rowfunctio n (F.object functi on x) (H.objec tfun cti on x)). op
(a.arr ows x))
(( K.ar rowfunctio n (F.object functi on x) (H.objec tfun cti on x)). op
(c.arr ows x))
(b.arr ows (F. obj ectf unction x))
(d.arr ows (F. obj ectf unction x))
(( K.ar rowfunctio n (F.object functi on x) (H.objec tfun cti on x)). ext
(a.arr ows x) (c. arr ows x) (aeqc x))
(beqd (F. obje ctf unction x))

Haizo ntalConpositio nPreserves Ide ntit y
(C: :E_category)( D::E_category) (E:: E_cate gory)
(F: :E_functor C D)(G::E _functor D E)
(E_natural_tr ansformati on_SE C E
(E_functo rcompositi on CD E G F)
(E_functo rcompositi on CD E G F)) .er. eq
(Horiz ontalCompaitt on CDEF GF G
(( E_functorcategory CD.i d F) (( E_functorcategory D E).i d G))
(( E_functorcategory C E).id (E_functorcomposti on CD E G F))
=\(x: :C. obj) >
let F .obj = F.objec tfu ncti on x
_functor C E = E_functorcompsit ion CDE GF
GF::E .obj = GF.objectf unction x
homcat::S E = E.hom GFx GFx
id F::E _natura |I_t ransfor mation CD F F
= (E_functor category C D).id F
GidFx: :ho mcat.ba se
= (G.arro wfuncti on Fx Fx). op (idF .ar rows Xx)
id G::E_natura I_t ransfor mation D E GG
= (E_functor category D E).id G
id GF:: E_ratur al_tran sfo rmation C E GF GF
= (E_func tor category C E).id GF
in homcae rtr a
(E.co mp G-x GFx GFx GidFx (idG .ar rows Fx))
GidFx
(i dGFarr ows X)
(E.ri ght_unit Gk GFx GdF x)
(G.ax _preserve_id Fx)

Middle FourExchange (C:: E_category )(D: :E_cate gory)(E ::E _category)
::E_functor C D)( functor D E
-_functor D E)
E _functor DE)
_tr ansformato n CDF F')
_tr ansformatio n D E G G')
_natura |_t ransfor mation CD F* F" )
©:E _natura I_t ransfor mation D E G' G")
(E_natural_tr ansformati on_SE C E
(E_functo rcompositi on CD E G F)
(E_functo rcompositi on CD E G" F) .er .eq
(Horiz ontalCompaitt on CDEF GF* G
(( E_functorcategory CD.c ompF F F' a a)
(( E_functorcategory D E).c ompGG G" b' b))
(( E_functorcategory C E).co mp
(E_functo rcompositio n CD E GF)
(E_functo rcomposito n CD E G' F')
(E_functo rcompositio n CD E G" F)
(Horiz ontalCompaitt on CDEF G F' G a b)
(Horiz ontalCompaitt on CDEF GF G a b))
=\(x: :C. obj) >
let GF:E_functor C E = E_functor conpositio n CDE GF

E_functor C E = E functorcomposti on CDE G F'
:E _functor C E = E_functor compsito n CDE G" F''
E_category = E_functorcategory CE
obj = F.objec tfun cti on x
.obj obj ectf unction x
D.obj .0 bjec tfu ncti on x
GF::E .obj = G.obje ctfu nction Fx
j = G'.object functio n Fx
j = G. objectf unction Fx
G.o bjec tfu ncti on F'x
:E .obj = G" .obj ectfunctio n F'x
x:: E.obj = G".ob jec tfun cti on F'x
G'ax:: (E. homG'Fx GFx ).b ase
= (G arr owfunction Fx F'x).op (a.arr ows x)
G"ax: :(E.homG"Fx G" F'x).ba se
= (G" .ar rowfunction Fx F'x).0 p (a.ar rows x)
:( EhomGF 'x GF "x) .base
= (G" .ar rowfunction F'x F'x) .op (a' .ar rows X)
bFx::( E.hom GFx G'Fx).b ase = b.ar rows Fx
(E.homG'Fx GFx ).b ase = b'.ar rows Fx
((E.homG'Fx G" Fx).base = b".ar rows F'x
E = EhomGFx G" F"x
bstara ::( Fcat.ho m G- G'F') .base
= Hori zontalC ommsit ion CDEFGF G ab
b'star a: :(F cat. homG'F' GF' ‘). base
= Hori zontalC ompsit ion CDEF G' F* G" a b’
a'oa:: E_matural_ tra nsformaion CDF F"
= (E_functorc ategory CD).compF F' F' a' a
b'ob:: E_ratural_ tra nsformation D E G G"
= (E_functorc ategory D E).compGG' G b b
b' obstara'oa ::(F cat.hom GFG" F" ).ba se
= Hori zontalC ompsit ion CDEF GF" G" a'oa b'ob
G"a'o ax::(E.hom G"Fx G" F'x ).b ase
= (G" .ar rowfunction Fx F''x). op (a'o a.arrows x)
in  homsd.er .tr a
(b'obs tar a'oa .ar rows x)
(E.comp GFx GFx G" F" x
(E.comp GFx G"Fx G"F" x
G'"ax (E.comp GFx G'FX G'F'x b'F x Gax) ) bFx)
(( Fcat.comp G- GF' G" F" b'star a' bstara). arr ows x)
(homse.e rtr a
(b'obs tar a'oa .ar rows x)
(E.comp Gx GFx G" F" x
(E.comp GFx G" Fx GF "x G" a'oax bFx) bFx)
(E.comp GFx GFx G" F" x
(E.comp GFx G" Fx G" F" x
G"ax (E.comp GFx G'Fx G"F'x b'F' x Gax) ) bFx)
(homség.e r.sy m
(E.compGx G'Fx G'F" x
(E.ccompGFx G" Fx G"F"x G"a'o ax b'Fx) bFx)
(b'ob star a'o a.ar rows X)
(E.assoc GFxG'Fx GFx G"F" x Ga 'oax b'Fx bFx))
(E.cong GFx GFx G" F" x
(E.comp GFx G" Fx GF "x G" a'oax bFx)
(E.comp GFx G" Fx G" F" x
G"a'x (E.comp GFx G'F'x G"F'x bF' x Gax) )
bFx
bFx
((E.homGFx G" F'x ).ert ra
(E.comp GFx G" Fx GF "x G" a'oax bFx)
(E.comp GFx G" Fx G" F" x
G"ax (E.comp GFx G" Fx G"F'x G"a x b'Fx) )
(E.comp GFx G" Fx G" F" x
G"ax (E.comp GFx G'F'x G"F'x bF' x Gax) )
((E.homGFx G" F'x ).ert ra
(E.comp GFx G" Fx G"F"x G" a'oax b'Fx)
(E.comp GFx G" Fx G"F "x
(E.comp GFx G"F x G'F' 'x Ga 'x Ga x) bFx)
(E.comp GFx G" Fx G" F" x
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G"a' x (E.compGFx G" Fx G'F 'x G" ax b'Fx))
(E.cong GFx G" Fx G"F "x
G"a' oax
(EcompGF x G'F' x G"F' 'x Ga 'x G"ax)
b' Fx
b' Fx
(G". ax_preserve_composti on Fx Fx F"x
(a'.ar rows x) (a.ar rows X))
(( EchomGFx G" Fx).er. ref b'Fx))
(E.assoc G'Fx G"Fx G" Fx G"F" x G"a' x Gax b'Fx))
(E.cong GFx G" Fx G"F" x
G"a'x
G"a'x
(E.comp GFx G" Fx G"F 'x G"a x b'Fx)
(E.comp GFx G'F'x G"F'x b'F x Gax)
((EhomGF 'x GF "x) .er.ref G'ax )
((Ehom GFx G" Fx).er .sym
(E.comp GFx GFx GF X bF x Gax)
(E.comp GFx G" Fx GF 'x Ga x b'Fx)
(b'ax _natura lit y Fx F'x (a.ar rows x)))) )
(( E.hom GFx GFx).e r.re f bFx)))
(homete rt ra
(E.comp GFx GFx G"F" x
(E.comp GFx G" Fx G" F" x
G"ax (E.compGFx G'F'x G"F'x b'F' x Gax)) bFx)
(E.comp GFx GFx G"F" x
(E.comp GFx G'F'x G"F"x (b' stara. arr ows x) G'ax) bFx)
((Fcat.compGF GF' G" F' b'star a' bstara). arr ows x)
(E.cong G~x GFx G"F" X
(E.comp GFx G" Fx G"F" x
G"a'x (E.compGFx GFx G"F'x bF x Gax))
(E.comp GFx G'F'x G"F"x (b' stara’. arr ows x) G'ax)
bFx
bFx
(( EEhomGFx G" F" x).e r.s ym
(EccompGFx G'F'x G"F"x (b'sta ra' .arr ows x) G'ax)
(EccompGFx G" Fx G" F" x
G" ax (E.comp GFx GFx GF X bF x Gax) )
(E.assoc G'Fx G'Fx G" Fx G"F' x Ga' x bFx G'ax)
(( Ehom GFx GFx ).e r.re f bFx))
(E.assoc GFxG'Fx GF'x G"F" x (b'st ara'.ar rows x) G'ax bFx))

Functo rComposti  onAsFunctor (A::E _category)( B:: E_caeg ory) (C: :E_cate gory)
E_functor
(E_productcat egory (E_functorc ategory B C) (E_functorcategory A B))
(E_functo rcat egory A C)
= let FABE _category E_functor category A B
FBCE _category E_functor category B C
in struct
obj ect functio n =
\( h::( E_productc ate gory FBC FAB). obj) ->
E_functor conposito n ABCh._1h._2
arrowfunctio n =
\( a:( E_poductc ate gory FBC FAB). obj) ->
\( b::( E_productc ate gory FBC FAB). obj) ->
st ruct
op =
\( h:z( (E_product cat egory FBC FAB).hom a b).b ase)->
Haizo ntalConpositi on ABCa._2a._1 b._2b._1 h._2h_1
ext =
\( x::( (E_product cat egory FBC FAB).hom a b).b ase)->
\( y::( (E_product cat egory FBC FAB).hom a b).b ase)->
\( hz:( (E_product cat egory FBC FAB).hom a b).e re gq x y)- >
Haizo ntalConpositi onls Extensi onal
ABCa_2a _1b._2b _1x_2x _1y._2y_1h_2h_1
ax_preserve_id =
\( a:z( E_productc ate gory FBC FAB). obj) ->
Haizo ntalComposti onPreservesidentity ABCa._2 a._1
ax_preserve_comsi tion =

