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1. Kostant’s problem

g — semi-simple finite-dimensional complex Lie algebra.
U(g) — the universal enveloping algebra of g.

M — g-module.

Ann(M) — the annihilator of M in U(g).

Then U(g)/Ann(M) — Endc(M).

U(g) is a U(g) — U(g)-bimodule.



Every U(g) — U(g)-bimodule M is a g-module via the adjoint
action T - m = rm — m.

An U(g) — U(g)-bimodule is called a Harish-Cahndra bimodule if
the adjoint action of g on it is locally finite.

U(g) is a Harish-Cahndra U(g) — U(g)-bimodule.

Let M, N be two g-modules.

Then Home (M, N) is a U(g) — U(g)-bimodule.

U(g)/Ann(M) — Endc(M) is a bimodule homomorphism.

Z(M, N) — the maximal Harish-Cnandra subbimodule of the bi-
module Hom¢ (M, N).

U(g)/Ann(M) — 2(M, M).

Kostant’s Problem: For which simple U(g)-modules M do we
have U(g)/Ann(M) = £(M, M)?

There is no complete answer even for simple highest weight modules.



2. Category O and twisting functors

g=n_ohHdn..

For A € h* define:
e M(A) — Verma module with highest weight A;
e L()\) — the unique simple quotient of M (\).

O — BGG category O for g.
Oy — the principal block of O.
W — the Weyl group of g.
dot-action: w- X =w(\+ p) — p.
For w € W set:

L(w) = L{w - 0);
M (w - 0);

Alw) =
P(w) — the indecomposable projective cover of L(w);
(w) is the O-dual of A(w);

w

w
e 0, — the indecomposable translation functor on O,.

e T, — the twisitng functor on Q.

{L(w) : w € W} — a complete set of simples in O.
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(D) Ty, = 0,Ty, Yw,z € W, [AS, Theorem 3.2].

(1) £;T,A(x) =0, Yw,z € W, Vi > 0, [AS, Theorem 2.2].



(IIT) LT,, : D*(O,) = DY O,), [AS, Corollary 4.2].

(IV) T, E T -+ Ty, if w = s1... 55 is reduced, [AS,Lemma 2.1],
[KM, Corollary 11].

(V) T,A(z) = A(sx), sz > z, [AL, Lemma 6.2];

(VI) [AS, Theorem 2.3]

V(z), x< sz,
V(sx), x> sx,

T,V (x) = {

(VII) TL(x) # 0 iff sz < z, [AS, Section 6].

(VIIT) £4Ty is s-Zuckermann functor (i.e. taking of the largest s-
finite submodule of M), [MS, Theorem 1] or [Kh, Proposition 6.

(IX) Ty is left adjoint to Gy = *Te*, where « is the duality on O,
[AS, Theorem 4.1], [KM, Corollary 6].

(X) Inverse in (III) is RG,,-1, |AS, Corollary 4.2].
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3. Classical results

Statement 1. M, N,V € g-mod, dimV < oo. Then there are
canonical isomorphisms

Homg (V, 2(M, N)) = Homyg(M ® V, N) = Homy(M, N ®@ V*).

Statement 2.
Ul(g)/Ann(A(e)/M) = 2(A(e)/M,A(e) /M) VM C Ale).

Statement 3.
Ann(A(w)) = Ann(A(e))  VYw e W.

Theorem. (Joseph)
Ulg)/Am(A(w)) = £(A(w), Alw)).



Proof.

Since A(w) C A(e), using Statement 2 and 3 we only need
dim Homgy(V, Z(A(w), A(w))) = dim Homgy(V, .2(A(e), Ale)))

for every finite-dimensional V' € g-mod.

Homgy(V, Z2(A(w), A(w))) = Statement 1
Homgy(A(w), A(w) @ V) = (IV) and (V)
Homg (T, A(e), Tw(Ale)) @ V*) = (I)

Homgy(T,A(e), Ty(Ale) ® V) =

Hompy o,y (TwA(e), Tuw(Ale) @ V7)) = (1)
Homupio,) (LTwA(€), LTu(Ale) @ V7)) = (1)
Hompy o, (Ale), Ale) @ V) =
Homg(A(e), A(e) @ V*) = Statement 1

Homgy(V, #(A(e), A(e))).