E_productc ategory FBCFAB). obj) ->
E_productc ategory FBCFAB). obj) ->
E_productc ategory FBCFAB). obj) ->
\( f::( (E_product cate gory FBC FAB).hom b c).b ase)->
\( g:( (E_product cate gory FBC FAB).hom a b).b ase)->
Middle FourExc hange
ABCa_2a_1b_2b _1c_2c _1g. 29 _1f 2 f_1

( a:(
( b(
( cx(

Id Functor Withid (C: :E_cate gory)
E_functor E_uwnit cate gory (E_functorcategory C Q
= stru ct
obj ect functio n =
\( h:E _unitc ategory.obj )-> E_idfunctor C
arr owfunction =
\( a:E _unitc ategory.obj )->
\( b::E _unitc ategory.obj )->
st ruct
op =
\( h::( E_witc ategory.homelt@_ el t@_).base)- >
(E_functorcat egory C C).id (E_idf unctor C)
ext =
\( x::( E_wnitc ate gory.homelt@_ el t@_).base)- >
\( y::( E_wnitc ate gory.homelt@_ el t@_).base)- >
\( hz( E_witc ategory.homelt@_ elt@_).er .eq x y)->
(( E_functorcategory C Q.h om
(E_idfunctor C) (E_idfu nctor C)). er. ref (op elt @_)
ax_preserve_id =
\( a:E _unitc ategory.obj )->

(E_natural_t ransfor mation_SE C C (E_idfu nctor Q (E_idfunctor C)).e r.re f

(( E_functorcategory C Q.i d (E_idfunctor C))
ax_pre serve_compsit ion =
\( a::E _unitc ategory .obj )->
\( b::E _unitc ategory .obj )->
\( _unitc ateg ory .obj )->
\( f::( E_uwnit cate gory.homb c). base)- >
\( g:( E_uwnit cate gory.homa b). base)- >
let CCE _category = E_functor category CC
id C::CC.obj = E_idfu nctor C
id idC: :(C C.homidCidC).base = CCd idC
in  (E_natur al_t ransfor mation_SE C C idC id C).er.s ym
(CC.compidC idC idC ididC idi dC) idi dC
(CCuri ght_unit idCidCidid C)

Functo rCompAsocNatTrans
(A:E_ category)( B:E _category) (C: :E_cate gory)(D ::E_ cat egory)
(F:E_functor A B)(G:E _functor B C)(H: E_functor C D)
E_natural _tra nsformatio n A D
(E_functo rcomposti on A B D (E_functorcompsiti on B CD H G) F)
(E_functorcomposti on A C D H (E_func tor conpositio n A B C G F)
= stru ct
arrows =
\( aA .obj)- >
D.id ((E_functor conpositio n A B D
(E_functorcomposti on B C D H G) F). objectf unction a)
ax_natura lit y =
\( a:A .obj)- >
\( b:A .obj)- >
\( f:H omA a b)- >
let HGF::E_functor A D
= E_functorc ompsit ion A B D (E_functorc ompsit ion B CDH G) F
H_GF:: E_functor A D
= E_functorc ompait ion A C D H (E_functorcomposti on AB C GF)
j = HG_F.objectf unctio n a
j HG_F.obj ectf unctio n b
| C H GF.obj ectf unctio n a
H_GFb:D. obj = H GF.obj ectf unctio n b
HGFf: :(D .hom HGFa HGFb). base = (HG F.arro wfuncti on a b).op f
H_GFf::(D .hom H_GFaH_G&b). base = (H_GF.arro wfuncti on a b).op f
in  (D.homHG_FaH_GFb)er .tra
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(D.comp HG_FaHGFb H_Gb (arr ows b) HGFf)
HGFf
(D.comp HG_FaH_GFaH_&b H_GF (arro ws a))
(D.Jef t_unit HGFa H_GB HG_F)
(( D.hom HG_FaH_GFh.er .sy m
(D.comp HG_R H_.GFaH_Gb H_GF (arro ws a))
HGFf
(D.rig ht_unit HGFa H_Gb HG_B)

Functo rCompAsocNatTran sNatural
E _category)( B:: E_caegory)(C: :E_cate gory)(D ::E _cat egory)
E _functor A B)(G:E_functor B C)(H:: E_functor C D)
E_functor A B)(G": :E_functor B C)(H:: E_functor C D)
E _natural_tr ansformati on A B F F)
E _natural_tr ansformati on B C G G)
(c::E _natural_tr ansformati on C D H H)
(E_natural _tr ansformati on_SE A D
(E_fun cto rcompositio n A B D (E_functo rcomposti on B CD H G) F)
(E_fun cto rcompositio n A C D
H' (E_functor conpositio n ABCG' F))). ereq
(( E_functorcategory A D.c omp
(E_fun cto rcompositio n A B D (E_functorcomposti on B C D H G) F)
(E_functo rcompositio n A B D (E_functorcomposti on BCDH' G') F)
(E_functo rcompositio n A C D H' (E_functo rcomposito n AB CG' F'))
(FunctorCompAsocNatTrans ABCDF G' H)
(Horiz ontalCompsiti on A B D
F (E_f unctorc ompsit ion BCDHQ
F' (E_functor conpositio n BCDH' G
a (Horizo ntal Comosito n BCD GHG' H' b c))
(( E_functorcategory A D.c omp
(E_functo rcompositio n A B D (E_functorcomposti on B C D H G) F)
(E_functo rcompositio n A C D H (E_func tor compsi tion A B C G F))
(E_functo rcompositio n A C D H' (E_functo rcomposito n ABCG' F'))
(Horiz ontalCompaiti on A C D
(E_functo rcomposito n ABCGF) H
(E_functo rcomposito n ABCG' F') H'
(Horiz ontalCompaitt on ABCFGF G ab) c)
(Funct orCompAsocNatTrans A B C D F G H))
=\(x =A. obj)->
let HGE _functor B D = E_functor commsitio n BCDHG
H'G: E_functor B D = E functorcomposti on BCDH' G'
GF:E_functor A C = E_functorcompsit ion ABCGF
G'F:: E_functor A C = E functorcomposti on ABCG' F
HGF:: E_functor A D = E functorcomposti on A B D HGF
HG_F": E_functor A D = E_functorcomposito n ABDH'G' F
H_G:: E_functor A D = E functorcomposti on A CD H GF
H_G E_functor A D = E_functo rcomposito n ACDH' GF
Fx::B. obj = F.object functio n x
GFx:C .obj = G.objec tfu ncti on Fx
D.obj H.obje ctf unction G
j obje ctf unction x
G.ob jec tfun cti on F'x
D.obj = H'. objectf unctio n G'F'x
C.obj = G'.obj ectfunctio n Fx
. obj H.ob jec tfun cti on GFx
H'GFx ::D .obj = H'.o bje ctfu nction G'Fx
ax::(B .homFx F'x).b ase = a.ar rows x
bFx:( C.hom GFx G'Fx).b ase = b.ar rows Fx
cGR:: (D. homHGK H'GFj.ba se = c.arr ows GFx
(C.homG'Fx G'F'x).ba se = (G'a o wfuncti on Fx Fx). op ax
D.homHG'F x HG'F 'x) .base = (H'G". arr owfunction Fx F'x).op ax
(D .hom H'GFxH'GFx) .base = (H'.a rrowfunctio n G=x GFx ).0 p bFx
E = D.homHGFX H'GF' x
_natural_tr ansformati on B D HGH'G'
= Horizon tal Compsiton BCDGHG' H bc
bstara::E _natural_tr ansformati on A C GFG'F'
= Horizon tal Compsiton ABCFGF G ab
bstarax:: (C.homGFx G'F'x). base = bstara.arr ows x
cstarb_stara: :E_natural _tra nsformatio n A D HG_FH'G_F"*

= Hori zontalC ompsit ion ABDF HGF H'G' a cstarb
cstarb _starax::h om®t.b ase = cstarb_star a.arrows x
H'bstarax::(D .homHGFx H'G'F' x). base
= (H'. arr owfunction GFx G'F'x) .op bstarax
cstar_ bstara: :E_natural _tr ansformatio n A D H_GFH'_G'F'
= Hori zontalC ompsit ion A CD GFH G'F' H' bstara ¢
cstar_ bstarax::h omst.b ase
= cstar_bstar aarrows x
assocFGH:E_natural _tra nsformaio n A D HG_FH_G
= Functor CompssocNaTrans ABCDF GH
assocF'G' H':: E_ratural_ tra nsformation ADHG_F H_GF
= Functor CompssocNaTrans ABCDF G H'
Fcat:: E_category = E_functorcategory A D
cGFxo_HbRoHG@x: :ho mset.ba se
= D.comp HGFxH'GFX H'GF' x
(D.comp HGFx H'G'Fx H'G'F'x HG' ax HbFx) cGFx
homse.er .tr a
(( Fcat.compHG_FH'G_F' H_G'F' assocF' G'H' cstarb _stara).ar rows x)
cstarb _st arax
(( Fcat.compHG_FH_G& H_G'F' cstar_bstara assocFGhla rro ws x)
(D.lef t_unit HGK H'G'F'x cstarb_star ax)
(homse.e r.sy m
(( Fcat.compHG_FH_G& H_G'F' cstar_bstara assocFGhla rro ws x)
cstarb _st arax
(homsd.e rtr a
(( Fcat.compHG_FH_GFH_G'F" cstar_bstara assocFGH).arro ws x)
cstar_ bst arax
cstarb _st arax
(D.rig ht_unit HGx H'G'F'x cstar_bstarax)
(homsa.e rtr a
cstar_ bst arax
cGFxo_HbRoHGx
cstarb _st arax
(D.cong HGFx H'GFx H'G' F'x
H'bstarax (D.conp HGFx H'G'Fx H'G'F' x HG' ax HbF x)
cGFx cGFx
(H.ax _preserve_conpositio n Gk GFx G'F'x G'ax bFx)
(( D.hom HGFX H'GFx) .er. ref CcGR))
(D.ass oc HGFxH'GFx HGFx H'GF' x H'G'ax H'bFx cGFx))))

RevFuncto rCompAsocNatTrans
(A:E_ category)( B:: E_caeg ory) (C: :E_cate gory)(D ::E _cat egory)
(F:E_functor A B)(G:E_functor B C)(H: E_functor C D)

E_ratural_ tra nsformation A D

(E_functo rcomposti on A C D H (E_functor conpositio n AB C G F))
(E_functo rcomposti on A B D (E_functorcompaiti on B CD H G) F)

= stru ct

arrows =

\( a: A.obj)- >
D.id ((E_functor conpositio n A B D
(E_fun cto rcompositio n B C D H G) F).o bje ctfu nction a)

ax_naturality =

\( a: Aobj)- >
A.obj)- >
:: HomA a b)- >
let HG_F:E_functor A D
= E_functorcompaiti on A B D (E_funct orcompsit ion BCDHG) F
H_GF:E_functor A D
= E_functorcompeaiti on A C D H (E_functo rcomposito n AB CGF)
= HG_F.objectfunctio n a
HG_F.obj ect functio n b
H GFobject functio n a
e H GFobject functio n b
HGFf: :(D .hom HGFa HGFb).base = (HG F.arro wfuncti on a b).op f
H_GFf: (D .hom H GFaH_®&b).base = (H_GF.arro wfuncti on a b).op f
in  (D.homH GFaHGFb).er .tra
(D. conp H GFaH_GFbHGFb (arr ows b) H_&f)
HGFf
(D. conp H GFaHGFa HGFb HG_F (arro ws a))
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(D.lef t_unit HGFa H_GB HG_Ff) cGFx:: (D. homHGK HGFx).b ase = c.arr ows G

(( D.homH GFaHGFb).er .sy m H'bstarax::(D .homHGFx H'G'F' x). base
(D.comp H GRa HGFa HGFb HG_F (arro ws a)) = (H'. arr owfunction GFx G'F'x) .op (bstar a.ar rows Xx)
HGFf H'bFx: (D .hom H' GFx H'GFx ).ba se

(D.rig ht_unit H.GFaHGFb HG_B) = (H'. arr owfunction GFx G'Fx). op (b.a rro ws Fx)
H'G'ax::( D.hom HG' Fx HG' F'x) .base
RevFuncto rConpAssocNatT rans Natural = (H'G".a rrowfunctio n Fx Fx). op (a.a rro ws x)
: B:: E_caegory)(C: :E_cate gory)(D ::E _cat egory) in  homsa.er .tr a
_functor B C)(H:: E_functor C D) (( Fcat.compH GFH'_G'F' HG'_ F' assocF' G'H' cstar_ bstara).ar rows x)

| :E_functor B C)(H:: E_functor C D) cstar_ bst arax
E _natural_tr ansform ation ABF F) (( Fcat.compH GFHGF HG' _F' cstarb_stara assocFGhla rro ws x)
E _natural_tr ansformati on B C G G) (D.lef t_unit HGK H'G'F'x cstar_bstar ax)
©:E _natural_tr ansformati on C D H H) (homsé.e rtr a
(E_natural _tr ansformati on_SE A D cstar_ bst arax
(E_fun cto rcompositio n A C D H (E_f unctor commsi tion A B C G F) cstarb _st arax
(E_fun cto rcompositio n A B D (( Fcat.compH GFHGF HG' _F' cst arb_stara assocFGhla rro ws x)
(E_functo rcompositio n BCDH' G') F')). ereq (homse.e rtr a
(( E_functorcategory A D.c omp cstar_ bst arax
(E_functo rcompositio n A C D H (E_func tor compsi tion A B C G F)) (D.comp HGFx H'GFx H'G' F'x
(E_functo rcompositio n A C D H' (E_functo rcomposito n AB CG' F')) (D.comp HGFx H'G'Fx H'G'Fx HG' ax HbFx) cGF)
(E_functo rcompositio n A B D (E_functorcomposti on BCDH' G') F) cstarb _st arax
(RevFunct orCompAsocNatTrans AB CDF G' H) (D.cong HGFx H'GFx H'G'F'x
(Horiz ontalCompaiti on A C D H'bstarax (D.conp HGFx H'G'Fx H'G'F' x HG'a x HbF x)
(E_functo rcomposito n ABCGF) H cGFx cGR
(E_functo rcomposito n ABCG' F') H' (H'.ax _preserve_conpositio n Gk GFx G'F'x
(Horiz ontalCompaitt on ABCF GF G ab) c) (( G.arro wfuncti on Fx Fx). op (a. arro ws x)) (b. arro ws Fx))
(( E_functorcategory A D).c omp (( D.hom HGFX H'GFx) .er. ref cGR))
(E_functo rcompositio n A C D H (E_func tor compsi tion A B C G F) (D.ass oc HGFxH'GFx H'GFx H'GF' x H'G'ax H'bFx cGFx))
(E_fun cto rcompositio n A B D (E_functo rcomposti on B C D H G) F) (homsa.e r.sy m
(E_functo rcompositio n A B D (E_functorcomposti on BCDH' G') F) (( Fcat.compH GFHGF HG' _F' cstarb_stara assocFGH).arro ws Xx)
(Horiz ontalCompaiti on A B D cstarb _starax
F (E_f unctorc ompsit ion BCDH QG (D.rig ht_unit HGx H'G'Fx cst arb_starax)))
F' (E_functor conpositio n BCDH' G
a (Horizo ntal Compositio n BCDGHG' H' b c)) ElimRght Idf unctorNatTr a (C::E_category) (D: :E_category)(F ::E_functor C D)
(RevFunct orCompAsocNatTrans A B C D F G H)) : E_matural_ tra nsformation C D
=\(x ©A. obj)-> (E_functorcomposti on C C D F (E_idf unctor C)) F
let Fcat: :E_category = E_functorcategory A D = stru ct
“E_functor A C = E_functorcompsit ion ABCGF arrows =
 E_functor A D = E_functorcomposti on A C D H GF \( a:: C.obj)- > D.id (F.o bjectf unction a)
HG: E_functor B D = E_functorcompsit ion BCDH G ax_naturality =
E_functor A D = E functorcomposti on A B D HGF \( a:: C.obj)- >

E_functor A C = E functorcomposti on ABCG' F \( bz C.obj)- >
E_functor A D = E_functo rcomposito n ACDH' GF \( f: (C.homa b).base)- >
E_functor B D = E functorcomposti on BCDH' G let Fa:D.obj = F.objectfu nction a

HG_F": E_functor A D = E_functo rcomposito n ABDH'G' F Fb::D. obj F.object functi on b
assocFGH:E_natural_ tra nsformatio n A D H GFHGF homset::S E = D.homFa Fb
= RevFunctor CompssocNaTrans ABCDF GH Ff::ho mseé.ba se = (F.ar rowfunctio n a b). op f
assocFG' H:: E_rmatur al_tran sformation A D H'_G'F' HG' _F' in  homsee rtr a
= ReWuncior CompssocNaTrans ABCDF G H' (D. conp Fa Fb Fb (ar rows b) Ff) Ff (D.compFa Fa Fb Ff (ar rows a))
Fx::B. obj = F.object functio n x (D.lef t_unit Fa Fb Ff)
GFx:C .obj = G.objec tfu ncti on Fx (homse.e r.sy m(D.compFa Fa Fb Ff (arro ws a)) Ff

H.obje ctf unction G (D.rig ht_unit Fa Fb Ff) )
obje ctf unction x

G.ob jec tfun cti on F'x RevElimRight Idfu nct orNatTr a (C:: E _category) (D:: E_category)(F: :E_functor C D)
= H'. obj ectf unctio n G'F'x : E_matural_ tra nsfo rmation
H'GFx: :D. obj = H.ob jec tfun cti on GFx F (E_func tor compsi tion C CDF (E_idfunctor C))
C.obj = G'.obj ectfunctio n Fx = stru ct
.0bj = H.o bjectfu nction G'Fx arrows = (Eli mRihtl dfunctorNatTr a C D F).ar rows
S E = D.hom HGFX H'GF' x ax_naturality = (Eli mRghtl dfunctorNatTra C D F)l.ax _natura lit y
:E _natural_tr ansformati on B D HGH'G'
= Horizon tal Compsiton BCDGHG' H bc ElimRight 1df unctor (C:: E_category)(D ::E_ cat egory)
cst arb_stara: :E_natural _tra nsformatio n A D HG_FH'G_F' © let F:E_category = E_functorcat egory C D
= Horizon tal Compsition ABDF HGF H'G' a cstar b FD: _category = E_productca tegory FCDE_unit category
cstarb_starax::h omse.b ase = cstarb_star a.ar rows x FQC:E_category = E functorcat egory C C
bstara::E _natural_tr ansformati on A C GFG'F' FDFCCE _category = E_product category FCDFCC
= Horizon tal Compsiton ABCFGF G ab ft ype::Set = E_functor FCOL FOD
cstar_bstara: :E_natural _tra nsformatio n A D H GFH'_G'F fcat:: E_category = E_functorcategory FCQL FCD
= Horizon tal Compsition A CD GFHGF H' bstara c R::fty pe = E rig htunitc atelim FCD

cst ar_bst arax::h omse.b ase = cstar_bstar a.ar rows x L::fty pe



oy

= E_functorcompait ion FCQ FAIDFEC FCD
(Funct orCompait ionAsFunctor C C D)
(E_productfun ctor F@D E_unitca tegory FCDFCC
(E_idf unctor FCD (I dFunct orWithl d C))
in Sigma(f cat. homL R.b ase (Iso fcat L R
=let FCDE _category = E_functor category C D
FCO.:: E_category = E productcategory FCDE_unit cate gory
FCCE _category = E_functor category C C
FCIFCCE _category = E_product cat egory FCDFCC
fty pe::Set = E_functor FCD1FMD
fcat: E_category = E functorcategory FCDl F(D
R: fty pe = E_rig htunitc atel im FCD
L: fty pe
= E_functorc ompait ion FCQL FAIDFEC FCD
(Funct orCompait ionAsFunctor C C D)
(E_productfun ctor F@ E_unitcategory FCDFCC
(E_idf unctor FCD (I dFunct orWithl d C))

in struct

struct
arrows =

\( a:( E_productc ate gory (E_functo rcat egory C D) E_unit cat egory). obj) ->

ElimRight Idfu nctorNatTra C D a._1
ax_natura lit y =
\( a::F CD1obj )->

\( b::F CDlobj )->

\( f:( FC.homa b).base)- >

\( x::C .obj)->

let La:F CD.cbj = L.obj ectfunctio n a
Lb::F CD.dbj = L.objectf unctio n b

Lax:: D.obj = La.objectf unctio n x
Lbx:: D.obj = Lb. objectf unctio n x
Lf:z( FCDhomLa Lb).base = (L.arr owfunction a b).o p f
Lfx: (D.homLax Lbx).ba se = Lf.ar rows x
homsé&::S E
= D.hom ((L. obje ctf unction a). objectf unctio n x)
(( R.objec tfun cti on b).o bje ctfu nction x)
in  homsd.er .tr a
(( FCDconp La Lb b._1 (arr ows b) Lf). arr ows x)
(f ._1. arr ows x)
((FCDconp La a._1 b._1 f. _1 (arr ows a)) .ar rows x)
(homse.e r.t ra
(( FCDconp La Lb b._1 (arr ows b) Lf). arr ows x)
Lfx
(f ._1. arr ows x)
(D.lef t_unit Lax (b._1. objectf unction x) Lfx)
(homse.e rt ra
Lfx
(D.compLax Lbx (b. _l.objectfu nction x)
(D.id (b. _1.objectf unction x))
(f._1.arr ows X))
(f._1.arr ows x)
(D.cong
Lax (b._1.object functio n x) (b._1.object functio n x)
(( b._1.ar rowfunctio n x x). op (C.id x))
(D.id (b. _1.objectf unction x))
(f._1.ar ows x)
(f._1.arr ows x)
(b._1l.ax_preserve_id x)
(homete rr ef (f_ larrows x)))
(D.lef t_unit (a. _1.objectf unction x)
(b._1.0bj ectfunctio n x)
(f ._1.arr ows x)) ))
(homse.e r.s ym
(( FCDconp La a._1 b._1 f. _1 (arr ows a)) .ar rows x)
(f ._1. arr ows x)
(D.rig ht_unit (a._1.obj ectfunctio n x)
(b._1. objectfunctio n x) (f._1. arr ows X)) )