Q.E.D.



3. Main result

@ # S — a set of simple roots.

W9 — the corresponding Weyl group.

wo — the longest element in W.

w§ — the longest element in W?.

Theorem. (Gabber-Joseph)
U(g)/Ann(L(wgw)) = 2(L(wgwo), L(wgwo)).

s — a simple reflection from W~

Main Result.
Ul(g)/Ann(L(swiwg)) = 2(L(swiwy), L(swywy)).



Proof in the case Wq = WW.
Statement. s € W — simple reflection. Then

U(g)/Ann(L(s)) = £(L(s), L(s))-

Lemma 1. Let 0 - X — A(w) — Y — 0 be a s.e.s. such that
Exty(A(w), X ® V) = 0 for every finite-dimensional g-module V.
Then

Ulg)/Anm(Y) = 2(Y)Y).

Proof. Apply Homy(A(w), - ® V) to s.ess.

From ext-vanishing we have Z(A(w), A(w)) - Z(A(w),Y).

2(Y,Y) is a subspace of Z(A(w),Y). Q.E.D.



Lemma 2. Homgy(L(s),0,L(s)) # 0 implies w = s or w = e.

Proof.

w # e,s. Consider 0 — L(s) — X — L(e) — 0, non-split.

0, L(e) = 0 since w # e. Hence 6,X = 6,L(s).

Since A(e) — X, we have 0,A(e) = P(w) - 6,X.

Thus either 6, X = 0 or top(6,X) = L(w).

0,X is self-dual.

Therfore either 6,X = 0 or Soc(6,X) = L(w).

In either case Homgy(L(s),0,L(s)) = 0. Q.E.D.
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Consider
0— F(s) — A(s) — N(s) — 0,

where F'(s) is the minimal submodule of Rad(A(s)) such that the
quotient Rad(A(s))/F(s) is s-finite.

Lemma 3.

U(g)/Ann(N(s)) = £(N(s), N(s)).
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Proof.

Exth(A(s), 0,F(5)) -
Hopn o) (A(s), 6 F(s)1)) = (V)
Hompy(o)(T,A(€), 0 F(s)[1]) = (properties of ,,)
Hotmpn o) (6,1 T.A(e), F(s)[1]) = (1

Homps o) (T0,-1A(e), F(s)[1]) =

Hotps o) (T P(w ™), F(s)1]) = (II)

Hotpn o) (LT, P(w ™), F(s)1]) = (III)

Hompy o) (P(w™"), RGF(s)[1]).

(P(w™1) is projective)
Homgy(P(w™!), R'GsF(s)) = (dual of (VIII))

0.

The statement now follows from Lemma 1 and Joseph’s Theorem.
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Lemma 4. For every f.dim V
0— X(s) — N(s) — L(s) — 0
induces an siomorphism

Homg(N(s), N(s) ® V') = Homg(L(s), L(s) @ V).

Proof.

N(s) has simple top L(s) and some s-finite junk, which remains
s-finite after translations.

If0+# f € Homy(N(s), N(s)® V), f does not annihilate the top.

Hence Homg(N(s), N(s) ® V') — Homgy(L(s), L(s) ® V).

Have to compare dimensions.

Need: dim Homg(N(s),0,N(s)) = dim Homg(L(s), 0, L(s)).

w=e,s — clear. w # e, s — both zero by Lemma 2. Q.E.D.
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Proof of the main statement.

X(s) is s-finite, L(s) is simple and s-infinite.

Hence £(X(s), L(s)) = 0, implying

Z(L(s), L(s)) = £(N(s), L(s))-

X (s) is s-finite and top(N(s)) is simple and s-infinite.

Hence Z(N(s), X(s)) = 0, implying
Z(N(s), N(s)) — £(N(s), L(s)).
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Thus 2(N(s), N(s))

ment 1.

Z(L(s), L(s)) by Lemma 4 and State-

U(g) > #(N(s), N(s)) by Lemma 3, Q.E.D.

14