NaTra nsl solf Corponents Iso FCQL FCDL R _1
(\ (x: :FCDL.0bj)- >
struct {
_1 = RevHimRigh tidf unctor NatTra C D x._1;
_2=struct { _1 =FCDrigh tunit x._1 x._1 (FCD.d x._1);
"2 = FCDleft _unit x._1 x._1 (FCOd x._1)} ;)

ElimLeftl dfunctorNatTra (C:E_ category)( D:: E_caegory) (F: :E_f unctor C D
E_natural _tra nsformaio n C D
(E_functo rcomposti on CD D (E_idfunctor D) F) F
= stru ct
arr ows = (Eli mRihtl dfunctorNatTr a C D F).ar rows
ax_naturality = (Eli mRghtl dfunctorNatTra C D Fl.ax _natura lit y

RevEli mLdtl dfuncto rNat Tra (C::E_cate gory)( D::E_category) (F:: E_functor C D
E_natural _tra nsformaio n C D
F (E_f unctor compsi tion C D D (E_idfu nctor D) F)

= stru ct
arr ows = (Eli mLétld functor NatTra C D F).arr ows
ax_naturality = (Eli mLétld functor NatTra C D F).ax_natural ity

ElimLeftl dfunctor (C::E_category) (D:: E_cate gory)
let F: E_caegory = E functorcategory C D
PIFCD:E_cate gory = E_productc ate gory E_unit category FCD
FID::E_category = E functorcat egory D D
FIDFCDE _category = E_product cat egory FDDFCD
ft ype::Set = E_functor P1RCDFCD
fcat: E_category = E_functorcategory P1RCDFCD
R::fty pe = E_lef tunitca tel im FCD
fty pe
= E_funct orcompaiti on P1F® FDDED FCD
(Funct orCompsit ion AsFwnctor C D D)
(E_productfu nctor E unitcategory FCDFDDFMD
(I dFurcto rwithid D) (E_idf unctor FCD)
in  Sigma (f cat. homL R.b ase (Is o fcat L R
= let FCDE_ category = E_functor cate gory C D
PIFCD:E_cate gory = E_productc ate gory E_unit category FCD
FID::E _category = E functorcat egory D D
FIDFCDE _category = E_product category FDDFCD
ft ype::Set = E_functor P1FCDFCD
fcat: E_category = E_functorcategory P1FCDFCD
R::fty pe = E_lef tunitca tel im FCD
L::fty pe
= E_funct orcompeiti on P1F® FDDED FCD
(Funct orCompsit ion AsFunctor C D D)
(E_productfu nctor E unitcategory FCDFDDFMD
(I dFurcto rwithid D) (E_idf unctor FCD)

instruct
st ruct
arrows =
\( a:: P1IF®.obj)- > HimL eft Idf unctorNatTra C D a._2
ax_naturality =
\( a:: P1IF®.obj)- >
\( bz PIFM.obj)- >
\( f:: (PLFCDhoma b).ba se)->

\( x:: C.obj)- >

let La:F CDobj = L.obj ectfunctio n a
Lb::FC D.obj = L.objectf unction b
homset::S E

= Dhom (La.obje ctfu nction x) (b._ 2.0bje ctfu nction x)
Lf::(F CDhomLa Lb). base = (L. arr owfunction a b).op f
in  homsd.e rtr a
((FCDconp La Lb b._2 (arro ws b) Lf). arr ows x)
(f. _2.arr ows x)
((F CDconp La a._2 b._2 f._ 2 (arro ws a)) .arr ows X)
(homsd.e r.tr a
(( FCDconp La Lb b._2 (arro ws b) Lf). arr ows x)
(Lf.ar rows x)



1%

(f._2. arr ows x)
(D.lef t_unit (La.object functio n x)
(b._2. obj ectf unction x)
(Lfar rows x))
(D.rig ht_unit (La.objec tfu ncti on x)
(b._2. objectfunctio n x)
(f._2. arr ows x)) )
(( D.hom (La. obje ctf unction x)
(b._2. objectf unctio n x)).e r.sy m
(( FCDconp La a._2 b._2 f. _2 (arr ows a)) .ar rows X)
(f ._2. arr ows x)
(D.rig ht_unit (a._2.obj ectfunctio n x)
(b._2. objectfunctio n x)
(f ._2. arr ows x)) )
2 =
Na&Tr ansl sol fConponents Iso P1IFCDFCDL R _1
(\ (x: P1RCD.chj) ->

struct {
_1 = RevHim Left Idf unctorNatTra C D x._2;
_2 =struct {

_1 = FCDrig ht_unit x._2 x._2 (FCD.id x._2);
_2 = FCDlef t_unit x._2 x._2 (FCDd x._2); }}

CanpAsocNatTrans (A:E _category) (B:: E_category)(C: :E_cat egory)( D::E_category)
© let FAB:E_category = E functorcat egory A B
FBCE _category = E_functor category B C
FCDE _category = E_functor category C D
FACE _category = E_functor category A C
FBDEE _category = E_functor category B D
FADE _category = E_functor category A D
FBEABE _category = E_product cate gory FBC FAB
FCIFBCE _cat egory E_product cate gory FCDFBC
FBIFAB.E _cat egory E_product cate gory FBD FAB
FCIFACEE _category = E_product cate gory FCDFAC
FCIBCFAB::E _category = E_product cat egory FCDBC FAB
FCDFBCFA::E _category = E_productcategory FCDFBCRAB
R:: E_functor FCIFBCFABFAD
= E_funct orc ompait ion FCFBCFABFMD_FEFB FAD
(E_fun cto rcompositio n FCD_BCRB FCDAC FAD
(Funct orCompait ionAsFunctor A C D)
(E_productfun ctor FM FBCHRB FCDFAC
(E_idf unctor FCD (Functor Compsi tion AsFunctor A B C)))
(prodassocrig ht FCDFBCFAB
L:: E_functor FCIFBCFABFAD
= E_functorcompait ion FCIFBCFAB FEDFABFAD
(Funct orCompait ionAsFunctor A B D)
(E_productfun ctor FFE FAB FBD FAB
(FunctorCompait ionAsFunctor B C D) (E_idfunctor FAB))
Fcat: E_category = E functorcategory FCIFBCFABFAD
in  Sigma(Fcat. homL R.b ase (Is o Fcat L R
= let FABE _category = E_functor category A B
FBCE _category = E_functor category B C
FCDE _category = E_functor category C D
FACE _category E_functor category A C
FADE _category = E_functor category A D
FBDE _category = E_functor category B D
FCIFBCE _category = E_product cate gory FCDFBC
FBGT-ABEE _category = E_product cate gory FBC FAB
FBIFAB.E _category = E_product cate gory FBD FAB
FCIFACE _category = E_product cate gory FCDFAC
FCFBCFAB::E _category = E_productcat egory FCDBC FAB
FCDFECFM::E _category = E_productcat egory FCDFBCRB
R:: E_functor FCIFBCFAB FAD
= E_funct orc ompait ion FCIFBCFABF®D_FEFB FAD
(E_fun cto rcompositio n FCD_BCRB FCDAC FAD
(Funct orCompait ionAsFunctor A C D)
(E_productfun ctor FM FBCRB FCDFAC
(E_idf unctor FCD (Functor Compsi tion AsFunctor A B C)))
(prodassocrig ht FCDFBCFAB

L::E_f unctor FCIFBCFABFAD
= E_funct orcompeiti on FCIFBCFAB FBOFAB FAD
(Funct orCompsit ion AsFunctor A B D)
(E_productfu nctor FCDFB FAB FBD FAB
(FunctorC ompsit ion AsFunctor B C D) (E_i dfunctor FAB))
in struct
1=
st ruct
arrows =
\(a ::F CDBBC_RAB.obj) ->
Furcto rCompAsocNatTrans ABCDa. 2 a._1._2a_1. _1
ax_naturality =
\(a ::F CDBC_MRB.obj) ->
\(b ::F CDBC_MRB.obj) ->
\(f ::( FCIFBCFABhom a b).b ase)->
Functo rCompAsocNatTransNatural A B C D
a. 2a_l1.2a_1_1b _2b_1.2b 1._1f._2f_1.2f _1._1

2 =
st ruct
1=
str uct
arr ows
\( a:F CDBC FABob]) ->
RevFuncto rCompAsocNatTrans ABCDa. 2 a._1._2a_1. _1
ax_naturality =
\( a::F CDBC FAB.obj )->
\( b::F CDBCFAB.obj )->
\( fz( FCIFBCFABhoma b). base)->
RevFuncto rCompAsocNatTransNatural A B C D
a_2a_l.2a_1_1b _2b_1.2b_1_1f 2f_1.2f _1_
2=
str uct
1=
\( x:: FCDBC FAB0bj )->
\( x: :A.0 bj) ->
D.rig ht_u nit
(( R.objec tfun cti on x).0 bje ctfu nction x')
(( R.objec tfun cti on x).0 bje ctfu nction x')
(D id ((R.obj ectfunctio n x).ob jec tfun cti on x'))
\( x:: FCDBC FAB.obj )->
\( x: A0 bj) >
D.lef t_unit
(( L.objec tfun cti on x).0 bje ctfu nction x')
(( L.objec tfun cti on x).0 bje ctfu nction x')
(D.id ((L .obj ectfunctio n x).ob jec tfun cti on x'))
AssocPentagon

(A::E_ category)( B:: E_caegory) (C::E_category)(D::E _category)( E:: E_caegory)
:E_functor A B)(g:E _functor B C)(h:: E_functor C D)(k: :E_f unctor D E)
let homcat::E _category = E_functor category A E
ft ype::Set = E_functor A E
kh::E_functor CE = E_functorc ompsit ion CD E k h
of E functor A C = E_functorc ompsit ion ABCg f
functor B D = E_functorc ommsit ion BCDh g
E_functor A D = E functorcomposti on A B D hg f
E_functor A D = E functorcomposti on A C D h gf
E_functor B E = E functorcomposti on B C E kh g
Eifunctor B E = E functorcomposti on B D E k hg
fy pe = E_functor compsi ion A B E kh_g f

E func tor compsi tion A D E k h_gf
E_func tor compsi tion A B E k_hg f
g_f:: fty pe = E_functor commsition A DE k hg_f

11 2 (h omat. homkh_g_ f kh_gf) .base

= Functor CompssocNaTr ans AB CE f g kh
12 ::(h omat. homkh_gf k__h gf) .base

= Functor CompssocNaTr ans A CD E gf h k
rl:(h omat. homkh_g_ f k_hg_ f). base



v

= Horizon tal Compsition ABEf kh_gf k_hg
(( E_functorcategory A B).i d f)
(Funct orCompAsocNatTrans B CD E g h k)
r2:(h omath omk_hg_ f k__hg_f). base
Functor ComppAssocNatTr ans AB D Ef hg k
omath omk__hg_f k_h_gf). base
= Horizon tal Compsition A DE hg_f k h_gf k
(Funct orCompAsocNatTrans AB CDf g h)
(( E_functorcategory D E).i d k)
in  (E_natur al_t ransfor mation_ SE A E kh_g_ f k__h_gf). er. eq
(homca.c ompkh_g_ f kh_gf k_h_ of 12 11)
(homca.c ompkh_g_ f k hg_f k_ h gf
(homca.c ompk_hg_ f k_hg_f k__h gf r3 r2) rl1)
=\(x =A. obj)->
let ::E _functor B D = E_functor compsito n BCDh g
_hg:: E_functor B E = E_functorcomposti on B D E k hg
fx ::B. obj = f.object functio n x

D.obj h. obje ctf unction gfx
E. obj = k.obj ectfunctio n hgfx
E = E.homkhgfx khgfx
in homsd.e rtr a
(E.compkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.co mpkhgfx khgfx khgfx
(E.compkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.compkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx)))
(E.co mpkhgfx khgfx khgfx
(E.compkhgfx khgfx khgfx
(E.co mpkhgfx khgfx khgfx
(( karrowfunctio n hgfx hgfx). op (D.i d hgfx) )
(E.id  khgfx) )
(E.id  khgfx) )
(E.co mpkhgfx khgfx khgfx
(( k_hg.ar rowfunctio n fx fx).op (B.id fx))
(E.id khgfx) ))
(E.cong khgfx khgfx khgfx
(E.id  khgfx)
(E.compkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.id  khgfx)
(E.co mpkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(homzte rs ym
(E.co mpkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.id  khgfx)
(E.ri ght_unit khgfx khgfx (E.i d khgfx)))
(homeet.e r.s ym
(E.compkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.id  khgfx)
(E.ri ght_unit khgfx khgfx (E.i d khgfx))) )
(E.cong khgfx khgfx khgfx
(E.co mpkhgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.co mpkhgfx khgfx khgfx
(E.co mpkhgfx khgfx khgfx
(( karrowfunctio n hgfx hgfx).o p (D.id hgfx) )
(E.id  khgfx) )
(E.id khgfx) )
(E.comp khgfx khgfx khgfx (E.i d khgfx) (E.i d khgfx))
(E.comp khgfx khgfx khgfx
(( k_hg.ar rowfunctio n fx fx).op (B.id fx))
(E.id khgfx) )
(E.cong khgfx khgfx khgfx
(E.id khgfx)
(E.co mpkhgfx khgfx khgfx
(( karrowfunctio n hgfx hgfx).o p (D.id hgfx) )
(E.id  khgfx) )
(E.id  khgfx)
(E.id  khgfx)
(homeet.e r.s ym
(E.compkhgfx khgfx khgfx
(( karrowfunctio n hgfx hgfx).o p (D.id hgfx) )

(Eid  khgfx))
(E.id  khgfx)
(homsd.e rtr a
(E.comp khgfx khgfx khgfx
(( k.ar rowfunctio n hgfx hgfx).o p (D.id hgfx))
(E.id  khgfx))
(( kaar rowfunctio n hgfx hgfx).o p (D.id hgfx))
(E.id  khgfx)
(E.rig ht_unit khgfx khgfx
(( k.ar rowfunctio n hgfx hgfx).o p (D.id hgfx)) )
(k .ax_preserve_id hgfx) ))
(homséa.e rre f (E.id khgfx) ))
(E.cong khgfx khgfx khgfx
(E.id  khgfx)
(( k_hg.ar rowfunction fx fx).op (B.d fx))
(E.id  khgfx)
(E.id  khgfx)
(homsa.e r.sy m
(( k_hg.ar rowfunction fx fx).op (B.id fx))
(E.id khgfx)
(k_hg.ax_preserve_id fx))
(homse.e rre f (E.id khgfx))))

Id enti tyTrian gle (C::E_ category)( D::E_category) (E: :E_cate gory)
(f zE_functor C D)(g::E _functor DE)
let homca:E _category = E functorcat egory CE
ft ype::Set = E_functor CE
I: :E_functor DD = E_idfunctor D
- D E = E_functorc ompsit ion DDE g
If :E_functor C D = E_functorc ompmsit ion CDD |
gl _f:: fty pe = E_functor conpositio n CDE gl f
= E_functor conpositio n CDE g If
of :ft ype = E functorcompsiti on CDE g f
I: :E_natural_ tra nsformatio n C E gl_f gf
= Hori zontalC ompsit ion CDEf gl f g
(( E_functorcategory CD.i d f) (ElimRightld functor NatTra D E g)
r1:E_ natural _tr ansformati on C E gl_f g_If
= Functor CompssocNaTrans CDDEf | g
r2::E_ natural _tr ansformati on C E g_If ¢f
= Hori zontalC ompsit ion CDEIf gf g
(ElimL eft 1df unctorNatTra C D f) ((E_functor category D E).id g)
in  (E_natura I_t ransfor mation_SE C E gl_f gf).e req
| ((E_functor category C E).comp gl_f g_If gf r2 r1)
=\(x: :C.obj) ->
let 1| ::E_functor DD = E idfunctor D
_functor D E = E functorcomposti on DDE g |
CD=Efunctorcomposti on CDD I f
E functorcomposti on CD E gl f
| E functorcomposti on CD E g If
E_functor CE = E functorcompodti on CDE g f
: E.obj = gf.o bjec tfu ncti on x
in  (E.homgfx gfx). er. sym
(E.comp gfx gfx gfx
(( Hori zontal Compsition CDEIf gf g
(El imLeft Idfu nctorNatTra C D f)
((E _functorcategory D E).id g)).ar rows Xx)
(E.id gfx))
(( Hori zontalC ompsition CDEf gl f g
(( E_functorcategory CD.i d f)
(Elim Rightld func tor NatTra D E g)) .ar rows x)
(E.rig ht_unit gfx gfx
(( Hori zontal Compsiton CDEIf gf g
(El imLeft Idfu nctorNatTra C D f)
((E _functorcategory D E).id g)).ar rows X))

|
f

EQGt :: E bicategory

= stru ct
obj = E_caegory
hom = E_funct orcateg ory



ey

comp = Functor Composi tio nAsFunctor
id enti ty = IdFunct orwithl d

associ ati vit y = CorpAssocNatTr ans

ri ghti d = Eli mRightl dfunctor

le ftid = Eli mLettld func tor
apentagon = AssocPenta gon

id tria ngle = Identit yTriangle

{- # Alfa unfoldg oals of f
brief on

hi dety peannots off

tall

nd
hiding on
#}

E adjunction.agda

-- #finc lud e "ECat.agd a"

E_adju nction_adhoc (C,D:E _category)( F:: E_functor C D)(G::E_functor D Q
i Set
=sig {
- unit == eta
unit::  E_ratur al_tran sfo rmation C C
(E_idf unctor C) (E_f unctor commsi tion CD C G F);
-- counit == epsilo n
counit ::E _natural_t ransfor mation D D
(E_functorcomposti on D C D F G) (E_idfu nctor D);
unittr  ian glel aw
-- 1 _F=epsilon_Fo F eta
(E_natural _tr ansformatio n_SE CD F F).er. eq
(( E_functorcategory CD.i d F)
(( E_functorcategory C D).c ompF
(E_fun cto rcompositio n C D D (E_functo rcomposti on D C D F G) F)
E

(st ruct
arrows =
\( a:C.obj)- > counitar rows (F.objec tfun cti on a)
ax_naturality =
\( a:C .obj)- > \( bz C.obj)- > \( f:: HomC a b)->
counit .ax _natura lit y
(F.obj ectfunctio n @) (F.object functio n b)
(( F.ar rowfunctio n a b). op f)

(st ruct
arrows =
\( a: C.obj)- >
(F.ar rowf unction
a (G.obje ctfu nction (F. objectf unction a))).o p
(unit. arr ows a)
ax_naturality =
\( a: C.obj)- > \( b:: C.obj)- > \( f:: HomC a b)->
(D.hom
(F.obj ectfunctio n a)
(( E_funct orcompsit ion CD D
(E_functorcomposti on DCD F G)
F).object functio n b)).e r.t ra
(compse D (F.object functio n a) (F.objec tfun cti on b)
(( E_funct orc ompsit ion C D D
(E_functorcomposti on DC D F G)
F).object functio n b)
(arro ws b)
(Arro wfuncti on CD F a b f))
(( F.ar rowfunctio n

a
(G. obj ect functio n (F.object functi on b))) .op
(C.comp
a
(( E_funct orcompaiti on C D C G F).obj ectfunctio n a)
(G.obj ectfunctio n (F.object functi on b))
(( (E_f unctorc ompsit ion CD C
G F). arro wfuncti on a b).op f)
(unit. arr ows a)) )
(compse
D (F.o bje ctf unction a)
(( E_funct orc ompait ion C D D
(E_functo rcompositio n D C D F G)
F).obj ectfunctio n a)
(( E_funct orc ompait ion C D D
(E_functo rcompositio n D C D F G)
F).obj ectfunctio n b)
(Arrowfuncti on C D
(E_functo rcomposdti on CD D
(E_functo rcompositi on DCD F G) F)
abf)
(arrows a))
(( D.hom
(F.obj ectfunctio n a)
(( E_funct orc ompait ion C D D
(E_functo rcompositio n D C D F G)
F).obj ectfunctio n b)).ertr a
(compse D
(F.obj ectfunctio n a)
(F.obj ectfunctio n b)
(( E_funct orcompait ion C D D
(E_functo rcompositi on D C D F G)
F).obj ectfunctio n b)
(arrows b)
(Arrowfunctio n CDF a b f))
(( F.ar rowfunctio n

a

(G.object functio n (F.objec tfun cti on b))) .op
(compse

[}

(( E_idfunctor C).obj ectfunctio n a)
(( E_idfunctor C).obj ectfunctio n b)
(( E_funct orcompaiti on CD C
G F).o bje ctfu nction b)
(unit. arr ows b)
(Arrowfunctio n C C (E_idfunctor § a b f)))
(( F.ar rowfunctio n
a (G.objectf unction (F. objectf unction b))). op
(C.comp
a
(( E_funct orc ompait ion CD C
G F).o bje ctfu nction a)
(G.obj ectfunctio n (F.objec tfun cti on b))
(( (E_f unctor compsi tion CD C
G F).a rro wfuncti on a b).op f)
(unit. arr ows a)) )
(( D.hom
(F.object functio n a)
(( E_funct orc ompait ion C DD
(E_fun cto rcompositio n D C D
F G) F).o bjec tfu ncti on b)) .er. sym
(( Farrowfunctio n
a
(G.obj ectfunctio n
(F.object functio n b))). op
(compse
[}
((E _id functor C).obj ectfunctio n a)
((E _id functor C).obj ectfunctio n b)
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(( E_funct orcompait ion CDC
G F). obje ctf unction b)
(unit. arr ows b)
(Arrowfunctio n C C
(E_idf unctor C) a b f)) )
(compse
D

(F.obj ectfunctio n a)
(F.obj ectfunctio n b)
(( E_funct orcompait ion C D D
(E_functorcomposti on DCD
F G) F).o bje ctfu nction b)
(arrows b)
(Arrowfunctio n CDF a b f))
(F.ax_preserv e_compait ion
ab
(G.obj ectfunctio n (F.objec tfun cti on b))
(unit. arr ows b) f))
(( F.arrowfunctio n
a
(G.obj ectfunctio n (F.objec tfun cti on b))) .ext
(compse
C

(( E_idfunctor C).object functio n a)

(( E_idfunctor C).object functio n b)

(( E_funct orcompeit ion CDC

G F).o bje ctfu nction b)

(unit. arr ows b)

(Arrowfuncti on C C (E_idfunctor Q a b f))
(C.comp

a

(( E_funct orc ompait ion CD C
G F).o bje ctfu nction a)
(G.obj ectfunctio n (F.objec tfun cti on b))
(( (E_functor commsition CDC
G F).a rro wfuncti on a b).op f)
(unit. arr ows a))
(unit. ax_natural ity a b f)))
(F. ax_pre serv e_compait ion
a
(( E_functorcompaiti on C D C G F).obj ectfunctio n a)
(G.obj ectfunctio n (F.object functi on b))
(( (E_f unctorc ompsit ion CD C
G F). arro wfuncti on a b).op f)
(unit. arr ows a))

counit tri anglelaw
-- 1_G=Gepsil on o eta_ G
(E_natural _tr ansformatio n_SE D C G G).er. eq
(( E_functorcategory D Q.i d G)
(( E_functorcategory D C).c omp
G

(E_functo rcomposti on DD C
G (E_f unctor commsi tion D CD F G)
G
(struc t
arr ows =
\( a:D .obj)->
(G.arr owfunction
(( E_funct orcompsit ion D C D F G).obj ectfunctio n a)
a).op (counit .ar rows a)
ax_naturality =
\( a:D .obj)->
\( b::D .obj)->
\( f:H omD a b)- >
let FGEE _functor DD = E functorcomposito n DCDF G
GFG:: E_functor D C = E_functor conposito n DD C G FG
FGa: D.obj = FG.objectf unction a
F@:: D.obj = FG.objectf unction b

}

FG::( D.homFGaFGb)base = (FG.arrowfunctio n a b). op f
GFRsa:: C.obj = GFG.objec tfu ncti on a
GFsb:: C.obj = GFG.objec tfu ncti on b
GF5f:: (C. hom GF@ GFsb).base
= (GFG@r rowfunction a b).op f

Ga:C. obj = G.obj ectf unction a
Gh:C. obj = G.obj ectf unction b
G .hom Ga Gh.ba se

G.arro wfuncti on a b).op f
.homFG a).ba se = counita rrows a
(D .homF® b).ba se = counita rrows b
C.hom G-Ga Ga).ba se
= (G.arro wfuncti on FGaa).o p ea
Géb::( C.hom G-Gb Gb).ba se
= (G.arro wfuncti on FGb b).o p eb
goal:: (C.homGF@ Gh.ereq
(C.comp G-GaGF® Gb Gé GFGf)
(C.comp GFGaGaGh & Gea)
= (C.hom GFGaGh.er .tr a
(C.compG-GaGF® & Gé G-Gf)
(( G.arrowfunctio n FGab).o p

(D.comp FGaFGbb eb FQG))

(C.comp G=GaGa Gb Gf Gea)
(( C.hom G=GaGb).er .sym

(( G.arrowfunctio n F& b).o p
(D.comp FGa FGbb eb FG))

(C.comp G-GaGF® Gb Gé G-Gf)

(G.ax_pre serv e_compait ion

FG F® b eb FGf)
(( C.hom G-GaGb).er .tra

(( G.arrowfunctio n FG b).o p
(D.comp FGaFGbb eb FQG))

(( G.arrowfunctio n FG b).o p

(D.conp FGaa b f ea))

(C.comp GFGaGaGb & Gea)

(( G.arrowfunctio n FG b).e xt
(D.compFGa FGbb eb FG)
(D.compFGaa b f ea)
(counita x_naturali ty a b f)

(G.ax_preserve_compait ion FGaa b f ea))

in  goal

(struc t
arrows =
\( a:: D.obj)- > unit. arro ws (G. obje ctf unction a)
ax_naturalit y =
\(‘a:: D.obj)- >
\( bz D.obj)- >
\( f:: HomD a b)- >
unit. ax_naturali ty (G.objectf unction a)
(G.obj ectfunctio n b)
(( G.arrowfunctio n a b). op f)

)

E_adjunction (C, D:: E_caegory) (F: :E_functor C D(G:E_functor D C)

Set
= let

_functor DD = E_functorcompaiti on DCDF G
_functor C C = E_functorc ommsit ion CDC GF
:E_functor D C = E functorcomposti on DD C G FG
_functor D C = E functorcomposti on DCC &G G
C D = E functorcompodti on CCD F GF
CD = E functorcomposti on CD D FG F

- unit == eta

unit::  E_ratur al_tra nsformation C C
(E_idf unctor C) GF;

-- counit == epsilo n
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couni t:E _natura |_t ransfor mation D D
FG (E_idf unctor D);
unitt rian gle law
-- 1_F = epsilon _F o F eta
(E_natural_tr ansformati on_SE CD F F).er .eq
(( E_functorcategory CD.i d F)
(( E_functorcategory C D.c omp
F

FGF

E

(( E_functorcategory C D.co mp
F

(E:fun ctorcomposti on CD D
(E_idf unctor D) F)

E
(ElimL eft Idf unctorNatTra C D F)
(Horiz ontalCompsit ion C D D
F FGF (E_id functor D)
(( E_functorcategory CD.i d F)
counit ))
(( E_functorcategory C D.co mp
F F_GFFGF
(( ECatas sociati vit y CD CD)._2._1l.arrows
(struc t {
l=stuct { _1=F _2=G}
_2=F})
(( E_functorcategory C D).c omp
F

(E_functo rcomposti on C C D
F (E_idfunctor Q)
F_GF
(Hori zontalCompsit ion C C D
(E_idf unctor C) F GFF
unit ((E_functor category C D).id F)
(RevHEimRigh tidf unctorN atTra C D F))));
couni ttri  anglela w
-- 1_G= Gepsil on o eta_ G
(E_natural _tr ansformati on_SE D C G G).er. eq
(( E_functorcategory D Q.i d G)
(( E_functorcategory D C).c omp
G

GFG

G

(( E_functorcategory D Q.co mp
FG

(E_functo rcompositi on DD C
G (E_i dfunctor D))
G
(ElimRigh tidf unctor NatTra D C G)
(Horiz ontalCompait ion DD C
FGG (E_idfunctor D G
counit
(( E_functorcategory D Q.i d G)))
(( E_functorcategory D Q.co mp
G

GEG

GFG

(( ECatas soci ati vit y D C D C). _1.arro ws
(struct {
_l=stuct { _1=G _2=F};
2=G)))

(( E_functorcategory D Q.c omp
G

(E_functorcomposti on DC C
(E_idf unctor C) G)

GFG

(Hori zontalCompeit ion D C C
G (E_idfunctor § G GF
((E _functorcategory D Q.id G)

unit)
(RevElimLeftl dfunctorNatTra D C G))) ;
}

in goal

E_bica tad jun ctio n (B::E _bi cate gory)(C ,D: :B. obj)
(F::(B .hom C D). obj) (G::(B. homD C).0 bj)

i Set
=sig {

-- somelocal names fir st

FG:(

B.hom D D). obj

= (B.compD C D).objectf unction (struct { _1=F _2=G}});

GFE:(

B.hom C C). obj

= (B.compC D C).object functio n (struct { _1=G; _2 =F});

GF

(B. homD Q.o bj

= (B.compD D C).object functio n (stru ct { _1 = G; _2 = FG});
GEG:(B. homD Q.0 bj
= (B.compD C C).object functio n (stru ct { _1 = GF; _2 = G});

F_G

(B. homC D).o bj

= (B.compC C D).object functio n (struct { _1=F, _2=GF});

. homC D).o bj

= (B.compC D D).object functio n (struct { _1=FG; _2 =F});

idC:
idD:
id

(B.homC C).obj = (B.identit y O.ob jec tfun cti on elt@_;
B.homD D).obj = (B.identit y D).ob jec tfun cti on elt@_;

: ((B. homC D.h omF F).base = (B.hom CD).i d F;
idG::

((B. homD O.h omG G).base = (B.hom D C).i d G

-- nowthe real thi ngs:

unit:

couni t:

unitt

(B .hom C C). homidC GF)base;
(B. homD D).ho m FG id D). base;
rian gle law: :(( B.hom C D). homF F).er.e q

idF
(( B.hom C D). conp

F FG_FF

(( B.hom C D). conp
FGF
(( B.comp C D D). obj ectf unction (struct { _1 =idD; _2 = F}))
F

((Blefti d CD)._larrows (str uct { _1=elt@_; _2=F}))
(( (B.c ompC D D).ar rowf unction

(struct { _1=FG;, 2 =F})
(struct { _1=idD;_2 =F})). op
(struct { _1=counitt _2=idF})))

(( B.hom C D). conp
F F_GFFGF
(( B.associat ivit y CD C D)._2. _1.arro ws
(struct { _1l=struct { _1=F 2=G}; _2=F})
(( B.hom C D).comp
F

(( B.compC C D). obj ectf unction (struct { _1=F _2 =idC;}))

F GF
(( (B.c ompC C D).ar rowf unction
(struct { _1=F _2=idC;})
(struct { _1= _2 = GF;})). op
(struct { _1=idF;, _2 = unit; })
(( B.ri ghtid CD)._2._1. arr ows
(struct { _1=F _2=elt @_))) )

counit tri anglela w:: ((B. homD O.h om G G).er .eq
idG
(( B.homD C). conp G G_fG G

(( B.hom D C). conp
GFG
(( B.compD D C). obj ectf unction (struct { _1 =G _2 =idD;})
G

((Buri ghtid DC)._1.arr ows (struct { _1 =G _2 = elt@_}))
(( (B.compD D C).ar rowf unction
(struct { _1 =G _2 =FGj})
(struct { _.1 =G _2 =idD;}) .op
(struct { _1 =idG; _2 = counit}) ))
(( B.hom D C). conp
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G
GEG
GFG
(( B.associati vit y D C D C)._1. arr ows
(struct { _1=struct { _1=G _2=F};
(( B.hom D C). conp
G

=G}))

(( B.compD C C). obje ctf unction (struct { _1 =idC; _2 = G})
GEG

(( (B.compD C C).arr owfunction
(struct { _1=1idC; _2=G}))
(stuct { _1=G; _ G}). op
(struct { _1=unit; _2=idG;}))
((Blefti d DC)._2._larrows
(stuct { _1=elt@_; _2=G})) )

}
-- Now we'd lik e these to be equival ent
-- These proofs could be done more economically .

adhoc_to_adj (C, D::E_category) (F: :E_f unctor C D)(G: :E_functor D C)

(adj: :E_adjuncti on_adhoc CD F G)
E_adjunction CDF G
= str uct

unit =

adj.un it
counit =

adj.co unit
unittr ianglelaw =

\( x::C .obj)->

let Fx:D.obj = F.objectfu ncti on x

id Fx: :(D. homFx Fx).base = D.id Fx

GHR:: C.obj = G.obje ctfu nction Fx
FGx::D.obj = F.objectf unction Gk
id FGK::( D.hom FGFx FGK). base = D.id FG-x
in  (D.homFx Fx).er .tr a
id Fx
(D.comp Fx FGx Fx
(counita rrows Fx)
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x)) )
(D.comp Fx FGx Fx
(D.comp FGFx Fx Fx
id Fx (D.c ompFGK Fx Fx id Fx (counit .arr ows Fx)))
(D.comp Fx FGx FGFx
id FGK
(D.comp Fx Fx FGx
(D.comp Fx Fx FGx
(( F.ar rowfunctio n x GFj.0 p (unit .arr ows x))
id Fx)
id Fx)) )
(adj.u nit tria ngl elaw x)
(D.cong Fx FGx Fx
(counita rrows Fx)
(D.comp FGFx Fx Fx
id Fx (D.compFGK Fx Fx id Fx (counit .arr ows Fx)))
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x))
(D.comp Fx FGx FGFx
id FGK
(D.comp Fx Fx FGx
(D.comp Fx Fx FGx
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows X)) id Fx)
id Fx))
(( D.hom FGFx Fx) .er. sym
(D.comp FGFx Fx Fx
idF x
(D. conp FGFx Fx Fx
id Fx (counit .arr ows Fx)))
(counita rrows Fx)

(( D.hom FGFx Fx) .er .tra
(D.co mp FGFx Fx Fx
id Fx
(D.comp FGFx Fx Fx idFx (counita rrows Fx)))
(D.co mp FGFx Fx Fx idFx (counita rro ws Fx))
(counita rro ws Fx)
(D.le ft_u nit FGK Fx
(D.comp FGFx Fx Fx idFx (counit.a rrows Fx)))
(D.le ft_u nit FGRK Fx (counita rro ws Fx))))
(( D.hom Fx FGFx).er .sym
(D.comp Fx FGFx FGRK
id FGFx
(D.comp Fx Fx FG-x
(D.comp Fx Fx FGx
(( Farrowfunctio n x GF}.0 p (unit .ar rows x))
id Fx)
id Fx))
(( F.ar rowfunctio n x GF3.0 p (unit .ar rows x))
(( D.hom Fx FGFx).er .tra
(D.co mp Fx FGFx FGK
id FGFx
(D.comp Fx Fx FG-x
(D.comp Fx Fx FGx
(( Faarrowfunctio n x GF}.0 p (unit .ar rows x)) id Fx)
id Fx))
(D.compFx Fx FGx
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x)) id Fx)
(( Faarrowfunctio n x GF3.0 p (unit .ar rows x))
(( D.hom Fx FGFx).er .tra
(D.co mp Fx FGFx FGK
id FGFx
(D.comp Fx Fx FGx
(D.comp Fx Fx FGx
(( Farrowfunctio n x GF}.0 p (unit .ar rows x)) id Fx)
id Fx))
(D.comp Fx Fx FGx
(D.comp Fx Fx FG~x
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x))
id Fx)
id Fx)
(D.co mpFx Fx FGx
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x))
id Fx)
(D.le ft_u nit Fx FGK
(D.comp Fx Fx FGx
(D.comp Fx Fx FGx
(( Farrowfunctio n x GF}.0 p (unit .ar rows x)) id Fx)
id Fx))
(D.ri ght_unit Fx FGx
(D.comp Fx Fx FGx
(( F.aar rowfunctio n x GF}.0 p (unit .arr ows X))
id Fx)) )
(D.ri ght_unit Fx FGx
(( F.ar rowfunctio n x GFj.0 p (unit .arr ows X)) ))) )
counit tri anglelaw =
\( x:: D.obj)- >
let Gc:C.obj = G.objec tfu ncti on x
FG::D .obj = F.objec tfu ncti on Gx
GFGx:: C.obj = G.objectf unction FG
id Gx:: (C. hom Gx Gx). base = C.id &
id GFGx( C.hom G-Gx GF®).b ase = C.id GR5x
GEE_ functor C C = E_functorcompmsit ion CDCGF
in ((ChomGx &). ert ra
id Gx
(C.comp & GFx Gx
(( G.arrowfunctio n FGx x).0 p (adj. counit. arr ows x))
(adj. unit .ar rows GY)
(C.comp & GFGx Gx
(C.co mp GFGx Gx Gx




Ly

id Gx
(C.comp GFGx GF& Gx
((G.ar rowfunctio n FG x).op (counit.a rro ws x))
idGFGY)
(C.comp & G-Gx GF&
id GFGx
(C.comp & Gx GF5x
(C. conp & GFR3x GFGx
(( GF.arro wfuncti on Gx &). op idG»
(unit .arr ows Gx))
idGXx)) )
(adj. counitt rian gle law x)
(( C.hom& &).e r.s ym
(C.comp & GFGx Gx
(C.comp GFGx Gx Gx
id Gx
(C.comp GFGX GF@ &
(( G.arrowfunctio n FG« x).op (counita rro ws x))
id GFGY
(C.comp & G-Gx GF@
id GFGx
(C.comp G« Gx GFx
(C.comp & GFSx GFGx
(( GF.arro wfuncti on Gx &). op i dG»
(unit .arr ows Gx))
id Gx)))
(C. conp & GRSx Gx
(( G.arrowfunctio n FGx x).0 p (adj. counit. arr ows x))
(adj.u nit .ar rows GX)
(C.cong & G-Gx Gx
(C.comp G-Gx Gx Gx
id Gx
(C.comp G-Gx GF& &
(( G.arrowfunctio n FG x).op (counita rro ws X))
id GFGR
(( G.arrowfunctio n FGx x).0 p (adj. counit. arr ows x))
(C.comp &« G-Gx GF&
id GFGx
(C.comp & Gx GF5x
(C.comp Gx GFx GFGx
(( GF.arro wfuncti on Gx &). op idG»
(unit .arr ows Gx))
id Gx))
(adj.u nit .ar rows G®
(( C.hom GFGx Gx).er .tra
(C.co mp GFGx Gx Gx
id Gx
(C.comp GFGx GF& G
(( G.arrowfunctio n FG x).op (counita rro ws x))
id GFGY
(C.co mp G-Gx GF@& &
(( G.arrowfunctio n FGx x).0 p (counita rro ws x))
id GFGK
(( G.arrowfunctio n FGx x).0 p (counit. arro ws x))
(C.le ft_u nit GFG& G
(C.comp GFGx GF& G
(( G.arrowfunctio n FGk x).op (counita rro ws X))
id GFGY
(C.ri ght_unit GRSx Gx
(( G.arrowfunctio n FGx x).0 p (counita rro ws x))) )
(( C.hom & G-Gx).er .tra
(C.comp & G-Gx GF@
id GFGx
(C.comp G« Gx GR5x
(C.comp Gx GRGx GFGx
(( GF.arro wfuncti on Gx &x). op idGx)
(unit .arr ows Gx))
id Gx))
(C.comp &

GFRsx
GRx
id GFGx
(unit. arr ows Gx))
(adj.u nit .arr ows Gx)
(( C.hom & GFeX).er. tra
(C.comp & GF5x GFGx
idGFGx
(C. conp & Gx GFsx
(C.comp & G-Gx GF@
(( GF.arro wfuncti on Gx ). op idG»
(unit. arr ows Gx))
id Gx))
(C.comp & GFSx GFGx
((GF.arro wfuncti on & &).o0 p i dG»
(unit. arr ows Gx))
(C.comp & GRSX GFGx
idGFGXx (unit. arr ows GXx))
(( C.hom G GRx).er. tra
(C.comp & GFSx GF@
id GFGx
(C.comp Gx Gx GF5x
(C.comp & G-Gx GF&
(( GF.arro wfuncti on Gx &). op i dG»
(unit. arr ows Gx))
id Gx))
(C.comp & Gx GRSx
(C.comp & GRSX GFGX
(( GF.arro wfuncti on Gx &). op idG»
(unit .arr ows Gx))
id Gx)
(C.comp & GFex GFG
(( GF.arro wfuncti on G« ).0 p idG»
(unit. arr ows Gx))
(C.lef t_unit Gx GF@
(C.comp & Gx GFx
(C.comp & GFGx GF&
(( GF.arro wiuncti on Gx &x). op i dGX
(unit. arr ows GXx))
id Gx))
(C.rig ht_unit Gx GRSx
(C.comp Gk GF3x GFGx
(( GF.arro wfuncti on Gx ). op idGx)
(unit .arr ows Gx))))
(C.cong & GFSx GFGx
(( GF.arro wfuncti on & &x).o0 p idG»
id GFGx
(unit. arr ows Gx)
(unit. arr ows Gx)
(GF.ax_preserve_id )
(( C.hom & GRx).er. ref (unit. arr ows Gx))))
(C.lef t_unit Gx GFGx
(unit. arr ows Gx))))) )

adj_t o_adhoc (C. _caegory) (F: :E_functor C D(G:E_functor D C)

(adj:: E_adjunction CDF Q
E_adjuncti on_adhoc CD F G
= stru ct
unit =
adj .unit
counit =
adj .counit
unittr ianglel aw =
\(x ::C .obj)->
let Fx:D.obj = F.objec tfun cti on x
id Fx:: (D. homFx Fx).base = D.id Fx

GR:C .obj = G.obje ctfu nction Fx
FGx:: D.obj = F.objectf unction G
id FGFx( D.hom FGFx FGK). base = D.id FGx
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(D.homFx Fx).er .tr a
id Fx
(D.comp Fx FGx Fx
(D.comp FGFx Fx Fx
id Fx
(D.co mp FGFx Fx Fx
id Fx (counit .arr ows Fx)))
(D.comp Fx FGx FGFx
id FGK
(D.compFx Fx FGx
(D.comp Fx Fx FGx
(( F.ar rowfunctio n x GF).0 p (unit .arr ows x))
id Fx)
id Fx)) )
(D.comp Fx FGx Fx
(counita rrows Fx)
(( F.ar rowfunctio n x GFj.op (unit .arr ows X)) )
(adj.u nit tria nglelaw x)
(D.cong Fx FGx Fx
(D.comp FGFx Fx Fx
id Fx
(D.co mp FGFx Fx Fx
id Fx (counit .arr ows Fx)))
(counita rrows Fx)
(D.comp Fx FGx FGFx
id FGFx
(D.comp Fx Fx FGx
(D. conp Fx Fx FGx
(( Far rowfunctio n x GF}.0 p (unit .ar rows X))
id Fx)
id Fx))
(( F.ar rowfunctio n x GFj.op (unit .arr ows x))
(( D.hom FGFx Fx) .er. tra
(D.comp FGFx Fx Fx
idF x
(D. conp FGFx Fx Fx
id Fx (counit .arr ows Fx)))
(D.comp FGFx Fx Fx
idF x (counit. arr ows Fx))
(counita rrows Fx)
(D.lef t_unit FGK Fx
(D. conp FGFx Fx Fx
id Fx (counit .arr ows Fx)))
(D.lef t_unit FGEK Fx (counit.a rro ws Fx)) )
(( D.hom Fx FGx).er. tra
(D.comp Fx FGx FGFx
idF GFx
(D. conp Fx Fx FGx
(D.compFx Fx FGx
(( F.ar rowfunctio n x GF}.0 p (unit .arr ows X))
id Fx)
id Fx))
(D.comp Fx Fx FG-x
((F .ar rowfunctio n x GF}.op (unit. arr ows X))
idF x)
(( F.ar rowfunctio n x GF).0 p (unit .arr ows x))
(( D.hom Fx FGx).er. tra
(D.comp Fx FGx FGkK
id FGFx
(D.comp Fx Fx FGx
(D.compFx Fx FGx

(( F.ar rowfunctio n x GF}.0 p (unit .arr ows X))

id Fx)
id Fx))
(D.comp Fx Fx FGx
(D.comp Fx Fx FG=x
(( Farrowfunctio n x GF}.0 p (unit .ar rows x))
id Fx)
id Fx)

(D.compFx Fx FGx

(( F.ar rowfunctio n x GF}.0 p (unit .arr ows x))

id Fx)
(D.le ft_u nit Fx FGK
(D.comp Fx Fx FGx
(D.comp Fx Fx FG~x
((F .ar rowfunctio n x GFj.op (unit.

idF x)
id Fx))
(D.ri ght_unit Fx

FGx

(D.co mp Fx
Fx
FGx
(( F.ar rowfunctio n
id Fx)) )

(D.ri ght_unit Fx FGx

arr ows x))

X GF}.0 p (unit .arr ows x))

(( F.ar rowfunctio n x GF3.0 p (unit .arr ows x)) )))

counit tri anglelaw =
\( x:: D.obj)- >
let Gc:C .obj = G.objec tfu ncti on x
homset::S E = C.hom G &
id Gx:: honset. base = C.id &

GFE:E_ functor C C = E_functorc ompsit ion CDC GF

FG::D .obj = F.objec tfu nction Gx
GFGx:: C.obj = G.objectf unction FG
id GFGx( C.hom GFGx GF@). base = C.id GR5x
in homse.e rtr a
id Gx
(C.comp & G-Gx Gx
(C.comp G-Gx Gx Gx
id Gx
(C.comp G-Gx GF@ Gk

(( G.arrowfunctio n FG x).op (adj. counit. arro ws x))

id GFGR
(C.comp & GFGx GF&
id GFGx
(C.comp & Gx GRx
(C.comp & GFSx GFGx
(( GF.arro wfuncti on Gx &). op i dG®
(adj. unit .ar rows GX)
id Gx)))
(C.conp & GFx Gx
(( G.arrowfunctio n FGx x).0 p (counit. arro ws x))
(unit. arr ows (G. obj ectf unction x)))
(adj.c ounittr ian glel aw x)
(C.cong & GFGx Gx
(C.comp GFGx Gx Gx
id Gx
(C.comp G-Gx GF@ &

(( G.arrowfunctio n FG x).op (adj. counit. arro ws x))

id GFGR
(( G.arrowfunctio n FGx x).0 p (counit. arro ws x))
(C.comp & G-Gx GF&
id GFGx
(C.comp & Gx GFSx
(C.comp & GFsx GFGx
(( GF.arro wfuncti on Gx &). op idGx)
(adj. unit .ar rows GX)
id Gx))
(unit .arr ows Gx)
(( C.hom G-Gx Gx).er .tra
(C.comp G-Gx Gx Gx
id Gx
(C.comp G-Gx GF@ Gx
(( G.arrowfunctio n FGx x).0 p (adj. counit.
id GF@))
(C.comp GFGx GF@ G«

arr ows X))

(( G.arrowfunctio n FGx x).0 p (adj. counit. arr ows x))
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idGFGY
(( G.arrowfunctio n FGx x).0 p (counit. arro ws X))
(Cle fi_u nit GF@ G
(C.comp GFGx GF& G
(( G.arrowfunctio n FG x).0 p (adj. counit. arro ws x))
id GFGY
(C.ri ght_unit GRSx Gx
(( G.arrowfunctio n FGx x).0 p (adj. counit. arr ows x)) ))
(( C.hom & GFsx).er. tra
(C.comp G« GF5x GFGx
idGFGx
(C. conp & Gx GFSx
(C.comp & G-Gx GF&
(( GF.arro wfuncti on Gx &). op i dG»
(adj.u nit .arr ows GX)
id Gx))
(C.comp & GRSX GFGX
id GFGx(adj.u nit .arr ows GX)
(unit. arr ows Gx)
(C.cong & GR3x GFGx
idGFGx
idGFGx
(C. conp & Gx GFex
(C.comp & G-Gx GF&
(( GF.arro wfuncti on Gx &). op i dG»
(adj.u nit .arr ows GX)
id Gx)
(adj.u nit .arr ows Gx)
((C.hom G-Gx GF@®).e r.r ef idGFX)
((C.hom Gk GRex).er. tra
(C.comp & & GF5x
(C.comp & GFsx GF&
(( GF.arro wfuncti on Gx &x).0 p idG»
(adj.u nit .arr ows Gx))
id Gx)
(C.comp & G-Gx GF&
id GFGx(adj.u nit .ar rows GX)
(adj. unit .ar rows G¥
(( C.hom&x G-Gx).er .tra
(C.comp Gx Gx GF5x
(C.comp Gx GRGx GFGx
(( GF.arro wfuncti on Gx &). op idGx)
(adj. unit .ar rows GX)
id Gx)
(C.comp & GFex GF&
(( GF.arro wfuncti on & &k).o p i dGY
(adj.u nit .arr ows Gx))
(C.comp & GFex GF&
id GFGx(adj.u nit .arr ows Gx))
(C.rig ht_unit Gx GFSx
(C.comp Gk GFSx GF@
(( GF.arro wfuncti on Gk &). op i dGY
(adj.u nit .arr ows Gx)))
(C.cong G GFSx GF@
(( GF.arro wfuncti on &« &x).o p i dGY
id GFGx
(adj.u nit .arr ows Gx)
(adj.u nit .arr ows Gx)
(GF.ax_preserve_id &)
(( C.hom & GPRex).er. ref (adju nit .ar ows Gx))))
(C.le ft_u nit Gx GF@ (adj. unit .ar rows GY)) )
(C.lef t_unit Gx GFGx(unit .arr ows GX))))

adj_to _bicat (C, D:E_category) (F: :E_functor C D)(G: :E_functor D C)
(adj: :E_adjuncti on CD F
E_hicatadjunctio n EGt CDF G

= str uct
unit = adj.unit
counit = adj .co unit

unittr janglel aw = adj.uni ttr ian glel aw
counit tri anglelaw = adj.cou nit tri anglelaw

bicat_to_adj (C, D:: E_caegory) (F: :E_functor C D)Y(G::E_ functor
(adj:: E_hcat adjunction EGt CDF G)
E_aljunction CDF G

= stru ct
unit = adj.uni t
counit = adj .cou nit

unittr ian glel aw adj .uni ttr ian glel aw
counit tri anglelaw = adj.counit tri anglelaw

D Q)



